


/O1 cares Definedby

Parametric= F =g

더 ,t.
←스 tno⇒PoramefricEquation

azt

a) sKt 나울더Jwnmedpavenref
, 도
-

32=때임석스
rd -* 2+ y

2=4X=2cost

2 = t

c씨소따.'거
,

0≤+

려traverses twice:
Two different para metric equations can describe
the same carve but not the same parametric curve .!
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2 Calculus with Parametr?cCurves

y - y . = f
'
cx)(X- X .)

FthemtsfuntTnFc)sstongert
inctomu,

satisfies y=FCx) ,

= F (X)= F '( f←)) - f'(← )=슬.
⇒ 다습0.

,
. =더쟝지다

.
오다

몫 : ae= 루= 2t→ 이더리Ee-3t← 이없다 ..=놓+=웠
32 tv∞ E=EBEo= tβ-3t →t(t 2-3 )= 0 →t =1

±BD
⇒ ±B

→ two tangent lTnes

t.....*m=



ex2) cont . horizontal tangent? = .= 0

since 값 =

a

/at, τF *=①,then= Oand램1. b

[×t3-3t → t=3t2-3= 0→ t =±l
,

efe=| F ① ⇒ honizontall tangentatt=± 1

⇒ h
.
t
.
at ( l

,
2 )

,
( 1

,

-2)
xt = - | 3 tt

Verticaltangent .yl.=0
승
y
=

0

flat 3if elp= oandlp FO,thenday=
습 =2t=O → t = o

⇒ Vertical tangentat tao
F
.3
t2-31t2=- 3 t0 ⇒ W .a . at Co . θ)

*했" "
"

…



Calculating for parametric equation ?
5X==g, 없
= 옷 (옛D=①+=습 (

습S+더
-t

,이이=.없
:
3 뭘 .이없=를

> 0when t >O → G
=

롯뼝
없 c ∞wentc-*했"
Area under a Parametrized Curve

tt,?:AA: 곧~ *=f
.

'

yd×

le+ 온섭= f다), α<≤β, area. lett . f
(x)=)=b3

β

A= Sa
β

yd× = fg←) .f'⑦



ex) 오습= (θ- sn-cosθ) for o ≤θ 스2π. A 공

tN A = S
µ

rCl- cosθ)r( l- cosθ) dθ
S.l-cosPdθ
=

r
βS
.

v

π6-2 Ccos θ tcosθ]dθ π

= p
2s
.

려 (1- 2cos θ f 1 ec블)d θ= pr[ θ- 2sinθ +*θ+sin)]
.π

= (출. 2π ) = 3π□

VArclength

인듈 … L
=

S

."ACd α

S ^ Exafct ) 더고dyt

t
"n y

=g =「π(더pd!
.

"

α

=δ."π kdX=S" t" d×
=SPt()*β「(]

α



Geometric Interpretation :
Pn

P.N
.

. 0..~ s
.

"

L 의했 ↑P 터P : I= ! X더, Y더), (Xi ,y :) 1

"v「 GX러PFCyr-Y =닭「xR+ cyop
→ ay in terms of ←. y= g (+)

by MVJ, there exists tA없의:않양 s.t. g(+ * ) =
→ ×Y = gic+*) .Dt

srmrlarly , 6X= F (ct**) 0Dt
_

→ [ ≈많F '(t*) δt)
.F(g

'
++)atp

= F'(t* ]B + [g'ct*JaDt
⇒ L=「F'( 서]e(g"*]Eot=STF'+ 1)'+/g

's
= Sapds



sn!,IIJ
9s

=24y



Polar coordin-
radistance from Otop

bwan.cr
.θ) θ = angle between op

and polaraxis
Gr

,
θ) = cr, θ+π)

[ 습:
「 snθ,

[
r ==ta"(* )
~

ex) r= 2cosθ to cartescan

rβ=2rcosθ → ×주y"= 2 ×→서P+y]
Tangents toPolarr(θ) ,a≤θ≤ brecal:EX=f=gy ⇒*2dy.

*r
.

{X= rcoso
a rco] sinθ

now:

y = rsinθ = r(θ)cosθ ,
a5Q≤b

☆
⇒ 값 =Irsinθ+r범× ricacos) θ -r(θ] sinQ

xJ= 1 F 5 inθ:s$ope 파=금

X=Clts
?noJ'sines?nθJ'cos

θ t1ts?(tsin
θ)cosin~1%=1



( O
.
4 Areas and LengthinPola

g,* 로
섬 t이아rkA날

김여"→. 며더<며

☆

dR르슬(F θ *]β .d θ →R]
-ex )FoFFegoπinide-

=

3sinθ,
-
outsideof

r = lesinθ .
① intersectian a ,b ?

세때35 n1tsinθ- →Sn는

θ= 품
,

5품 → a=용, b =
5품

R = 5
%
[ BCsinθ- ( Pltsin비Pdθ
= 5
.

[9

sinθ-1-2sin θ"sino] dθ

5%때(
8 sinθ-2 sinθ-1 ) d θ=5%

페

(3-4cos2θ -2sinθ ldθ

= 3θ- 2 .2nt2 cos비용로=
3
( h -16) =π]



ngen
,

?한」⑫ A
=

"

반⑤)-g,]d

☆

Arezfcθ) cosθ=(θ)sin ⇒ LSa
습

)+(앱Pdθ
b

=hr" + ()Pdθ
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6 3Dcoordinatesyst
fcxcy)

랩Surfale:
z = fcaiys

Gdefining z interms of xandy

곳 y
in IR3 space

A

-

DTstance-IR3
=
N-x'+cy -yipt( π ---

_

ex) Equatron of a sphere , r= r, c=Chikil )

r.Cy )-→IPIar
Cdef..fsphere)

→X- hP +cy- kP+a-ep = r

사
>
y ⇒MP + (y

-kβ+ (z-e) =를
. -
-

ex) Regron representedby [( ≤×+ y+쪽≤9 ①Zxo ②

① X4y( 2259 , solid sphere, γ=3 , origin -centered
( ≤ x2ty

'
t22s exterior of sphere , γ= 1

,origin- centered

② 2≤O → all points below the ×y-planei…



( 2
. 2Vectos

¤ Vector
Magnitude Chength )
Direction

Equrvalent Vectors - if vectors have the same
magnitude and direction, theyareequrualent .
^

Vector AddtTon :

* p fScalarMelerprcatlan :ength:ltl=rapeai+
"

Special
" lectors. ?=< 1 .0. 0×,2=<0 .

1
.
0)
,
k=L0 .0 .

1y
G any (R

'
vector can be represented as.
^

a = di ? tazI tdsk
UnfVector: vectoroflengtht그

t= 이 답 (t 2 do
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394 Multiprcationofvector

☆

Dot Product =aib, tdzbztazbs CIR3)
t atafa
Geometric Interpretation of aob

∞

of:tawofcosine1.
≤θEπ)

(
2
= a
β tb2 -2abcosθ

1-
5palaptlb- 2 lallblcosθ … ①

la -5$= (a - b). Ca- b) =-⑤ ) a -C-⑤)b

= 1 aβ -Za .b ttb2 … ②

lap+x - 21all5 lcosθ=|ap-25 +lbRO=②

s tallblcosθ = a . b"
⇒ cosθ = 읍 ) 음!

= δ
.

. 음
.

ex) angle between =구 ,
5 = ? ←p ?

cosθ=*. < 1 , 07 . < , 1> = 금
→ θ : c0s( 몰 ]=④



Orthogonal vec. θ=플 , ib
→ Thus

,
o 5 =of CoO is perpendrcular to all ! )

o
t 5>①when ≤ 플
ob= o when θ= 0

aobLo when 플≤ Q 스 π

firectionAng &DTrectionco

a

cnn
"ncos
,」

를업습습
,들다.JreArcormes있

cosat cos βtc
= takcosa ,

cosβ
,
cosγy

t Lcosa,cosβ , cosγ>



Projectio
P5 = projab
(projectionof 5 onto @)으음비105Fcompb
Ccomponentof 5 along a)

cosθ= 1⇒ IPs=Tcosθ→ lallblcosθ1P5아l

→b=ps1 →(PS = ∞=com
thm

, Pr55=δ 원이= (projt
5,ompp5,δ=<3 -7.17 ,5 =< 2.4-1 >

compa 5 =vJt
☆= COmPA☆σ

-

다음
(=

-
=-

업,<3- 3
,. 1>=

급
,×>□

Negative comPa5 ? → a .5<O →포K② 스π
b
!
Froj



crossprodur axb

1 a ×5 = ared of parallelogram,.$
,
.7
%
perpendcularothwand5

to

Curtusingrighe hand)
-

…

Determinants

aliad- bc, 용 .않 ..!ε : . 이
θ as!al

'

a =sa
,
az ,dsy , 5 =kb,bribz), then
-

x 5? -
-

☆

δ*= fijbrbsf(bs-azbrlp-laibs-dstols+caib
Is @ ×5)Ia and (a×5 )1b ?C ×5 ) . 힘 =잉

1 ax5 l=115]합 ! →A디아바n

IO×5FO



ex) Find a vector t to the plane passing through
P ( ( . 4 . 6) , QG

-2
.
5 :-1

)
,RC (
H

,
()

급합*5= PQ=*, B = P =(
0.-5.5)

I 공공 프기= F5-35,- 15 ,
15)

O -5 -5
: <-40,-15,5□
_ …

82

- a

)AreaoFDPQR? -
→

⒕

∞ .I
×
b =2 DPRS04

e9

→ DPRO=5
~835~

Cross Product isNOTCommutative ?

.CBxC ) =×DJ.C

AxCBXE) =CJ5- C.bJC



TripleProduct ab←
δ . (5 ×←) = (a . ? taks+β교). 이다고밝다!
= (a . ? tdzs + z교). [ (b 2 C3- bz… ]
→ same as replacing unitvectorswathcomponentsofr
그 잃

.
많 . f (scalar triple product)I

18 . (bxe 2 l a w of the parallepipedep formed
sh

품V= IBxcl -compirena
= IBXE . δ -CBGXEI=XE)
ex)showthata =< 1 , 4

. ny,
5
=< 2.-1

,43 ,ε=h
0(9 , (8>

arecoplandr.→ a . ( 5xEJ )=O

δ .(5×E) 수는 (
-

* |= / (18t36) - 4 (36) -n (-+8)
0 -9 (8

= 18 -8 . (8 + n . 이8 = ①



(2 .5 Equations of Lines andPlanes
Z

황
□

(바"
.

)

,
t= laib,

poinsPonthetine.

PoP=< X-X . , y - Yo , 2-rλ
,
ti=hta

,
tb

,
te>

⇒ [×%%-
Y

.흘 → E× tottnyt.tte,
θ

X
*음 =

y
음 =중

α

F=LX , Y (24 , o = LXo ,Y . ,20 t →
F =
.
ftγ A

caNpasses (511 . 3) , 6f
to < 1 , 4 -

2>
=다

=<x(Y .2x <5 . 1 ,3) + t< 1 (
4
.
-2> = <5tt

,
(+4t

,
3 -2t>

∞ t= 1 : <X . Y ,
2>=<5+ t , 1+ 4,3-2) =없

)showthatLi and ta are skewlines (do not
Tntersect, are not Parallel)
. ⑩×( tt , y =-2+3 t ,2 =

4-
t
, tER

L20
.
X = 25 , Y : 3 ×S ,Z=

-3tKS , SER

① VT=< I ,3,1 > , = 62 ,
1
,
4>→ , Fa ss nottillvz

s notLil년(tt :2 s→
t *

②는-2t3t= 3ts → -2t6s -3=3ts→ 5s= 8 → s=을
4- t = -3,

4 -* = - 3 +
3름 → n =

4→ Falbe, no]Tntersection



LTneseg.Po
-atttCr
= Cl -ejrottri4* → fort= o ,= tsfortt, ai

습,⇒for
o≤tEl,Fdescrrbes the

points in the segment PoP .
= che)totte

Po ☆

마며→puc-
if = Laibicy

,
=< X.. Y . ,2 .>, =<X, Y .27

→<aib . cy . <×-X. , y - y 0 ,2-20% = 0

⇒ a(×- X .) + b(y-y.) tc(2-20) =O
S

aaxtbytcz td =⑥ (d= - Caxotby . tcz.))



ex) Find the intersection point E
샤2t=-4t 4×t5y-2=48
2= 5tt )

⇒4(2t3t)+ 56-4t) -2(5tt) = 18 → t=2

→ ×=-
4 , y = 8
,3→ P ( -4 .

8
.
3)

- 00
m「, 6s s parallel planes "

angle between planes = angle between n
Iine of intersection . ① Po ② directron π

X-2yt3z1

① Find Cx ,Y ,z] that satis fies both

생서면 Ex-2yt3yt며 → sety
=O Cat X-rplane)

{XX321서려→o
→ P. ( 1 , 0인 ☆

② FTnd CTINAndTIJEERIXZ)

I : 골통 ! =<5- 2 ⇒성=블>
□-stance between PointPand blane-

te
미에:lT=aompt☆ ==

axi+by+



( 3
.
1VectorFunctionss

i(←) = <cost , sint,t) → vecton function

F(←)= <fr), ga), n ←)>t= [ t.,tiλ
ai 있니…다 enα

t. ta tb te
t ,

(t)=<←
, ltt ,3t > =Et⑦ ( ine ! ☆

LTmits of Fct)sa
(

+)=afr),agx,ahces>
ret )iscontinuous( faG)=ca) ☆



13 .2DerivattresandIntegralsof

e = 't)=s. ctth
)- (tangentline)

'x)= < f' x),
g 'ct) , b'()λ s
--

ex) i(t) = co$←
,
sint
,t> , tangentline at (o .

l
,ππ)

'(+)a<-sint ,cost ,l > →
(
)=< -1

,
①
, 1>=t

→ Ex= - ← , y=1 , 2= t+h3
-- …

SSCG)P(O ]=F'G) TF(G'(←)
☆

[ECJUGJJ =VEUG)TECeX(E'(←)
…

- . -

ex) if IC, thenF 'ct)tr (t) . Prove .

'G) .FC 의, FFGR= C→FPC
2

→ P 'CEDOFE) tFCGD'GFO
→ 2'CㆍJOPCGJ=O → 'CTYOFCGFOI

APreldt=Sabfcdt, Sabgasdt,Sabhtldty
Sraldt = <F (+ )

,G네
)
, H+) > tE ☆



14. 1 Functrons of Muttiple Varrable
~

tT..Asetofevonputscorrespondto a single output

Visaalizingin /R
3

EH7
totaPotsf이

t□= 「
y)

notnlfcxiy
. 1?
…

ex) find D
,
R

,
and sketch fcx 1y 2

=x
2

ty
2

2 =×+
y
→D = E(x.Y ) EIR3

,
R= EZGRIZ20로

for a fixed 2 → x
2

ty=C
xcircle of radiusTc*…rb이때-

exxg (×. y)= 1 -24~3y→ 2 ×t3y+ z= , (plane)

(a, bto),함
.AU

fctiy) = axtbyte→ always a plame



LevelCurves for lR
3

Curves defined by fexiy =k , where k is a constant
y
(23)

따명!호:할 ⇒ 아
~- -

…

ex ) f(x ,y)= 6
~3×~2y ,

K= -6
,
0
,
0
,
12

→ 3×-2y +Ck- 6) =O (straight lines)
K=6 . 3×-=0 → Y =롤t 6

k=0 . 3×+2y - 6
=0 →y=

-볼X+ 3

k= 6 .
y =
-
롤× K 12 . y =

-볼 X - 3
x

* x(26)
영

↑
려고



Function of 3 Variables

Assiga)
x- asurface

to arealnumberyr

)=enczytxysinz-
-

=나미머르려있G다"?-ex) Level surfaces of
f(x(Y ,

2) = x
2

ty
2
t22 로

ssphere⑧"



14.2 Limits and Continurty for Multivariable

linfcxiy ) =
t
,TfforeveryE2)[x(y)yCa(b)

∅there is a corresponding 820 s.t .I
"

AI
×EDOrddirtm'

Ifcxy)- L<Ʃ≈(8- E limitdef)
If fcay )tl as (x, y ) - scaib)alongpathCJDNEand fxga)
proveg.cAiges

)- →co, b)

ang-(y. = PNE
P스열
-

Proof. Let C , be path . y=① ,
then

이→(0,0)×β-*y=∠ ,

Let Ca be path . x=0 , then 5
h ..…=PNE

lay)→(0, 0
)Xey 2=b.=L2

떼×(0. 0
,×y4 =. C .

0

. y=MX , C20. X
=y
2-
-mprovet.

n3 =

냐스 트마프맨트 :

Forany E70, find 870 s.t. OLNFy < 8then /3y - OI <E .
→ can we express (3×-OJSf(8)SE



ex.cont ) J3g+y
=3×ty ~

=3×ey 2
<3×찢t

=
3ey 2 . 8 ≤3C

×
2×y 8 = 38LE

→ 13y~
-O 이 ≤38KE

⇒ foranyE>0] 크 8>0, e .g . 8= s.t .
tL8미-OKE

5-scontinuousata,b)if
다.

.nfcaiy)≡f (a,)
fiscontinuous overDifall pointson Dare cont .

☆

Frrehmetrcofcontinuousfunctronsresultin
(← ; - , × , 웅)

a continuousfunction .

ItfiscontonD & giscont .on R
,then)

h= gofis cont . on D(F) .

f g

X⑬sgcfcxiy) X

RCf)



14
.3 Partial Derivatives

→ make into singlevarrable function에K객왔어내커깨야않다"g'c×) I limgxth) - t.flxth,b)
-f
쁨

o

h
∞

f
×
( a
,b ) I, t.fcath

,)-f
금 [Partial DerTrative]

TangentLine . Z- C = F.Caib) (X-a)s
- ……

- …

ex] fcaiy ) = ∠-2×
0
-y2 .F× ( 1 , ) 로

f (×
, 1) = 4 -2×

2 - % =-2×2t 3→f.(×) =-4f ×0)=-4]

facxiy) = s.fcxtn
. y- (treaty as constan←)

ex) fcx ,y )= xβ+3×
2

y-2×y
2

txy -3

f .(xiy) = 3×
2
t 6×y

-2y
2

ty
,fy(xiy ) = 3×

2
-4xy +×



ImplicitlyDefined Function Fcxiy그
×
3
+ y

3
+23+ 6×yz= 1 ⇒X3ty

3
+[fcx.y]β+bxyfca,y)겨

짰공 → 3×β+ 32 .룹 + 6y (zt ×짱) =⑦
→ (322+ 6xy]1 = - 3×

2
- 6yz →및=

-3×2-붉러×그

Higher Order Derivatives
f* = fx)×= 뷰(α )= fyy=

222̂5
×시=(v 겨-짧쯔쁘스x --
exl Show that u(at) = fcxtat) +gcXrat) solves Utt= azUxx

U×=F '(xtat) +g
'

(X-at) ,
U*= F

"

(xxat) tg
'cx -at)

Ut =af'cxtat) -ag(X-at) , Utt =a
βf"(×tat) targ

"
(tat)

⇒ Utt= a
β(f "CXta←) tg

"
cxtat)] = ar U××

If fxy and fyx are both continuous, fxy(xiy ) = fyx(x(y)



14.4 Tangent planesI Linear Approximation
for y= fcx) , fcx) ≈ fca)+f

'

ca)(X-a)

forpoints near@ ,
fca) )깊힘박까다"s IpBD, aplane to asurface

Tangent Plane through P(Xo,Y . ,22 ,where2=f (xo,y. )
⇒ ACX-X0) + B(yY-Y. )+C(2-20) =0
Λ

*
다시이에세라기.

큰사+본메이지이많혔에서→ fx (X,Yo)=-승
,
fy(Xo,Y.) = -몽

…

ex) Tangent Plane of 2=2×2ty
2
at P( l , 1 ,3) 금

Z- 3 = 4×4J , (×-×) + (2y] ly(y - 1)
→Z -3= 4 (×-1) + 2(y-1) → 4 ×12y-2-3= 0
'~ . -

A

정= tfx(X.f(%,y.), Y .) (X-x.) +fy(X. ,Y .) (y-yo)=fcXiy )
sgood approximation when (x ,y ) [s close to (X. , Y. )



DifferentTabrlity of fcxiy)
for y=fcx) , flca )=.

fcath)- f금
,
= DX

→ linfeato-oX ⇒flca)existsiffcat -f'cajaso
DXD0

fcato× )*- flca)=E → O asDX→ 0
⇒fa+0 flanoXtXJ합있*Ior,: = DY
⇒ DY= fCaDXTEDX

y=fcx) Tsdifferentiable at xad :88
없

DY = fEa) Dx tEDX where E→ o as EX→o

Forz= fcx (y) , differenitability is :
A

02 = fyca,b)oxtfyca,b]aytE,kX tE2DY
where E

,
→ o and E

2
=0 as ,aY)→( o, 0 ).

- -

or use a simpler theorem . AA
if fx and fy exist near (a,b ) and are continuous
at Ca

,
b)
,
then f ?s differentiable

.



ex) f(x,y )=Xexy , 8(1 . ,
- 01 ) 으 로

( f×(x , y )= exytxye
×y

,
f* 1 , 0)며 )

(fyc×xiy )=Xze×y,f ,0)=1 )
L(x ,y) = f( l ,o) +f×(1 . 0)(×- 1) tfy ( 1,0) (y -o) =Xxy
→ f( 1 . , - 0. 1)다. 이, - 0 .) =. 이 -①=]

Differentials

if dx isan independent small change ofX ,

dy 8 =f' c× )dx(y -fcay
=

f ( ca)( *-)))
~

dx

→for 3D
,

dz = fxcx , y)dx + fy (xiy ) dy =짧어× +룹dy



14
.
5 chain Rule
3 = fcx.y ), ×=g← ) ,y =h(← ) →z =f(g+) , hc←))
름=다 .습 + 다. 본응= 졌+ 다.

뷰
2= f(g(s,t

)

,
h(s,t) ) →s

,
릅

s =×윙s +y.s,놓=다 +컵f
☆

iIf U= f(×1 ,
X2 ,

-

,
Xn) and X; =X;(←,t2y , tm )

.= 값←
다. .+-+ 다. *.
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.
6 Directional Derivatives & GGradient

nJo않는s.
5×쁨= 5 b)+k.t일

,에쁨s.flca,yisthkop-n
unector

-

then so fctotha,yoth)-fcx Ci=ha ,
b>)

n

let gch) = f(Xotha , Yothb) , theng(o) =f(X. ,Y .)
→삶s.gcn

)-g= g'(o )
→@n=n(f(Xotha, yothb)) =다 .삶 +다 .더 =값at2 b
⇒×= fxod+fy. b =Duf=<f×,fy>) .<a ,b>s

*) fcaiy) ≡×3 .xy+y,π=[몰,* >
-
P

×fC1 , 0 ]? -
-

Dof = <3×2-4y
,

-8 ×y+2y><꽃,)
Dxf( l ,0 ) =< 3,0>< 몰

,최 ) =β]
…

GradientVector88=< fx
, fy>

→Duf =af . t ∞



Maximzing the directional derirativestfDrfmax
Df=of.tt= llcos θ= lcosθ → max when=O
→ max when itpointsindirectionofJf ,maxDfJ= lof 1

Let <xct,ycexxbevector of levelcurves

→ f(×(←)
, y (t))

= K →f( ×(←)
, y←) )
= 0

→없습 +J=0
⇒<협

,
2> . <×'(←) , Y

'
+)>=0 ☆

Thus
,
af is orthogonal to the tangent of the level curve
at that point .[af.'(x) =0 fI'∞ )
^

Tangeya
,
plank, forW==OF =[ 없다

,틈깃.*
(+)=<×(+), y (←), 2(t)>, F(×(←), y(←) , 2(←)) =K
(F(X+) ,y(←), z( t)

)
=①→+ 룹+ 이뤘=②

→ <더
,
다, >.<× '(←), y'

(
←),z'x)>=① ☆

⇒TF.GO ,
JFX 'G) =O⇒=또

⇒Tangentplane .v ( ×-%) + y.( y -y.)+ 달(E -2.) =O∞
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.
07 Maximum I Minimum Values

For fcxi,
A local maximum Ca ,b)

.fcaib,2fcaxiy , for all cxiy)
in some diss centered at caib)

A local minTmum caib
)

. fcaib )fcxiy ) forall caiy )
in some disk centered at (aib)

Global min /max. fca ,b)2faiy) or fcaib) sfcxiy )
for allcxcy) in domainDoff

If fhas a local min/max at Ca ,b) ,andfxandfyexit,
then fxCa,b)= fgaib) =O.

Crticalpornt of f=<O,OY or DNE
☆

(notall criticalpoints are extrema→ saddlepoints)

. AU



2nd Derivative Test . suppose caib) is a critical pointoff.
Dx

.y) = f*(a,b). fyy(aib) -[fxy(a,b
)
] 2=1*
.
zI

: fD 7oandf ××>0→ fca,b) is a local minimum
. if D3oandf*×LO → fcaib) is a local maximum
ifD <O→ fca,b) is a saddle point

Absolute Extrema IR
2

Extreme Value Tbeorem . fhas aglobal min&max on [a , bJ !
for 2= fcxiy ) 8 ff iscontiuuousona closed , bounded

A

setD in (R
2

,
then f has absolute max M = fcxm ,yu) and

absolute min m=fcXm
,ym) s.t . XmYm), (Xm,ym)ED .

. M
① Find values of crTtical points inD .

θ ③ Find extreme values of boundaries ofD
.

@

③ Compare extreme values for min , Max
om



ex) f(×x. y )=×2-2× y+2y, D =E(×y ) | 0≤×≤3 ,
0≤Y 523

25: <2×~2y , -2×+2> = δ → ( 1 , 1 ) is acritical point
→ fc, ) =J

(3 , 0] (o,0)

L .. y=0 → f(×)= *
2

,
0≤×≤3 → M =9

,
m= 0

L20. X= 3 → f(y)= 9 - by+2y , o≤y ≤2 → M=9"
이 ,m

리
3(
2)다.." .

사
: y= 2 - →5 . 1= * 2

-4서 4
,
0*3

CO, 2) C2123
→ µ=4

,
m = O L4.f =zy→= 4, 0
.2

)m=

60, 0 )

⇒ M = f(30)=9
,
m = f (0,0 ) =5



14 .8 Lagrange Multipiers
ex) opentop box with 12m surface area , max V 금

π V =× Y2 , A : 2×2 +2yz +×Y 리그
" "T*yfcaiyz)→ max,

"

g

(xy2) = K 3
In 2D : f[ (x(y ) → max or min , g(x,y) =k3 →g(xiy) = k

Λ ^
ex) min (max of z= fc× 1 Y )=1 + y - ×

,

xxy리

In xnyplane . fcxiy )= k → y =k - 1+λ =×+(K)
1k2 "

k지
려
L . Atthe point of extrema, the

장장아내다. 없다vetangentt.Cto
,y. )
A

⇒ Jf (X
,y. l/ag (X. , y ⇒af = xag

→ Eofcx1=Nog(gcX(Y)= kyp forxiy
,bevaluate f at (aiy ) found

for lR3 . $of다y림,=λ엽
<× y미



ex) FE (× (y) = -×+y →max , ×
"
+y
=

1 로
f g

→<- 1
.12=<× ,2y>××y) =-* ,*)

(*+( *)= 1 →λ=금 → (× .y ) = [- 몰,몰)
,
[물-몰)

→ fC-몰
,
몰] = B

,
FC꽃

,

-틀]=≈

Twoconstraints ?

fexiy ,
2) → extremum

g(x (Y ,
2) = K , h (x ,y (

2) = C

⇒ Jf(x 1 Y , 2) = Xag ( × .Y ,
2) tuoh(×y ,

2)
,{g( × iY ,

2) =k
,
hCX 1 Y , 2)= C }
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. 1 Double Integrals over Rectangles
foryafxl ,S.'fforz=f ( x(

Y

) ,
있

.)으 @,× ,f( 상 ) (

RiemanVKJ=로도f" . ,

su.
Iterated Integrals
dfcaiy)dady=d "

[

S.dfcxiy ) d×Jdy
, e) .!

"

pydxdy =
.

[장]
.

β

dy = f
.

"

aydy = 올y지 .=8]
Fabini 's Theorem. if fabzxIcidjTswell-defined for f

,s

then f fcay ) dA = .
'

fcaiyidydx = S
.

fayldxdy s
ex) [ 1 (23 ×[0 .π] , f (x. y ) . ysincxy )

, "ysin(y×)dxdy=. " -cos (yx])i'dy= fcosycosry]dy
= -sin [ y +]."

=

-sinπ +
s플려 =⑥

→ !.
"

ysincy×ldydx②
작

→
fcxiy ) = l 6-×2-2y로

ex) V bounded [0 ,2] ×h0 ,
2]
, ×
2
t2y우져 6 이음 - =

8을

..
'
[16 - ×스2yyd×dy=통 [-× 름 +(6× -2

×y
3

.

:dy =
.

'( t32-4yldy

=
δy- }y위동 =양- β 름= 1름= 48]



if f (xiy ) = g(x)
. hcy ) , S fxiy) d×="

g

(aid× ..ency )dy
?

farg = ouRS fcxy , dA β

(5
.
2 Double Integral over General Regions

다면는면써받이까써서싸는니"
∞ ∞

김fay1 dA =.',
"

Fcaiyidydx or !.
.

."

Fcaysdxdy
ex) 2= X(y ,Disboundedbyy=2× , y=×2

의

θ

.있다adyd×영'(×β y+]잡d×명
'

(×'(2*
)

이이(8×윙)k

영( 2*3-×4
-
분× 울 ] d ×=- *즘- 놓=지]



exx S☆×ydA , y =x- 1 , y"
=
2 ×+6 → ×=- 1 , 5

y
-2 후

일릿yd×dy 념[쓸 y]올
"

dy

탈 (올(ye2y+ 1-*(y4 -(2y+36 )) dy

팀
+

y + 올-4+ 3 yg74
y

] dy

=
-
5

t
4
+

6y 3+급- 9 y12=36⑥
exl ×+2yt2=2 , ×=2y , X=0,

2=O

y술
y

P …
X=2y V = 염 (2- ×-2y) dA . 슬다슬 → 시키

구*슬영있 -*재 )dydx … =β
ilndt!inidl'usiny'dy =! 2 ysinypdy = 날(0 .y .

= iCl - cos ! )
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.
3 Double Integrals in Polar Coordinales

x
2

tyz4 I= Sfcxiy ) dA = Sfcreosθ,rsinθ) dA
r며 Bb ralθ

I =lh .fcrθ)rd□AI, dAIrd
θdrdoidrskai)

ex심 (3×t4yjdA, I≤×54→I ≤r≤
Z
,OS 스ππ

π 호
-cos을

f
"

fizrt+4 βsTθ)rdrdθ=f( rβcosθ+ r4sia]:dθ=S . nsθ+ 15sipθ)dθ

.

= 7sinθ! +15(호 θ-si ]] .
"

=□→

예
.

..
.

법,rd.dθ☆

^
…

ex) Area ofone loop of racos2θ π14 1
호 tcos4블

π14

*. 었송말d=없어명이.=
] 성



ex) underz = rty2
,abovex -y plane , insidexrty=2×

X2-2
× *2c.

0ty 국 ①→( -sPty= O →r=2cosθ-≤θ스
a(2

SS ro. rdrd θ =
통

[* r4]
.

2s0dQ= 5 .
8

cos4
θdθ= 8 . 포이x

-πh ω

=ㆁ



15 .5 Surface Area

Acs)=+f' tidAP

기합도어뛰어답. 1ODyfyay
=I-F×NXoy-fyXDY* OXaY 교 1

JDF= NXDYF*'
+

fyr tI *d= dAF+ fy'
+

t

⇒ FSdT =SGefyidA
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6 Friple Integrals
for domain box B= [a ,

b] ×[Cid3x[ r, s] :

범FCAMIdV=ttmipldadyr
총.뿜서

"" =
,

"「"" sdJdA
☆

순까임 !벌
dA= 김나세'야

화 S산*ypdyd×=.[- 눔(×-y
)03
."

d×

= 합 '
(

r×βdx= 강 [ 최(1×14]÷x
Also applkes to x andy being the innermost integral .
ex) fFezdV ,

E : bounded by y=×
2
t22 and y= 4

*→O!ε×
."

dy≤4,
D :× * 22=44dA=김v (4-×πPA

한다
.

"

4r←' r4 )drdθ= 128품고



ex) I=☆
.

"
!

'5ay)drdy dX → E : 05시씨
, OSY 스☆ ,

O≤2스Y

GrfcxiyizsdxdA X=Y
,
×1

만일", 김심까"dds
X

→ . jI.
'

fcxiyiz)dxdzdy

15 .7 Fr?ple Integrals in Cylindrical Coordinates

먹리기본까미」= 심없셔깝다니머
dA

=어비
(

.y

"(reosθ,rsinθ,zJdardrdθ
ex) ×2+y= 1,

2=
4
, t×2- y , P =KRty2

m = s윙 keyrdv = S힘FeyidzdA*=k임 restpydA=상+yord -
=쯤ㄱ
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.
8 rTple Integrals in Spherical Coordinates

샵
. βcososin θs했 8β=

2

ty422양
∞

,0
이 e

.
..

.

=Xt
{ r ipsin ∅

I = 솥f(Pcosθsin①,psinθsTnp,pcos$) dV. 다음했… aV= (dd0). od∅

=βodod
⇒고경

.

.
"

5.psindav

×ty2
+

x2xy2
=Xrey2

2a
β
-α = O

α= ①
,
호 → Xty= 한

시시하디마:☆ v에

=+
리+=

로야심이있*...4p140~인이야는따"→β=Cosφ
, P=O

= 중π [].*
=

π
[ 하*]= 고앙π=품]
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.9 change of Variables in Multiple Integrals
SabfcadX = (dfcg (us )g '(u ) du ,

a= gcc) , b= gcd )
,
X= deu )

→ S
.

"f(x )d×=
.

µf(x(u) )
.
au " du

,
a= ×(c)

,
b= xcd )

^ when there Ts a change of variables ,
there is a

" factor " that relates?the relative ratio of the two

dx
X differentials

.

[rossm들 ×다,법, → (십) =T( 업 ) =(reosorsinθ )
In general ,in2D ,if

[ X =×(U,

= y (u, v
)→T(uN ) = (Xiy )

andTisone-to- one,thereexists[ -
1 and GandH

such that (U = G(x ( y ) ,
V=l (xiyy)

.

I= f/ faiyidA
,

삼v, f→ Sf
(

X(u),y(uv))/
쎄어

R
I

kr.

없이. p
값 .
. 쯤 꽃올야몇.. ×없며다꽃습. 품유… 아짱52

m



ex) Ie셉dA , R. ( 1, 0) , (2 ,0) ,(0,- 2 ), A) trapazoid
y

set ×+y=U ,X-y= V →×
블,블
:!며홈출다화-최=략
→ SSe뉴 (호] dudv

,

S

. ( 1 . 1
) ,
(
말( 2
),

(
-2,

2
),

(
1

.
1 )

βSe 호diudv= 일 !CeI.Sdv=호 Pvce-ldr……역도 ="
V

지 .": 준 ( =3si을



(6 . 1 Vector Fields

F(x.Y )=<P(x 1 Y
),QC×iy )λ=PCxy) ?+QCX 고

y Fassigns every pointon its

"인사 <P
*미,Q×*y)domaina2 - Dvecfor( IR)

>
* IR3 :F: <P(X1Y.2),

QCX( Y .2),R(xiY ,z)>
인

Gradient Fields

☆f(x.y .2 )=[없(a. Y.2 ),컵(x.Y.2) ,졌(X(Y .z)>
exDJf of f =×2y - y

3
→Jf = <2×Y ,×

2
-3y
2

,
0>

GF=<2xy
,
×
2
-3y

2

,
o> is conservat. ☆

Fis conservat또Iascalarfunctionf s .t.Jf =F .
Then

,
f is a potentTalfun of .



(6
.
2 Line Integrals Cas t≤ b)

zsfcay , C . curve in RF
,
Parametrc [. 습,:

*고동* 미다다게정 ☆

a

C20
C% overx=1

× )!×있며애=2
yC①

-.*ds
( " 1)0very=*?

↑→니왔×네.Ze" ×

-
는

^

t
*
.
. i(없다밀고

= .*δ「☆tld×+ 2ly ,

2

= *(품 (4×)). + 2= ㅎ ( 50- )+α

Ifcxiy)dx , Sffcayy 2 . d×=×ct)dt,dy= y'odt
⇒ [f(x.y) dx= .fcx(←) , y (←) . x

'
(+)dt ∞

1 .fcxiy)dy =
.

fcxct)
, y(+)) yctydt

exl S
.

ydx+ xdy]. C .E ×=5 t-=5t-3 Co≤t( ) C =Ey =(
4

-

tβ (-

3≤t ≤2)

.(yrd×txdy)= ☆
'

((5t-3). 5dt +(5t-5 ).5d] = - 516

측기 .
(

rdxtxdy)= 다로←(-2t)dt + (4-t)( )dt] =40중



Carve Chas orientation according to parameter t 딩

⇒ dfcxiy )dx = -fefcxiy)dx ,.fcxy)dy =-efcxiy ) dy
however

, ffcxiy )ds=efcxiy )ds,s
. :

ifC isbackwards,dx=× '
c
+)dt,and× '(←) anddt

has opposite signs → dx < O → .fd × =f.f (
-d×)

Inds
,

both ×'+) and y'+) are squared→ds> 0
Line Integrals in Space
c ( fc×14 .2 )ds =

.

"fc×
( ← ),y ←
),2(+)))+)로(ePdt

ds
a

"
or in compact notation where

F =<×+) , y (+) , z+)>
ㄴ 、
X

g
s .
'

fcrablicx.
☆

( P( × x. Y,2) (dxtQ(x, y,2 )dy +R(xiY .
z) d2)

-

-whywouldwemakesuchanintegral?



Line Integrals of Vector space

het F=<P,Q (
R>CX ,Y ,

2)

het =< X, Y , 2>ct) , tE [ aib]

The
"

Work" done by the force freld in moving a particle
alongpath Cis . EFod wherdaicxbdt
Then : ω= (F. dr =.

P
×')dt +Qy(bdt +Rz'odt

= S Pdy tQdy +Rdz S
ex) F(x( Y ) =X 전-× Y

업,←)= cost? + sint고 , o≤t≤h .

h

ω=SFdr = S<×3-×y> . ←sint, costydt =
=인
"

[cospt, - cost . sint) . <sint , costydt

= 윙다
"

-costsint-cosβtsint)dt =- 2S.
"

cositsintdt

=
-2 [ cos

능

].
몸

=
× 중[ 0-1 ] =213



16 .3 Fundamental Theorem for Line Integrals
For single varlable scalar integrals?

.
"

F
'
(x7d×= F(b) - Fca) where F

'
iscont

.
onfaib]

.

Vector Calculus version .

LetCbe a smooth curve given by r(+) , a ≤t ≤b .

Let f be a differentiable function, af cont . on C .

∞

Then,
S .fdr= ."

F

'dr = fcrcb)) - fcrcar )α

( ifFis aconservative field , IFdr" =Df [a,b3 )
ex) F =mMpX , findworkfrom( 3, 4 .12) to (2 . 2 ,0)
f=,mMy러=-

MMG
=

MM6 *π
×

f= mMG **",늘잡
β

,최쯤B>=<XMY , 2>
→ Jf=F → &F .dr= f(rcp))- f(rca))
ω= f(22 .

x - f( 3 ,4 ,
12) = mMG (*J



Path Dependence
if CG andCs are two separate paths with same endpoits,
Tn general , ,Fod Fodr, butfor conservativefields,
. Fodr = F.dr ( Independentof Path ! ) s

⇒ Assume a closed carve , where Po = P.

If Fis path independent , E . d=f ( Pi)-f(p.) = O☆
ASFodr= Oforto Fis path independent

alosed3

If . Disopen , DTs connected, and Eis continuous, ☆
Fis path independentFisconservative(GJf= F)

…

but how todetermine F isconservative?

If Fis conservative: F=af =<음*
,
큼 >합 =<P(× y )

,

Q (× . y )>

[.해다[ 급을0v,
if 값어다( 음, &더)
are confinuous

,
급=더

☆ ⑦
If Dis a simply connected regTon , then Fcons.*(급=%)
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.
5 Curland Divergence ( 16 .4 comes later! )
f . scalar function

,
≥f= <졌

,업,

옮>→5 .gradrent operator
For vector field E = <P,QR;, 2 ways of differentiation?
C
∞
url :curlE =☆XE여름]꽃⑫= (명 →옮] ? -(0몫-]]+(□옛-:]k

DivergencedivE=J .F = <더음y,2 >.<
P ,Q:RY =

*

ty ←이금

po nysical Meaning of curlFanddivF
α

Carto measures the
"

rotation of flurds"t
birectionofcurdF representsaxisofrotation

Magnitudeof carlF represents how fastparticles rotate

Divergences measures the
"

rateofchange of mass

flowiugout "onapoint다
.부
vcp
.진
v(=0

F=<PCx (Y ) , Qcxiy,> is a conservative rectorfield . curLF ?

curlE=<용증,더-강=δ(y =더)

⇒Conservative rector fieldsin2 Dhare no carl !
s

xur/ F = cury ( ×8) = !( foralldimensions)



ex) F= Y조
3 ? ← 2×Y23업+3×Y조

2 k

ca ) show that Fisconservatire .

curlF =<6×y22- 6×y22, 3y222-3
y22
,

2y23~2y23>=δ

curlF =②F( sconservative-(Ehas no holes )

cb) find f s.t. JF =.
f = × y223 t CCg,zp+bey)

tG

005×]K

Theorem. dTV (CUrIF )=O .(T .(J×)=O) ifFhas
continuous 2ndorder partial derivatives .

∞

Proof :λ-&× E)=
<급 ,
업>이를 × 이PQR

= 아(뮤 +y (-고+(짱
-

= O ( By Clarraut
'

s theorem
,
order of ∂ can beswitched)

div (gradF) =gt짧
→ ←+is calledthehaplaceOperator,D.

div (gradE ) = ≥ . (55 ) =Df
Df =O ⇒ laplace 's Equation



(6 .4 Green 's theorem

Aline integraloverasimple , closedcurve :ePdxtQdy
In terms of a double integral over a region P
bounded by C . 섬(옛 -음 Jdxdy (sign by orientation )

⇒ oPd×tQdy= 임(더-y)dxdy
☆

C

In vector notation. dr= <dxidy)
,
짱 -지업 = CUrLFok

⇒ PF . d=GCUHEkeS☆CGreen 's TheoremI)

dra <dxidy) = <x'ced ,yict)de >=<×' G) ,y'oldt
ds 'tDdt = '게이'ldtatds

Fdr = . tds =ScaACareenohafdoes this show?

Theoremy)

FThetotduntrontonofEfnreyonD앱seghd
tothe tangentil

therottomponents
over the boundary ofD . eE .eds



Second Vector Form of Green 's Theorem

PFE .pods( ace )=
y
'(←

)

, -
*
'(←)>있e) , normal vector)

은 P<P ,Q )

.-×'| 이↑ldt =% ( Py'←)dt- Q×'e)dt)
C

=☆(Qd×tPdy ] =김(* +0엽 )dA=김KVC ☆☆

Extension to Non- simple Regions

Finite Union of Simple Regions :

...Fd=심대니EdA ,. .P.FEdr= SSCUIEkdAR

' iveFodr = td = o.CurLEkdA

Li"…. F

,때이다
.

다엠에이EkdA



(6 .8 stokes
' Theorem

in 3D . Fodr =SscarlF . ids gbut first- C

5
( 6 . 6 Parametric Surfaces

(←)=× (←)? + y (←) ] +2(+) 교 (Parametric carves)

FCUN ) = X(uv) ? ty(uiv)p +zCuv ) 교 (parametre surfaces )
α

^

=없,짧
>
.π=<않,

더
,>

*염 일어나
비떠다야 .

A

wherekacbicy= t =nuoir.) XiCu, v. )
Surface Area . DSIuxrlauaV → A =IIuxraldudva



(6
.7 Surface Integrals
Surface Integrals of Scalar Functionsf

Sfcxiy .zsdS = SfcrcuivDIraxrils Cparametric) ☆
☆

Sfcxiy.z1dS=SGFCXIY,ZCYDπ를) +Pds (z= zCXiy ) )
(Fcxay ) =×StY +ZC×Y업→F *X 의공한 =☆ v, -」,>
⇒ I*XTY=G+협 )

Surface Integrals of Vector FunctionsF
SE. → The unTtnormal vectordenotes the
"

positire
"
orientation of the surface (γ ) …

AninfTnitesimally small sarface area ds= ids
⇒ SF.d 5 =SForodS

Iruxril Cparametric )

π= f
,

crovnnetr
다테](=)

ds .J이주」"=리서yD
dudr

⇒SF&S =SS IE×EdA=SSFP-Q등y+RJAady
☆α



ex) SF. d5, E =<Y, ×,2 >,50 .0 ≤25~× 2
-

y
2

SiUSs → closed surface → ppointing outwards

I = SF. d5= S ,F
.

ds+.E. d5 =I, +I2*않 s:타 ×
르y럭템름DOA

= fKY, ×,22 .K* ,
-2 y

, 1 > dA ,D = ECxy) |×y1로
D,

I= G ,
4

×y+t -X=-yydA → fFreos=rsinθ)→ S !."
(

4rβsineosθ+ 1- ryrdrdθ

… =그
I
2
=<y,x ,2). < 0,0-+>5 <y, ×,07. <0, 0-1→= 0로
⇒I = Ii+I2 = *그



16 .8& 16 .9 stokes
'

I DivergenceTheorem

(Green' sTheorem . F .d=curEokds ,& F .p .ds =GdTvFdA)
Stokes

'

Theorem

.S . oriented piecewise smooth surface U
C

→ kturns into a normal vector to the surface
,
.

. F .dr = fScurlFods= SScurFE .dS AAA (S. any sarface
s s

→
2=2-y

w/boundary C)

ex) PFdγ
,

E = -y'
,

×
, 223

,
C . (y+2=2) A(×

2
+y
'

1)
,

counterdockwise
C

→ CUrIF=/꽃잖 I = [O , O ,
1 +2y> → stokes theorem works simplerd

. E .dr =SS<0. 0 , ( +2y> .<0 , , |> dA =S
!

.
"

(1 rθ)inrdrd θ=J
ex) Sscur /문d 8

, 8 .×주
y
2t22=

4
,×+y키

,

270
,
E=<X2, y2,×y>

scurlFod5= . F .dr, 2 =B…AI CBNBY , XY).[ dx ,dy
,O
)S

E=assint
*=-

srty=0s00

다. cosθsinθ+Bcosθsinθ)dθ=⑥



DTvergenceTheorem

☆F.ds =S이VFdV

Q

…없
oFopodS (n : anifoutward normel) 습
ex) Fluxof = < 2,yix) across unit sphere

SSEds =SdiV EdV 솥fodV= 용 π]
ex) SSF .ds , F =<×y , y

βtex
2
?

,
sin (×y )>

,

S. surface of(=례×) , 2=0, y=0, yt2
=2)

divF = y+2y =3y

장. 심 3 YdV=8!9)dA들" dADx즈

= .름(2 -kdrdx = - *! [π2j 3
."

d ×

= -빛S . (+×
y
β-8)d× ~→□

ㅌ ini Boundary of E is givenby
+*.EmJds

s, [동음윙 → dTVEdV=
윙

, F .nods

=
9, , 0$ 8-, 'ds



Q
.
11 Practice B

use Stokes Theorem toshow that

E2 dx -2xdy t3yd2 = . F .dr

where Cis a simple closed curve on plane xtytz1

depends only on its area and hot 「ts shapeor location
(stokes. .oFdr =scaNF . ds )

라,B ☆DJUHE= (3.5 = A-ds = ( 1. 1 .

17.d-)시에이토.=름이
= 금 . Area ofD

Q112 Practice A
S<ZX, by

3
ttanz,zty

'>d8
,
8 : top halfofunitsphere outward a

없까
"

,S.d 5 =SEdTNF.du =S컵(2
'
+y+×β) dV = f/ 60000sinddodpdθ

O

SE-d 8 =fdTVFdV-S
,
FASKO,국y

3,y 23 . <①0
"

= 19.sinmordrdθ
>ds



Q12cont .

SSS련

p
:sinddodpdθ= 2πS.

'

p4d=쯤OOO

..
?
βsin'θrdrdθ=- . 다 sinθdθ.* =- π . * =-초

호-
옮.

⇒ SS.d8= 쯤 -[포 ) =2+ 5"=3]


