


Transistors and togio
How dowe implement computation?
s

map numbers to distinct voltage levels ( binary )

In 16 A : Switch-o → gives two models

ON
"

. wire (short circuit)
,

"

OFE⑯ open circuit

In 16B . Fransistor

NMOs.
simplestmodet.-eon" and OFF

"

states

For some Venz①,Vas≥ Venn→ ON,Vas <VtnnOFF

PMOS→nt5
Forsome Vthp≤ O , NGsIVnpI × ON ,Nas<N +npl . OFF

How do we use transistors to make digital logic?

Simplest logicoperaton . NOT

Simplest logic gate : InvertorDon
out

Out : In



Vdd= O .7~1 V

CMOS?

t고롯..대 했다!못"
(16 BAssumption :VehntIVenpl2Id,VddzVml2O )

Gipusp
Vdd DVin = O

, logio Oor False

↳ Vasp= VGp -Isp=Vdd=-Idd

했다한vo야
→ -tddS- IVTHpIPMOSON

t Vasns월 VGsn = Van-Usn =O=⑥

Vout
→ O ≤ Utnn × NMOSOEE

Gipsp 2J Vn= Idd, logic I or True

법 H이나
Vasp = VGp-VSP =O →PMOSOFE

-. f β Vasn =Nan -VsnVd → NMOS ON
GN
t
Vasm s을 sVont =-

TruthTable.Ovda→n



Other logic operatTons : NANDCAB ) NORCATB )
=Do- ₩

NANDand NORare complete . can implementany function

Cascading Logic:
simplest model . ~Do-Dn0
왜

X = n
,
Out = * → Out =n = In ( buffer )

vad 1) Vin =0 → V×=Vdd→Vout= O

봉1 -[!다! 급 가
0

2 )Vin=Val ×*=O→Vot =ldd

올 {
But

. .
can you change voltages

gouickly enough so that
-
T 로

In practice , output does not changes instantaneously ! → notreal

This model is goodenoughforlogicfunctions , but not for

figuring out speed I power of the device .



MOSFET : Metal - Oxide semiconductor FTeld Effect Transiston

NMoS→ n - channeS MOSFET
,
PMOS→ p-channeI MOSFET

5 ia
β , Vas2Vtn →ONys:q I sateapacitance∞411θθ…-⑪ →

S

. .

. D Vas<Ven→OFF→:
(NMos) Ron

uschannelh on resistance )

RCCircuits

V× I
2
= C←,

I

1 =슴
,

Ii+I =0

물* C → C←← 슴= ① → d ←=-←
( firstorder differential equation ! )

①GGuess . 」×(+) = debt, educated guess basedon properties of ex.

Initial Condition2. V×(o) = aebo = a

V ×(+)=abebt= - 금CV×= - cebt→b =-*o
⇒ V× (+)=V×(o ) .

e
그

→ asolutionto=
-심eV×

Vx(t)
Λ

"

인.이…
v

,
=

-」쁨 ( →tangentineat=o
has y

- intercept Vx(o ) ,
¿ ) ← X- intercept RC .

RC=T 2 .2T
(time constat)



② Check for uniqueness of the guess :

Suppose yct) which also satisfTes the diff .eq .
)

(X (o)=%,
←
X(←)=" λ×(←) , V×(←) =X(←) ,

λ= -금( )
In ① XdCt) =Xo ext satisfTes the diff . eq .

→ Prove thaty(+) =Xd (←) , T .e . the solution is anique

→ Eithe prove다)1or y (←)-Xd×) =① .

→((+ )=e× t →()=김 (yx).e-×← )
= . (.e - x

←←
y ( ←)G-x)ex

← )
→ Since y(←] is a solution , y(+)= λ Y(+)( 2)

→ *
.
(xy(+2 . e

- xt
-λy (←) . e

-λ←
) =① .

Y벧
→

Xoe
λ← = C

.
usinga) , × (o)= X. = y (o),

y(0) =
X

% = 1 .

→a더)= 수 ⇒ Y(+) = Xd+ ),

Now
,
use this to solve transistor models with RCcircuits !



_

-D-D에때때:*
[:숙:국

D

보.
큰속
CapIsidd

rUs LT! 니-
I

vdd

π
슬홀..다.결를다.



s = 0 :i*caon lacoFVdd
(t<O)

icam
Vs= Idd 8
(+z

)다풀를많다. 최소뜨더않여다= cam .

더
:

I3 : Cap2 . dcVxdt
→ own + Can=de + Ca:(V×-N) = 0
→ ovm . +(CanmtCapa )t= ①→ e

:omi(anntsay그그
→ T=RoNnm .(CGnatCa)
~

⇒ V×(+)=Vade그

what about Is= ldd → VS=OV 공



Us= O
.

0

.

vdd

TVdd V ×COFOU
(t<o) 돌을"

:

(t20 )

∞=니다
"~*울였합되

3+I+오=」
다.에.camdw

→v.-vp . +CGnzV× +Cap=V ×- Vdd=⇒0

→ ovp , ←[CGnntCapr)de=v ,
→d=-+그

This ?s a nonhomogeneous diff . e.ofform× ' = λx ta

Go back to V×vp
,t
(Can 2tCap=]없(VX-Vdd) =0

Set V* = V×-Vdd →m,+ [CantCap.) V*= O
~

→ V*=-). 등 ( F=RoNP,(Can2tCap))
⇒ V×= Vdd -Vdde

- 두
= Vad( l - e

두 )

.
t



Now
…

how fast can signalschangefortransients
to actas logicgates properly ?
쉐(+)

will Vex) beable to

follow these changesFasalogesignalz
to totT, totTitT2

N×t)

Vad -

*

*진
m
, '"
tI seemstowork

.

at every Tr , Vy is nearly

‰ { Vdd orO
.

totπ. to+πtT2

If Tis too big to assume y=OorVad forevery
π,thenuseprevTousVx(t)as initial conditionfornext .

Solution to precewise constantoutput . ×
'
= λX - xu (t)

what if )=( t)cwhereUc(t)iscontinuous로

→ Approx . lcct) 「nto piecewise constantlc←) d
lix U (t) =Mcct)

≈.↑"」다. tnos Iteratefodution
,

lethsoterrordobserve
.

H



Sensing

I
,

「

R

"
-

inmn:.출 "

드
v

며,O@ Vsensecey :
" ~
Uin=sense

(:Iin=o)Wantthiscircuitto separate
V×= Vin ( buffer) tow- frequency from high- frequency noise

I ,=I .(KCL
)
, V .= I . . R ,I 2

=d .C

등
놈 = C ㆍ= V

*-

ns
: Cd→= Cd

= -」
금(+Usen음c

( Vsense (t) isa continuous time signal )
⇒ Vout+] = Vou+(o)e+ *

(

f

.tVsense(t
)e

-
nomogeneous sol . nonhomogeneous sol .

Cresponseto initTal conditTon] (response to timeinput)

The circuit
"

computes" this formulad



General Form . x(←)= λ X (←)- λM+)
( λ= -←

,
µ (←)= Usense (←)

,
×(←)=Vout(+) )

exL)ut )= es
←
(st0

,
t20 )

→ × (←)= ×co)et- λ S
.

u

( θ)ex
(← -θ)d θ

= Xlo)et-λextf
.

teθ. e- xodθ
GGuess andcheck : X(←)= Kes

←

,
t20

→ K .sest = loKest - λest →Ks =Kλ - λ
→ K= -* ⇒ Xx←)←- nest
To complete , add a homogeneous solution :
×(←)= Kaext tKest→Xco ) = K2 tK
→ K2: XCOJ+*
⇒ X (+)= (X(0) +*)e

←
-쉐ㄱ

ex2) u (+) = cos(ωt) (t20)
→ × (+) = Xco)ext - λ

S

.

cos(ωeλ
e-'d θ

= X(o) ext -dextf
.

tcos(ωθ ) exod θ

S[ cos(b)eaxdx=(bsin(b×)tacoscb×))]



× (←)= Xco)e
←-de

λt e는 (ωsTn(wt)- λCoswt))
*
다 (0 - ×)3

= Xco)e
↑←
-다 . (wsinw← 1 - λcoscwt) )-fme

λt

= [X()-다..]e산 -v (ωsin (wt) - λcoscwα
① ②

Ast→∞
,
① →O ( X<O)

② for λ금C ,금 (Wsin(w+ ) +[*CPcos
x( p+ω2

Tu압Tncrs
+

CWRCkvmon(*vRPCOSWI+isinco+)
= Acwpep(cos(α)cos(w←) +sinca) sinw←))
=)aCos(wt-α)= nCpcos(wt)그
(θ= -α= - tan(wRC))

Casel) ω>>*( (wRC끼 ] →×(←) -로
Case2) w<<*( CWRC<< 4 ) → x←) = cos(wttθ )

⇒ This system is a
" Yow pass

' frlter with kc
cutoff frequency !



Can also Guess and Check : X←]= Acoscwttθ) fon

Uct). Isense coscwt)

System. × (←)= λ X(←)-λM+) 업wRC
→ -Awsin(wttθ] = λAcos(wttθ] - λ lsense coscwt)

→ IsenseCos(wt] = Acos(wt +θ) + * sin(wttθ))

= -금e → Usensecos(wt] =A(cos(wttθl- ωRCsin(wt +θ))
→Vsense coscwt]=ANF(wp(p(*wpCos(ωffθ )

-(wRepsincwtt))
→ Vsense cos(wt)=AFCwR(p(Cos(X)cos(wt+o) - sin(α]sTn(wttθ]]
=ATw cos(wt +θ+α)

w

→ Vsense = AX(wRCP
,
ωt = wt +θ+α

→ A= Usenwpcr,θ =
-α=- tan| (wRC)

⇒ X (+)= Vsuepcos (wt )그그
Moregeneral . X(←)= X(t.) e

λ←-t
.이-
λ

S

.U(θ)
eG-비dθ (+2t.)



systems of Diff . Eqs

Example of CTrcait . Two capacitor circuTt .
KCL : I 2 =Ica ,I ,=IaxI2서크

는"연에네
"

합버Elements
.fu=,

+,
.
=C.급④ Vin(t)

①
V대쁨 . =C .합 +

②" 쁨=Gd 다=V2+RRC2R2

s 2
nd order diff-eqωth de. Let's go back…

[쁨,
=
1이 +음 →

이=-금다+() V
!
+
(, +,

V .=V 2+RG → d= 음 - 름 Ca
→ wr?te this in matrix form ,e as an operator .

없 (임] =[(*
(+많 ) 다옳, ][ :]+[ 정]n → …

?

ex) Assume. Rβ 북 M2,
2칠M2

,
C
,
= C=IµF, µn=√( t<o),Vn=아

t3의

없[임] =[ 한글 ][⑫ ] +[ .]
µ

n
,
V.c ) =l(= IV

What ifwe had a "magic
" change such that…

U ,
= 」2

,
U2= , + 2」2→ × U2=21 - 2V2=2 (u2-2K) -2k

= 2u2 - 4U2-2V 2 = 2u2 - 6l2 = -bui+2u2
_

면+ 2 d =-5 V
,+ 22 +4U1 -4V2=」1-2V2=-쁘빙

→ U=(t) = l(o)e←(
t
20)→U = ( o)=U . co)t2<0이=3→ a (+)=3e트



Use (U2(t )tosolveeU .=- 6
u,←2u 2→ U

.
=-bu.←2C3e
~

빙

→ recall.×(+) =λX←) - Iu(←)
,
uG)=est→ ×G)= k2e

↑
--λest

→ 'F -6
,
s=- 1 →

U .(←=K2
e-b←+음e

←

,U.(o) =k2+움 | V

→ K2= 금 ⇒Ui←)= -5e
6도읍es

Now
,
back-solve for Vi(←) and Va(t) using (l .e)andla(t) .

(U . =2, U
2=l 1+2V=) → (V (= -2µ , tu2

,
V2.)

⇒ V(+ ) =3et-2(-*
e-6도우e ← ) = 름e ←-그

Vi(←)= -5
e-6tt←그

What is happening in matrix form로

옵(임] = (밝]급+ [ β. ]남 ,

[남] =(입금 ,( 임](남]=[.](없고
W

→ 없 [남] = 컵 (ω+ (님] ) =W-없(님 ] =[ 삶 .][ λ[임]+[.] ),
= [일][* 금][? :][남] + [: ][

β

. ] Vin
WIAW wit tb

= [8 주 ][남] + [ 8 ]Vin → w-AW is upper-triangular !
wIAw wib

solve bottom - up (uz → U. )

In general .*(+) =AX(← )tBi(← )④→
"

Nice
" * coordinates

,
* =Vx 네λ→GTV

*=VIAV * + VIBNG☆
④~,HAV )*
→



How do wegetV -
1AV to be " nice " . ( dlagonalentries)

And how do the initral conditrons transform로

* (o)= V'*(o) → Apply this ,
then apply *G)= V * (G) .

DTagonalization
Consider . XGD= AXG) +Bax) ,*(o ) ,*x) for t20 강

×*
* = V= CVi, α… ,

.J(*F * ,it … +*nin

ㄱ → xare coordinates in basis V
.

* x =V' * →(× * *)=(V' *)=라*

=VYAt=V-AV *Vmm [stept)
⑤

ep
2)*(이 =V - *

(O ).⇒ Solve for *t) when HAV

is diagonfor upper-triang.
(step 3) * (+) = V * (←) . ,
. We want V

'AV to be dTagonal ( seperable equations !)

[행↑
?
!있

So how dowechoose V ?



VYAV = VTACi
,
또 …GJ = VHCAVi , AK, …

,An]
( Recall . if A* = iI* ,

Iis aneigenralue of an eigenvectort of AJ
- V
'

C,N,,Nav ☆s =VICriv-
(

"은U
= VIVN = N ⇒ Nis diagonal !

( if Vis are independent eigenvectors of A)

So ,if Visaneigenbasisof A ,then=A *+VBmund
⇒ This 「s a set of seperable eguations .,

adet ( A- λI) = 0

ex) A = [
-

* 금] ① find ergenralues of A . ((a- x)(d-λ) - bc = o)
→ (-5-1)(-2 -λ)- 4 =① →β+어 λ+ 6 = 0→=- 1 on - 6

*= ]② findeigenvectorsofλ ,andλ 2.
λ=- 1 .[ 떼 ] →*2 =t[:

]

,
i
λ 2= -

6 .[ : 4 ] →* ← ]주
⇒ V = Ciz][ : □:( V=[다 .]] ③ Solve *←) .
→ 더* = * =[ 김웅 ][* ]=-* ] →[다] = [×] → seperable!
[ ×졌×*→ 울셨들

→

오쳤*(0)협olet →**(t ) =
[이ve]



Afind *
x
(o)= V -1 *(0 ) =[ *.] [ : ] =[* ] → E

*
.c0)=3란이= -y5

→ *(←=
(3)그 ④ Convert backto ☆(t)

.CXG)=V*+))
*+) =[는조] *G) = [3et+ 5fe-]→ E G)특efett45 e협e-ot//
Ingenerl , *(← ) =N*(← )+VHBU=*G )t
Thenf

,
*(+)= Xntt ) + *n(t ),whereXn( t )=

[Kt

↑급,e
"
ce-'d

θ
다-비dθ]

LetB= V1B
.

=VIBU =Bi = [m 없.더)는다나썼다,] .
B = (.

]
=5→ ) =1- "5 VinG) = [* 다][.] Vin(←) =

[

.
]µ m(←)

→ *= S .
←

315Vin(θ)ee
-rdθ

[호] ][.-0/5lin(θ)e-비dθ] → *차
* = [: ?][

*다
.×g." ! :업

=fke
.

tvnlee.+1비 eθθ:
물
e-.↑

e여9%「대)]
Now

,
for Vin←) = 모았 ;=.. *

c0)= [ 8]⇒ * n←)=δ ∞

Xn
=

[ 35eecefetce←-1!+ 몸 e
-6←ebt -

)e - t

e6← -+)] (
황(= [ β

5(1-e←)+ / 5(l-e -
ot)

015
(l-e-←) (5(1- e

-oy]로

= [l-35 et-efet +Y5e] → *(←) =[8]+**G )=*←) .



Inductors

I+ Capacttors . I(+)=C없(← ),□ "

resisfs
"

a change in voltage

cT 」 stores energy in an electric field , E=크CV
2

.
[ F ]

In DC (constant voltage) , actsasanopencircuit( I = o)
R

rIt Ve veke ,RC = T →Vev
e*

② Vse

휴한
Inductors :V+) =LeI□→" resists"

oresenergyTndmagnetcfTeld ,
E
은
ChangeinarreI? [ H ]

Af constanf current
,
acts as a shortcirut ( V= 0)

빠KvevetorV. (

t <이=lS (←

) [ z)!.)
야아

①Find[ .(o).Fort <o,steadystate.Then, Inductor→ wire .

Mk오없이=음남
→
L. co)끝m

②Solve for t20
.

K(+] =[다(←
)
,다(+) =Us←

)-블
→ In(+ ): 쁨- 슴.(+)

.

ot 20, 다 +)=-문.
→ Iu(+) =ke

*t=
I .(o)e

←[
E4 R,IL(이컴)



Vk(←] =R . IR←)=RL(←] =R . Iu (o)e* = e*

Uic←) = Is←)-
=

- 」 k4) = - e
*

iN nUsct)
⑨

θ t

허

n
> t

IN Λ

VR4)

→
k

.I 라o이e
-.

t
ㆀ

> t

_
VL(+)

√

+ →
r

-

④변. ε 다
.

오없는
×

K뮴(
다

).오
+)(

웨

I,I( ←)

== 도망」..

1

①Findinitial condition.steady-stateequivalance ?

②
.

s일
vec 이=|」 ,LLLO=OA

으



②solvefort 20.Vs← )=0((←)=- V((←) ,과(← ) =I(←)

→ [다(←)=-V((←
)
, IL ← )=CVC4)

→ ×L(←)=는Vcc←) , ((←) iIL(←) → Matrix Form !
→ 없 [ 오 ]=[ 용용 ][다떼]→ diagonalTze 로
de+ ( λI-A) = O→det( [**])=+e =① 템tIm
*Assume : LIF

,
C 1

H

. →A =[ 8 ]
,

λ
i 2
=±고

→ FTnd vectors sot. AV= . VY, A= d2tz

N. = ; :[A-dI ] = O. →[ :JVi= [.vi=
R= - J. A=K* . =|×→ A=→ [ 원][*]:- J [×]
→ -X= -5 , 1 = -5X → x=]V=[~ coordinate

↓ ← unitvector

Transform coordinates . * *V * * =[V ][ ]=* iVit… + tnV.

④* founda wayt express*in V- basiswith*.
Λ

Ir jo 엔 T 아 없*(=[ 엉]* ) ⇒*)=VYAV*= [1 *
④장* →* +=(* .%다.*(

)

=-*(0 ) =[' 슘춤] [9 ]없.(0)
→ *()= [삶] ⇒* = [

'ke챔e* ]→ * =V *=[ ; :]
[kee*]

→ [,]=[Jke함et[ 듐e참←] ⇒ Euler'sformula⇒Ii+) =jk(ejt-
e-t

)

=
2(cost'3 sint- cos)'jsin(t))=π(2jsTn←)=- sin트
(Vex)=cost )



* (+) = [,] =[-sinosti] →realfunctions ! (rJ . t )
Vcl( VNc(t) IL[t]

Phase shifted by2 rad ,
.""n π 때 ' π

고 Energy moves between Landc

V

* l . 2 =±j
다

. *(+ ) =[지업] =[sin( *←).sc합t)]

phasors

( ×(+) = il×(←) tbuc←t ) ,uc← ) = kest , S# λ .

→ ×(←) = (X(0 )-*) +값 est
← Wsformofux) d

transient solutron oof initial condition cnice term ,

cannoying term) steady -state solution)

Want transient part to disappear ast→⑧ ⇒λ<0 :
e←
, o

⇒ X(+) →. est (steady -state solution)

What about complex λs. I = xretxmJ→ exreejilint

→ e
*

←
)-→

Cos(lint )tjsTn(Nmt)) ⇒: fReS3 <O

* e← (steady-statesolution
)

~:
er
→ o



XGJ=Axr)+ tIG)
,
tIe) w est

,
then assert that solutions

are also w est when ReEx3 <O and stil in steady- state .

It)=est,where isa vectorofconstants.

Assert * =xest,where isa vectorofconstants.

X*+) = * .sest = A **.esttest ⇒ S= A * ttU

→ (SI-A)* =⇒ * = ( SI-Aj~isystemof linearequatrons .
*( S # 11 ⇒SI-A has nonullspace⇒SI-A is invertible .)

→ *(+)=CSI-Aj~ (solution to inrtial equation)

Can we use this to analyze circuits로

exc부IK←)I (←)= (V(4).Assert: IA)=Ies
+,

VG)=Pest .
→
V
붉 =물 ! Iest = C(rest)- →Iest =sC(Ve←)

⇒

잘없게없
t ⇒높드한다,도세=따

"PuHrs-TmpedaME=IR → ECH=IekR
→물즈→ resistors -Tmpedance

("답대후U④)=다웨도몰=sLEet=LsIe-impedance



Ie) + VR() - ← VL(+) - ψ e(←) -

innk =est,tet,ces,I= Iest
R C

Un ↓ ↓ ↓
Ir K Va

-□D =.ZR,N=Z, V=I-ZC
ZR= R 자sh 2c=C

For sinusoids
,
u(←) = lcos(ωtt⑥ ) = lejwtte

별 | t)

=
µe을et Ue을e (Si = jω ,

S2 z
- jw)

ω est 더 esat
≈wsut ) =esittest.
ω

always complex conjugates since circuit is knear, use

cble uct) is real) superpostmwtosolve for each ferm .

**) = xestt*S=
5ω

:
M.= S .

I
- A( s,), asolutlonfor-Acsw,am

.

^

→ M
,
X= tt → X=Mi'a

∝ ↓

circht independent[ I] selemeneurrentoltagestopology source

=
Mi

②s 2
=
-5ω : M==S=I -A(s=) = -JWI-AE;ω ) = -JwI- A(Jw)

⇌
→*=U * x =MItMITEX

Sox(t]= ,eswtf*e-swt creal) → only need to solve for
~

Complex conjugates) one of xor*,



so,allsolutions =etwtteswt,It)= e +e.
For sinusoids , Pand are phasom . (functions of s=5w)

Now
,
s- impedancesare Just impedances은

ex)뉴더?V( ← )=V. cos(ωt+φ ) →V + )=」을 epφe←을e 34.e - jot
wt wo

I←) = (VG)= ( e(rejwtte- swty
= jwCt-JwCvent= Ievt+ Iewt.I= jwco
wa

했{ £

ex) RCcireut .Vin(t= lncos(wt +⑥ ).Vu] 공

uny+ ① write sources as exponentials [into phasor domain)
-Vote) Vin←)=별eie+rejoe더n

② trans form the circurt to phasor domain

N삶]했 "
드
=

vm
ZR=R

,
Zc=×c

.

(S-impedances , s=Jω)

.
③ write down circuit equations .

남 I. Ik,V=.Zc, ,V* 니 , =n
④ solvethecircuit .Vt = Vin짧. 경험ve= * sukc lin
out( jw)= vpe아~~
□

v시에V 값(jws → transfer funetion
U

Hcjw)



HapCjw )=*wRC=
1-Jwvep

IHkp(Jw ) f=vkI vpcp, 4H <p(zw)= - atan2(ωRC ,
1 )

Vot = I Vle4
m,

밝
=이없 le34

z

H (zw)= H (zwile4H;에

Vout=V
le
4= 없Hpw =Un(

e.
( HcgwslekH,

= I Hcsw'llV .
e(KH)t

Vout = IHcJws l 이Un1
,
4V=<H)+~

⑤ convert back to time domain

Vout (t) = omeswttVe- 3
wt

= fUoetejwt
+

fVotfe -34
V. e

-swt

=IVo /Cextwe )
f e
- j
(4ttwπ )

= 2coocutt4vnnialy,VinH) =2Nnlco
(
, 몰v)=(s(l++ 4시모에)

atan2CwRe , )



Filters

Objective. Find a steady-state solution of the system in response
to sinusoidalinputs (N<o)

.

→ sine waves allows transform of differential eqations
to lknear equatrons( phasordomain )
Phasor analysis : exp→ IInear→ exp
exI] Low - Pass Filter

②)머놓다…

⇒ ②빵□몰 ImVom = ?
는 없ct]=Wincostwnt①)

a frequency
음=듦다w☆5=

쳐다.일값cssferfunct
÷(ω

. ~=금( )

내.t

→Vot =(Jhwn )V

Ithp(sw!= Ew
∞w
.w. 미

!

의
ω xwo s xtHhp=

4 Hp(sw)=-atan2(. , 1) = Ewawo→ xHhp= o



ω WHp(Jw) IHup(Jw )Hp( jw)n thrp))

..
0

. (. 「' .o '
w
.
'w. ω

wLEwo 의 의 - ① >

Ool wo IKlto
.lz3 0.995 으 -0 Lω

"
- ↓

wo KtJ 금 ①
.에 ≈-450- bodeplofformagnitude

0

.

nope
I0w. 서업은 |

0있은 |
를-84.

δ" -
±

wxw이

s tHhp(jay Vontt) = VoutcwttVoutesot
'wotO 'wowoIo'wo o'w. ω

\ " >
0
.
0 %
_ → bode plot = 21N0m (coscwtt 4V )

-45
×

.

for phase

Vout = H (zw) Vin
-q0으

- 1Vfe
="배안e ;(KVn+ (ω=ωn)

⇒ Vow (t) =2( 1 Hzwl//VinlJcosCwt+KVin+④)] (w=wn)

for input Vin(←) = Uin . cos(wnt +① )

→ Vowt (+) =2/ H (zwsllUn ( cos(wint +① +4H(;w))
ex2) High-Pass FilHer

⑥대네빛좋다내세 ⇒ ④납물국로홉
=짧=름+%.=시)이

늘 -HHp(Jw )
=JwJvRC

,

ω
o
=kC

Vine) = linCosCwt +φ)
=.음

.

=*5w음
IHap(zw).급음 p =

온비에없.위yo∞
w.(

음)



Λ HHplsw')

*o.wHow
do we cascode these

circuts to build more complex

transfer functions?

⇒ CTrcutblocksshould not load Ctake curret from eachother)

in order to preserve transfer functions !

Vin

내물끝"의 . "
#

-□-불oe
Vin ~ ↓

Vin U×∞-

□물
□

몰

. 딸
.

×

□

엄G엄⑮ . 때
V애홉다! (Jw) 야끓
병더
v) =

음.

급
습에름습=더
ㅗH

+(
;w)= *음,이있. ..Cω o

,=←., Woz=Rzca

슈→ licsw) → --→n(w ) s von
H+ (Jw) =

Vo=π사: ( Jw)=π IH( (Jw)le;도시((s))
→ Vot )=. (jwl2nlcos(wttD4HH+ (jw) )



Design
Vin has many components :

frequency magnitude

signal 6O0k ImV I desired
AC 6Oa 10 mV ]sinterferenceflnbressent 60kz 20mV
light tkeep signal

design goal. attenuate interferenceCAC , fluorescent light) by l00×

Vin(←) = Uac cos(wact + fAc) +Usigcos(wstt /s) tVflucoscwftt@f)

@ xc
= 2π . 6OH= 3 어어,ω

s
=2π .- 6O이2 ,ωf

=2π . 60 k샤 )

strategy. insso ,→ .

ut itVsg tVfu
.

superpositiond
~

sVout(t)
=

e . ff(jwac)+Vsg . lgws) + V.(jwg)
⇒ Vout (←) = ( H(zwac) l . lac . cos(wactt φActDH (jwAc))

+ IH (jws) lolsig . cos(ωst +φs +4H(Jws))
tIH (jwaloffluocos(ωf + /f +4H(Jws ))

design gol ./ H(jwc)= ( H (Jwl≤0o, (gws )F1 .



Λ I Hsjwsl
~ 10mV wsml vaoml

WAE(6Ok]ω = 2π.600k Ok2 WFC60krk)s wotp

1o
. l I

qwot
. 이 0 aaw

:

"…

-
: - …

: ¿
-⑤
2

X

Vn(sw) - →Buffer□→DIHpz→ Vor . ω
,
=*a

0 ω2 =금ca
n~m출TIJ에좋따

. on Hvsu, 트호꽃은
T

.t
(Jw )

=U+에다.니= 내않=HHp(5w)아kp(jw)
Compromiseo want to attenuate interference wlo attenuating signal .

WoNp=ω2= news=없r, Wo=ω.=ias. wf =*a
WoHp=rπ. 60 .2π600 -2π이qOz

,
Woup=2π . 6kHz

Pick a reasonable capacitor .→ G= InF → R ,226k2

C2= IMF → R2 =84O2 → both reasonable resistances .

-ovout Check . evaluate Hczws at~출BJ에로째tva w
Bt nzn WAc

,
ω s , and ωf .

whpCJw )lcss! !Vin(Hn=Vot

2π. 60급 이 f ≈ 0. 3 ≈0.3 10mv . 0.3 = 3ml
wanted O .Of forwac

,
ωf

Zπ . 600 k ? α =0.95 = 0.95 1 mU . 0.95 = 0.95m로 but only got 0.3, 01 .
2π . 6Ok샤 ≈ O . 1 르 □ ≈ ①. 이 20mV . 0 . 6 = 2mV

→ notgood enough



Keep going… 공

→ epezw)→ Duffer→DHHp(Jw)→Buffer→Dhp( zw)→ - -

H .+(jω)= Hp( Jw]아시 m(
Jw)( n low -passes, m high-passes )

Htot (jwa)!=o = In.3)
m
→ m ≈4

Ht.+( Jwy)|== ( 0 . l)
n
. 1

m
→ n -2

ws oof

o
1 에빠

λ...
-

-

1 ℃

IH
++ (Jws)! =

±
n .

0. 95 m = 0
.954 0

.
8 Cok , not greax)

H+( jw)= [
J응+J음H)xCI+;u) .

( Ingenerd , H (Jw )= K
<).C 4 J.버].에내]는*)… C +J음에 )

wan - zeros
, wpn
- poles



what if desired sTgnal is at IOOHz로
s need a different fiuter [ inductors? )
ven
이

따뭐?
]
려

가행zey
=s
( 렸다

.음(
)

C

' 는 say Zeq(jw . ) =① (w.=삼)

→( (Jwo]F
#Zeq(jwq
(jw.)t2p
=엠= O .

H 1: s
(wt;(ω e-*e) . → set ωo =ωAc= 2π .6OH2

zeg
→ C= (OOuF , L= nom시

IH=O,H(
G
2 π.55 시l(1π-65시))=0.5

o
' w → super sharp attenuatron 6

wouf

꽃었다RAC

RFCF
R - Lcgives

c 폴 sharp attenuation

w LC- Rgives
WoAc =eCAC
o=다

sharp peak
Λ

iv
ote tos ω

E
>



Control . what todo 로
Controle Inference blocks are algorithms in discrete time .

Rest of the system flows in continuous time . How to connect?

Continuous time:

없 *.네=A .*+B그↓

compter
la[oz

,
la[i3,
.

Xa[o]
,
*T[ I]

"

C→D: D→C.
Λ

indecs
^

an.

" 진

"Ude3□
@-θ*

다.
!

.
nn
toenxds

' oamping" 숲 :

"
zero-orderhold"

은 D 20 3D

7 t

d[i]=XELiD)

0

ct)=ua [: ]tε [ io,대1)

ld (i] →@K- →fXe(t )
=
AcXe(t)+B)-@Ntaciz

XdCi]=Adai]+Ba la[i3

s recurrence relation from sample to sample
HowtofindAdandBd,gvenAc,Ba ,

and D 로

.e
. given XdIi] and Uaci] ,

whatis *a[itl]로



XaEi]= X* (:α)
,
Xa [it(] = Xe(4)a )fromsamplingequaton

XdEitizis the solution of xct)=AcXeG)←Bc(←)aft =Ci+1)a

from initial condition x=Xd[: ]atto =Tno -ste+)=tla[i].

ex) scalar system . (Xc(←) = λX(←) tb ua[:] , λcCt.)= Xd[i]
→ X( (←) = eNto)

Xct.) -.
e

λ
(←-'bld[i ]dT ,t. =,t떼)α

→ X.떼약
eλ
c이x

+
원() . buaci]
U

Xd [i+1? when to, Ud [i3
Bd

→ Ac=λ
, Bc=b ⇒ Ad = ex ×,Ba

=
[

e:O
ex) Vector system? x(←)=AcXcG)tBcldE:], t .= :a,

t= [t떼)Δ

Yc=V'× c →Y )=다Xex) = V
'

AceG) +VㆍBta [i]

s fGe)=VAIV어Bclld=Yck ()=ilkyekG) t bc
⑤

sydkcitl]= eilcoydk[τ 3 +e*(V -Bclac) k
,

KE [ l , n?

→ yd[] =e :
e
..] y?+ [ e

없…
e
"

%] (V
-
BcUdE] )

× Xd[i+I]
e-eoJV+ [ e

없…e

%]너CsMaci,
Ad Bl



System Identification :
xd [i+ I] = AdXaLi] tBatla [:] ( can drop subscript d )

Canwelearn theentries ofAdeBd byobserring input sequence td[o] ,ta[?…
and resulting sequence xaEo] ,X]… ? → Yes, leastsquares .
5 =Dp ,

5GRmeasurmentsP =/Rnknown
,

D ε (Rlx☆(known matrix)
, mostly gal .

→5 = Ppte ,
find p s.t. Dprisascloseto 5aspossible(minimzelel)

/..efeMinimizedwhenetcolunnsp
,

dTe=OwkreD= [ r,( D

!…

%]
, e= O →D(SDP ) =O → DTDP =DTS

" If DTD is invertible
,
P=DDJIDTmmw

ex) Scalar case : XCit 1] = lX[i] + b u[ ?] feCierrorldisturhance
×C 1]= λX[0] tbuco] te[o]

,
X[23=λ×[ i>+bu[ i ) te[ 1?

{… ×[l3=λX[l-] + bucl- i] tecl - i]
[다 ] [김 ]+( ...

]=
F 쪽.]if

P ㆍDs Tnvertible,aseLS- P=DTDHD-

↑
→ P= [☆] → best fit

점덕 용



ex] Vector case . *[] = A*ETJ+BuEi] fe [i]

*CG ]=A*co )tBucotECO],TCOJ=A *CbptBTetehEtranspose: XEOJTAT+UCOOTBTFㆍ EOJT=☆ED? …

*

어와까놓이/
(
)+장I장험B도e

다

=**않

.*RITEIRAIR사,B1kC1
↑

Cntm)×n [ace+,
- enco]

ences = [X.
… Xn] ☆

Let (o. ] =[ … PJ ,Pbeing column rectors .→DIP- prJ+Ce;…en]
→DptunDpr …Pplmtene =nxm→Dpite: = XT

If DTD Ts invertible , then P; =(DTD
]TD+ * , !→[ =C … Pr]

→ [*]= - P]= ( DTD]TD" E*. …* =DTDTD (게



Stabilty
Scalar model

,
remove controlinputu .X[π]= λ*ET]+ e[i]

→ Does the sequence EX[o3 ,×[?. … S remain bounded .
Take11= 2andignoredisturbancee : X [i+1 ?=2X[T].
→X[ (]=2X[0]

,
X[2]=2×[1]=4×[o]

,
XE3 ] =

8

XE0]

X[ l 3 = 20xco] → blowsupanless X[o]= O .

Evenwth X[=(9
,
×[40] =240×[0] ≈ (O0O → notgood

. Take =k . ×[&]=Jex[O] → bounded and x[e3→ o as l→@ .

_

For general 1λ ,
solution of Xπ] =λ×[τ ]isX[e]=lX[o] .

→ Bounded if INI≤I.:"
Fm
λ

E¢2. whendoes leremain bounded? lese비t

×
λ λ= fλ le'θ →de = l λlle 쁘→

.

'
Re → lλeF 1 laleepe : lNl

l λ≤ lappkesforboundnessfordECaswell.

Is ( l = I really safe. → not really , when eci] is present .
XCojteeo?

X[i대]= X[i] te[:] → x[1]=X[o]te[o]
,
X[2FXLiztez

→ XE&J = XEo] +어e[T] → Eren a small constante makes X
unbounded!



Definition of Stabiity: Asystemisbounded-input,boundedstate)
stableifstate XTsboundedforanyTntialcondand
boundeddisturbAUnstable otherwise : when x Ts no-
bounded forsomeinitialcono and some boundeddistur

∞

When is the system XCI] = X[i3 te[iz stable 로

( 1> L : anstable Czero input ,nonzeroinitTalcondtion→ unbounded)

I =I : unstable( previousexample , ×[ e] = XEo]te )
XKL : stable [… 공 )

Claim . If IaKD
,
then forany X[o] and any bounded inpute ,

the solutions of ×[]= l ×[ i]+eF:]remainbounded.

Proof . XCI]= λX[o]te[o]
,
×[2]=λX[(3tei]=λ(XX[o]+ eco]] teis

X[3]=λX[23+ e[2] =λ (RXCo] +λe[o] teciy) feE27
→ XCe]=λ e

×

인+λe
(

s 's Salsoboundedwhen
bounded &

convergestoo
e is a bounded sequence≈

ash→∞

( ba417 thereisa rumberMs . t.eLTzKMforall ;
.

찮어,λ"e[e-1 -K기≤에"e -1-k)=더
(

kIe[e - l-kJI
≤

더λIK.M=
M

더!×k

→ 찮더 NK스이 ×=** ⇒ 다 kece-1-ks ≤M . *Icboundeds )



x[l= exco]+ S,Hxcos and Sare both bounded .

Therefore
,
X[l] remains bounded . 1c

Vector Case :
*

[TI]= AXCixteCT ],
X

* ERN
,
EEIR↑

,
A=RN×m

.

Solutlon (by recursion]
:

*
[l3=Al*[o]+않어Ake[ l- 1-k]

When does tses remarn bounded. Aisa matr?y… eigenvectors of A ,

☆
1Tn . independent

sSplPt intoscalarequatonsoyU'*whereV =[y-] agonntzot
대=V"*[="

A*[ T] +VHeCi=VAG3 +Ve떡

= Aycizt[ T]( AIVi…- Vn]= IXv.… Intn] = [Vi-vn][ " .n])
→ YkCT=Nkyki3tekτ]→ scalarequation,boundedwhent λl< l

.

CVy) ☆

→ if Ahumeigenvalues of A is less thanI , y , and thus* , is bounded,
what if Ais not diagonalizable? → Can still bring itto in an

upper triangular form .
( believeme- for now )
→ somematri×

Y [T+ 1 ]=[용" Y [:] + V-e[ :] (☆ issome number)
→ yn[i]=AnyntitVeJnnkI synisbounded.

boumeled bounded

syn 머[Tt ]= ImynyC :]+AYn [ r
]

+(
V

- elmym ,3+ounded
~

× INl < I ⇒ yny is bounded . ⇒ Repeatfor (. -1 : 1 )
∞

⇒XIi] is stable if lNaf< f for all k[Tasidethecomplexunfciree)



Stability in continuous timestems: Same stabiktydefinTtTon as Xd .
Pifferent criferia for stability … (X(t) = IX(t ) fwCf

) disturbance

→×←)=연 ×(0) +
S

.eλ(←-" ω (→ ReE3KO⇒
et
→ O ast→o

(exct =
eλ
rt
.ei

← , lek ← / = ert),|e 다 = fcos(li← )tjsin(=1 )
⇒ ReEx<O→ xctlisstable.( S .teλ

-"
w(T)dT is bounded. )

ReEXS = O → x (t) is unstable (X←)= Xco)+f
.

tw (r)dτ)

ReEx 3> O→xt)isunstable( X(←=etx(o)evenfor w)=o)

Vector case . 없X(t) =A *(t )tw) Same arguments, if ReEdk<O
for all k of lk in A

,
* is stable

.

Summary . Continuous discrete
Λ Im

1/11,*
*""

"**씨 *
yilemusebed

inside to be

stable
.



Stabilzation by Feedback
scontr'
s

disturbance

X[iI] = AXET ] + BN[:] + WCT3

What if A has ergenvalue with λl 1 ?
Canwe achTeve stability by designing π ?
→Try

.TETJ =FX[TJ[ UEIRM,
X
*EIR

"

,
F EIRm

×n

)
:f m=→터R

×"

= [ f. f. … fn ) si[i]= f,XiC:zt… + frxa?

별 ×CIFAXFGP+BAc「
'D
□ "

Fadback
"

L
closedA→loopsystem

Substitute TCT]=FXET , *[]= ( A+BFJ*X [ :] twEi]

→ Can we design F s.t. eigenvalues of Acr are 1 λ1시 공

ext) Scalar case : X []=2 × [τ]+UET]sunstable w1 o feedback

U[ i]= f . X [:]→ X[+= 2+F) ×[ :]14f1시

=
[.it]

*화*
고2+e
. * →

- 3Kf대=

[읽 ]*Ci7tachaved
stability(

9]wci] → Ac=[ 읽)+ [;](8 .fp

det (lI-A) = d (11- 2)- 3→= 3 or- 1 →unstable ,need Ftostabirze!

cdesired ]def (aI- (A+BE)] = det[ [: 있다.]] =β -(2+f 2) λ-(3~→ λ=λ
,
λ2

2tfa = λi tile f, = -3 - ,iλ2
→ (1- 11.)(1 -1. ) =1 β -(11 . til. )+ilil2 = O⇒E5 - f =izƩwn fr = lixil2 - 2



Does this always work. Notfor any A .
B
.

ex3] *[+]= [ 6 :]*[: 3 + [ o] tCr ] , lA= sor2 sunstable

Ac= A+BF = [ : :] + [ !] (f .f. ] =[ 방별 ] →ilA=( ) or로
s 2 can't be changed , unstable regardless of F

Controller Canonical Form : Aspectalstructare of Aand Ba
in which we can arbitrary assign eigenvalues of AC=ATBF
wTth the choice of F

.

O 1 O - O (Example 2 had this form ,
A = /!!:용 ]명] A= [윌 ],

B

= [ 9] ).
a , azaz … -an n=2 ,ai=3 , d2=2

Nice Properties of this form ?

L) Charpoly.ofATstransparent . def(lI-A= 1 n- andm- dm이 ?-el.
2) AxBF has the same structure as A . ak→ dktfk

,

k ε Ll , n3 .

[힘화 !!!없 ] +/용] .2 fn)=[잉 !:있I
s From I and 2

,
def (NI-A다)↑-Cantfn )에 m(aref) 에?… -Qitfi )

.

Suppose wewant Ac다=AtBFfohare= i,,λ□ , In. Then , the char .poly .
of Ach should be : ( 1- λ .)(λ -λ2 ) … (N- In )

,

which Ts guaranteed for somet.



( 1 - 1 . ](λ-i .) …(1 - λn)=λ" -(강 )λ…
-+ C ! )

→ ditfi= - (1]고,… ,antfn = :→ E .…, fn3 hasaclosed form .

1

Canwe bring A ,B to canonical form by a change of variables?

Y =TX
,
TEIR

× ",

invertrble
,
TBD

Y[×]= TX[]=TCA*[τ]+BuFi]]=TAX [EJ +[BUEi,
=TATY+ TBu ,A

; B' should be in canoncal form.

TAT + =[ ! : :힘 )
,

「B=[ 용] → Canwe find suchT공
☆

Claim . Yes , if [AMB ,
An=B, -
,AB , BJERnamy is invertible .

ex3) A=[: ],
B
=[ :]→ [ AB,

β
]= [ 6: ! ]→ notinvertible

When [AHB
,

… -AB
,
BJ Is invertible

,
feedback design is easy

inycoordinates : ycπ) = [
이 … .
..
… a쁨(π ]+[인 u(:2

,

UCi] =Fy . yer,
By

Can assign eigenvalues of Acry =Ay +ByFye Ay ,By is in canonical form .
→ UET]= FYYLτ]=FYTL :J →F =FYT

* evalues of Acr= AtBFare same as
⇒XCU] =AITBF,TEO Acty = Ay tByFy Cwhich were designed by Fy)

ATBFCJT =λπ ,
[AY +BYFyJV= il*

*YT A(후 B* yπ)=λπ)



Proof of Clarm . Let qr be the top rowof EABAmB… B ];
→ [릎 ] CAmB A

'
B … B] = [

α 0

…]
→ q
「

AMB = 1
,
q
:

A
2

B =⑥ … q
「AB=O

,
q
「
B= O

.

Take T = [쳐서?.TB =!]= ( 홍 ]TA = [v. ]=[다횡(시
→TAT[ 잃::용]
* the conditron of the daim is sufficient to be able to assign
e-values of BFAt by choice of F. No need to change variables .

exL) A= [: :]
,

B=[ 9 ]
.

=2 → is [ AB B] in . ind . ?

[AB B] = [ 는 9 ] . Yes . A+BF =[ :] + [] [F, fay= [tiea]
* evalues of A are $ 1

, 23 .forA
다

,det[[레] ]→β-(3+f) ,1+2+f2- f =0

assume wewant d 2= EO , 03 . →β=O→ E 3
다: f (, fa =

(-1, - 3)

ex2) A= [힐 ],
B
=] ,AB =[!]→lin.dep.on B .

A+BF=[씽발 ]→ 2 isstill unchanged .

s always unstable



Controllabiity
Recall . * [TtI] = A*[T ] +Bu[:] Cassume single input)

=O : *EI =A*Eo] +Bu[o
]

,*C23= A(A*Eo] tBuCo) ←BU[I]
,

XE3] = AXE2] + Bu(2]= A3*[o]+ ABu[o+ ABu [i3 + U [27
→ XEeJ - AlX[O] = EABA 3 로… AB[ 다다,JJB
Canwe find an input sequence u[o]… UEl- (] that brings
statex from X Eo] to target XTarger af time l?
s Yes

,
if *earger -AlX[o ]ITesinColECe=[A더 B …ABBJ

.

"

Controllabilitymeanstheabilitytoreachanytarget*arget
from any *LO] .

"

☆
Pefinitron : A system is controllable ifgiren any target state

Xtarget and *LO] , we can find atime landinput sequence
UEO]

:
…

,
U[l- 1] s.t . XIl] =*target .

Test for controllability .IfCehas ninearly dependenfcolumns
α

~

for some b
,

then ColECe 3 = IRn
,

which means we can make

Ce [uce, ] any thing we want by choosing a[i] . Speafically ,

assign Ce [
u

,] = larget-Al*Eo3. → * El]Xtarger.



exI] B= [오] AB= [일]
,
C(=B ,

dim지
,
Ca= [: ] , dim= 2= n √

ex2] B= [ 윙 ] A = [일 ] → G = [ ! ] , (3 = [6 : ! ] → dim alwayst !
Lemma. If AeB is knearlydependentonEA너

B
…AB, B 3,

then AlB is also linearly dependenfon them .
Proof . AlB=α1 A

ㆍ
B +αe2Al

2

B+… +α.ABt α .Bforsome α.
Al'B= A(AㆍB) = A (α( A

µ
B+…+α,ABtα .B)

=α
.AlB+α e-2 A

1
B ← … +α

. A
ㆍ

B+α .AB
~

= βe+ A
ㆍ

B+βe. Ae
ㆍ

B ← … +β , ABTB .B ,
* Ce= AAeB AµB … ABB→
LemmaimpkesthatifColECei3=Col ECe 3 =d ,

then

Col ECexrs is alsod for : 20 .t~. : l

IfOdkn s uncontrollable
,
② d=n→ controllable

⇒ Check CnmIffis fullrank((ol( (n3= ,n) controllable .
β

Condtion for feedbackdesign = Conditronfor controllabikty
= Arank[[ B A

⑬

B … AB B] ) = n



exL) A= [ : :]
,

B = [ :] ex2] A= [ : :] , β= [ ]
2.C2= [: 6] ≈2 → G = [ : φ ]
suncontrollable → controllable

X
,
[i← ( ]= X. [i]+ Xz[: 3 + U [T 3 X

.
[i+13 = X. [i]+ X2ETJ&

X2ci← 1 ] = 2 . X2[: 3 Xzc+떼] = 2 . X2[: ] + UCi3
mmm mmrGXace)=2lx 2[o]
Gergenvalue of Iremains regardless of feedback !② can't take Xs componet to whereever we want

Udoesn 't appear in X, but can influence X 1 through X2



Orthonormality & Gram -Schmidt
☆

Orthonormality . Columnvectorsqi qnare orthonormal if

qiTg: = [ ? 트] ' ] orthogonadthormality .
A matrix Q= Iq.e with orthonormal columns satisfTes?

QTQ 약[- ][qi…π ] =[?.] =[홍업 :? ] =I-
IfQ is square , QTQ=I⇒ Q=QLQQ=I .
(Qis called orthogonal , in this case)

ex )Q =[분
5값→ gi=q =① ,qitq = coθ+sin=1 .

^ gi ^

때

?…!-0

,
.
*가

다?.

useful features of matrcesoforthonormal columns :

I ) 11 Q×* 11 =Iltllcpreservesmagnitude )
W ω

Q*JTCQ= FTQT* = TFTX)
2) [Q* JTCQYJ = *TQTQY =*ry Cpreserves dotproduct )
3) Easy visualizatron ofcolumnspace : forD =Edik] if orthonormal ?

uEp'p projectronsontocolumnspace
cl(3)⑤ dj「)tldsts)ds.trivTal

.



Recall Least Sgouares . 5 Pp → p= (DTDJID「5
.

whatif Dhad orthonormalcolumns. P =PTS ! ( no inversion)
p

Gram-Schmidt . Evenif columnsofDare not orthonormal , we can

constract an orthonormal basis for the columnspace close to the

original column in the sense that …
I-thcolumndiTs acombinationofi… ,q , I. e . di can be
constructed by ,bygi& %2 ,and so on

.

There fore
,
Edi … d*]= [qi…[홍홍동]-s upperangulark( )

( a. k . a. Q-R factorizatron )

Back toleastsquares : s Dpte, pickps .t. efcolED 로

→ DT(δ -DP)= O , D「S =DTDP .

Instead of inversion , writeD=QR. →QRST=[QRTCQR] .
→ RTQTS = RTQTQRP→RTCQTS =RTRPSRP =QTS
[.
"

몸 ] [:] = QTs - s lastrowgivesapk =QTsIk ⇒Pk =QTs1k*
second tolastrow gives AP서 T☆ PK =CQT8J4→ Pky solved linearly
⇒ can solveby backsubstTtutTon !(faster than DTD)

」 )



Gram- Schmidt Algorithm ?

① q= dilidi rtr .
② Z2= ds-projegijd =- (dsTqi )qt ,q =이Z
③ 5= d' s-projcgixd's-projcq ) ds ,=에s
:

⑭*= "pros(q:ldk = dk-서
(

d*rqi) qi, q =*이☆

* Z*TqT =Ofor i<k → qkqT = O fori < K

sdkTq?-했서(dirqj] qE ()= deTqr- dkTqi = O
⇒ Orthonormal



Upper TrTangularization
Recall .DTagonalzatron ,nxnmatrywith nin .indep.eveto

ACi = [xivi -Nnn ] =[Vi -ViJ[ 스
n]

V V

V 1AV = [ "*
n
]

Today : We can alwupper-triangularizeeven「 fwecan'e diagonalize .
s lpper triangular form has some benefits of adiagonal matrix .
① E

.
values are the diagonal entries .

A =( 용다
.
] λI - A

=[

사홍바". nmil
if oF dys zero column for first column→ rank drops→ aln is an eval .

if d= ann→zerorowfor lastrow→ rankdrops→ ann is an eval .

CikiEn)
[ Tcolumns ,onlytop(7 -1 )nonzero(f 이 = dT→NI-A= -
i↓ .0

r-omNentries-sspanatmost (π) dim.
sITnearly dependence in first i columns → λI-A is lin . dep .

s not full rank → ai: is an eval .



② solution of a VDEor DEcan be broken down to scaldreq .s .

웨 X) =[많]*(+ )tBuct )-→eXnt)=auntn ←)+B

÷
사) = eanlt- t'+Xn /t.)+ 옵써더)= α에세Xnm (+)fduntny+CB

☆

known function→ treat asinputa
→ Xm(t)= eamcme-tl Xm( t . )

t-
Likewise

,
backsubstitute until finst row .

exl longitudinal motion of a car described by :

p +): = position , V).velocity , M = mass,
R
8 =radiusoftire

P ←)= V←) ,MV (←) =금애 (←) → UG) . = forque
→ 없 ( P다] [.]임을
←

[ 화금.
u

←)→ evalueofAc:E 0,03, evector: [? ]
no twoln .nd. evectors → nondlagonalizable

Suppose Uct)tt= constant , Solution of DE 로

V (←)= * m(t → V (←)= V (t.)+u( t-to)
Λ VEx]

( P+) = V(+) =VG.)+mCt- t.)F 다

→ P←=P(t.)+ U (t.)(←-to) +보음m(t- to)로

→ can find discrete- time modelif weset ?

to=:α, t=(t )α,UC +)=la [ :]×p[i 다]=PCi] +taCi]+⒗나Δ
VEi ] = VE: ]+ 음m



owN 0

.
Prove that any squdre matrya beupper- triangularized .

Theorem . For any n×n matrix A,wecanfindanorthogonalmatrxU

sot
. U
'Auppertriangular→UTAIaswell

Thus ,if*G)= A*t)+Bue),theny =tx
ㅜ* )=U AUY+UGu

uppar -friangular

Proof . By Induction . Sn := Theoremstatement
showS, istrue ,Showk istrue :f Sk is true

S.. Trae ble scalars are upper- triangulan Lotlo

Assume Skis true →Anykxkmatrixhasanorthogonallforupper
① Let A := arbitrary (KTI)× (ktl )matrixand λ i ,i be an eigenvalue- vector

pair that is real Ceasy to adapt to complex) . Assume WLOG llglky .

② Choosean orthonormal basisforIR
네
'thatincludesqi .Eqi.q…qg3

HowoPickk VectorsinIR
'
s.t. when combinedwith qi form a basis for IR

네

.

Then
,
use Gram- Schmidt → q. remains as an orthonormalvector .

③ Then Q= [qi'… , ]isanorthogonalmatrx .
→AQ= IAgiAgr … Ag,, = [ iN,q Azqi … Aqin]
→ QTAQ=[J [1. q; A2." A ☆

.]
=[다않!

∴ !(
용

β
면때



Summary: QTAQ =[N-A; ], A .EIRKC
By induction hypothes?s, A. is apper-triangularizable
→ Forthogonal (l. s.t. (lo'A.l. is upper- triangular
Define (l .=Q[

'

[ U.]] ,whichisorthogonal (U=[(u.]] '파냐I)
U「AU= [' [u.] ]Q「A 오

[

' (u.] ]= [']][
↑ -

IA.]]('.]]
= [Pu

. '

Au.]).ssinced.「 AlUs .apper-tri,UiAllisupper-tri . "

Notes ?

① Aand T have the same ergenvalues . If CX ,
tj (sane-valueevector for T

,

then ( x ,
(Ut ) is anevalueIuector for A

.

→ACUE UTCUUUX= NCU그
② Diagonal entries of f are its e-values

⇒ Once matrxA isupper- triangularized,Ttse -values appear in the

diagonal entries of [.

UTA= [함.]용



③ Induction proof can be turned into a recursive algorithm
Given AEIR

더)withreal e -values .

Define Triangalarze(A )=

- pick a evalue& vectorpair( λyqi) , q , is normal .

-Gram-SchmTdffor(
RCk'

using , Eqi, 2, … ,qy 3Corthonormal)I Q= Iqqz… qe] . ThenQTAQ=(상A.
.

- Return Q ,
A
.

(Q . A.].[riangularze (A)
U.Q

while ( size(AoJ > I) :

[Q( Ao ) :TrTangularize(A . )
U= l. [: Q]
-



ex) Critically damped RLCcireu?t

빼판Pse
쯤=+제 5 . *
H

= K(+ ),*(+ )=없니 A=
(있다 ).

|

물 」쯤 :==-
불다다=…짧→ A= [용무

).
ΛI- A =[몸였 ]- [문] = [본 ]. ull(II-A) = [::]α ,

αt0
.

Can'4 find 2 (in
. ind. e - vectors → not dragonalicable !

s Upper trTangularize :ITAU= [ 김요 ] , , =몰 for some orthogonal U .

Solution ofdiff. eq. :US=①(forsimplicity ) ,*(←) =A*(G ) →Y(=UAUY←)

Y ((←)= ly ( t)+☆ y2(←)→ ( y.(←)=λy ( (+) t☆y2l,
3 {Y2(+)=λ Y2(+)→ ya(t)=et.ya(o) > y.+ ) =yico)eλ←f.teλ-"[→y일LdT
→ yi(+)= Yi(pefttelt☆y),signatreya(t)= ya/o)etrepeatederahes

extaya(o]

^

ncias
=

~
e서

이않
.

Similarly , fretwouldappearinthesolution to :

ty(e ) =[ 김 ]y1 (3 repeated evalues)



UTAU =T⇒ A = UTU;
l

: orthogond, T.upper-triangulan
LaSchur Pecomposition

spectral Theorem : For a diagonalizable matrxA ,wecanfind
Vs.t. VHAV =["

n
5.V hereisnotnecessarllyorthogonal .

Ifwe instead upper -triangularze,wefindorthogo Us.t.
UTAU=UTAhm isuppertriangular[".. ]

.

For symmetric matrcesCA =A weget both .
VAV = V=다

"

임임.그
- LetAElRn×n be symmetric . Then :

① E-values of Aare real .

② Ais diagonalizable .
③E-vectors ofA are pairwiseorthogonl⇒ choose them to be lengthf ,
then they constitute an orthonormal basis→U=IVi …inJisorthogond.
⇒ VHAV = VTAV =[않]



Proof ℃

① choose one (11 ,t )par. A= lt
.

λ= axb; , show bo ,
.e. =T

.

Take complex conjugates onboth sides .AvJ=NJ→ AE=T.

Ais real→ A=TE.TRansPose:TATETT .

→TA =ETT

Multiplybothsidesby.TAVITCE
④

Multiply original byE EATENCEL
TLETE=NCETδ ) ⇒ FICET=팝NiFO),
s Evectors mustalso be real (λI-A =O → tcan 't be complex )

② Apply Schur becomposition :

UTAUET→TF =UTATCUY= UTAU .

s TTs alsosymme .
t =oimplTes Tis diagonal .

③UTAU = ["n].UUU=U["
…

.]

ALi… In]= [ uiUn ]["n
]

=
xitit…- + iintun

→ A= lt? → columns of orthogonal matrylh obtained

from upper- triangularization are orthonormal basis for IR
"

.



SVD

Once we learn SUD
,
wewillbeableto

:

I) PerformPrinciple Component Analysis
"

(PCA)
, application of SUD

in statistics tofind informative directions in adataset

2) Find
"

minimum norm Cenergy)
" soluttons for Ce

→ given

where Cis a wide matrix→ nontruial nullspace

ifa solutTonoexists , then there are infinitely many otherss
wot5,nEnull (C)isanothersolution.Onewaytoselectiw is

to pTck one with the least norm ,
Iwll

.

why might we want to minimize the norm?

Consider a controllable system : X*[I] = AX[:]+BUCT]
.

Supposewewant to reach xtarger at timestamb l from *LO] .

ZEEiRn

Then UCo]
…UCl- 1]mustbeselectedA

비 B
,, AB,B7(µvF*ev-A
suchthat :

By controllability ,columnspace(Ce ) =IRn . Ia
,
so wexists . Butif

lxn
,
Ceis awide matri×s twhas infinitely many solutTons.

Minimum norm solufron ?s agood choicekll=UEot -+xCinterpret
ascontrol energy

"

)



ex) longitudinal motion of ca: - P (←)=V ←), v ←)=금mU(+)
→ fPa떠=[장 모 ][β.]+m( Jua) .Controllable??.e.areB &ABIin. indep .?
B= 음m[불]

,

AB=음m [음]Yes,Iinearlyindependent→ controllable

SupposeXEo]= [읽]않 = [.]
.

*
arge+= [망] = [A에B … .

AB
,BJ(
"

떼]
.

In theory , can find solution with l=2 → [명F[AB B]
[uc

,).

(aa.cn]=[AB ,B] ㆍ
[명
]

→답다 .(Uaclacp]=APtargeefi).
Assume: RM =5000 kg .m (R=0.3m, M= ( b0Okg)

,

←=6 . 1 s
, Ptarget

= 1 ooom
.

→ [uacaa,]= 5 ×108[,] [ kg],
[
Nm].

→

impossibletormplementd

More reasonable . l= (200 ( lD= (20s =2min)

명[ ) = [A"nB , … ,AB,BJ(
.

.

" minimum norm solution gives

reasonable torque magnitudes



SUD: whatis the rank of matrix tiT
,
iFtF0 (column× row]? → 1

.

T =iEV ,…]=Evite 다…] → col(ui) = spanCi )

SUDseperates a rankr matriyAElRm
×'

into asum of
murrmw

rank I matrices
,
each written as outer products .

Specifically , we can find :
I) orthonormal vectors ,.… , rEIRm

,

V
,…UGEIRn

2) Real , positive numbers O,Or(singularvaluesofA ) s . t.

A= O, , ,「 + …+Orr. By convention, singular values

are put in decreasing order (o,2022 …20~ 20) .

This is the outer product form of SVD .

Compact form ofSVD : A = [다…,π.] [6.?)닭]'
UrElRmr

,
ViERr× n and Ureur have orthonormal columns .

sVrckiτ ) =rT] k
^

AG .이=닭다 OT - UrTYiK) = .el, (i ) k
→This matches the (ik) th entry in the outer product form .



exI) A= [☆ 4]
,
rank(A)= r=1 → A= O.ii= [ ☆][ "?

= 5 []E[금 금] = 5B[][금현 ]→0 =5B,=(놓]
,

= [홈]
Ifwe change sTgns of irand , length& outer product are same .
→ another SVD

How to generalize to ≤2 rankso Use evalues&evectors of

ATA ( AEIRm
×
" ,ATAEIR×" )

Some facts about ATA :

① ATA has real evalueslevectors (λi ,K ) ,,… . n

Proof (Spectral Theorem) . ATAis symmetric (AAJT= ATAC]K =ATA)
②EvaluesofATAarenon-negative .

Proof . ATA=TTTATAVK=기:V울= λ:VilR

→ (AVGJTCAVT ]= IAGI,λ
VIP ZO

③ If rankCA) = r
,
then revalues of ATAare strictly positive

Proof. first
,
notethat null(A) = null (ATA)

.

: ) null(A)Enull(ATA] : Ai=δ → ATAi= ATO = 0 Ai=O

: : ) null(ATA)EuIICA ):ATAE= OTASAV=ACKACIAiIβ= O

⇒ null(A= null(ATA) .



rank(A]=γ→ dim(null(AJ ) =rank
-nuity tne-d?m(null(ATA))

.

ATAis nxn
,

has nrdim . nullspace . Elemets of null (ATA)

are evectorsof ATA ( for evalues of O repeatednr) times )

② claimsevaluesarenonnegative +rl evalues are zero

→ remaining r evalues are positive . 6
SUDT Procedure for AElRm×n

,
rank(Akr CUsing ATA) :

I] Find orthogonal matryV diagonalizing ATA
( Vexistsby Spectral Theorem)
→ ATACV+ IN= [상…. !]. . (tr areevaluesof ATA )
make sure that evaluesareindecreasingorder(1 ,zi22…2xr>0)

2) For =I ,
… ,
γ

, pick the Tth column ir of V CevectorofATAfori)

andleto
:

=I ,ti=
A

J



ex2) A=[ ☆속
]
,rank(A=≥ ATA = [4 봉][: ]= [ 잠5 ]30

λI-A =[사**] → det (iII-A ) =(11-25)=
-
72 = ① →1-25=± 7→

id
=25±7

=3ㆍ-ATA=C
이 = ( :) .=[
)=R 1= 2=4
국내-
.

*음 (⑥]희
=⑫=B= 3E,금[웅]= (우]

_

⇒ A = 4. [6][금협급 +3.[우][금금금
why does this procedure work. (JustificatTon )
T
.
e . do ;

,
,σ: from procedure satisfy the following?

.값:πVK = A
,

. iti
…

tin are orthonormal
,

^

. v . …Vrare orthonormal
,

→ trivial by constructionof V (step④)[ . ⑤. …Or are real & positive→ O: = I, iNrare realand posixive→o:70
=[ ! , .i = (AVK)↑(,AU; ) =,ViTATA급
=.

,
iT;= 운끔입),; :f = ], o:8==

⇒ iT;=생] "



ProofofGTU:V= A ) ?
다=( Aπ)π=,A:t:× A:U = A로
recall Vorthogond→VTV =VU,CVi…n][F닭니또
for T7r, ti is evectorof ATAcorresponding toacero evalue

→ A; = O →A:=OCr< i≤ n )
→ 측여 AE;V;=

O
,AKEA

⇒ A톱VEVE= A 11

ex3) A=[ 딩위 ] →이며 , - 1
,ATA =
[18 : ]→.=0= s forA

AAT= [O ]U =IworksforstepI sd= il = s
U= ATU= [ 6],=[ 의

]

.STnce AAT=
I

,anyorthonornal,)

willwork.
u=

fcos ], =[so]
.

→ This is moregen ral.
일 Vi =AT= [ ot],=ATr=[ snsθ]
o.

srepeatedevaluesareanothersourceof nonuniqueness.



AATEIRm
×

omhassameclaimsforAA ; real positive r#of evalues ,

remaining (mr) are zero .

① Find orthogonal matrylI st. UElRm
×

mdiagonalizes ATA
UTAATU = (

↑

다
.
.
J
]mr

②For each .… , σ ,take F- thcolumn iof (U(A u)

Let OCi=π , = 금: ATU :

ex )A =[ ,4
]

,AT =[ 43] → AA = [형용]
Choose i 또, = [ ] ,=

[

φ]→11 =32 , 말 18

→θ
1
= 4f ,

⑥2 = 32 ×=금
,
ATU +*[4] =힐Ei ]

ATU2=한[ 3]= 금 [!]= [ 우 ],=
함
[ I.]



orthanormal basisElRm with

Ur Urex … tin
,
same for oF

장V : A= nU☆(.6이

습다.

했다이…내아nY…
힘다.

까 n 에

^

→ A=UƩ VT
U- sorthogonal

Notes :

① If ATswide and full row rank Cnym=r)
,
Ʃ= fEr ore -y

IfAis falland fullcolumnrank, Ʃ =[m×n]
If Ais square and full rank

,

Ʃ=Ʃn

② V, …n are evectors of ATA corresponding to
Oevalues ( orthonormal basTs for Null (ATA )= Pul(A ) )

Ure… tImare evectors for Oevalues ofAAT
.

there fore
,

an orthonormal basis for Null(AAT ] = nullCAJ
→ Co ! ( unr)=Null (A) , Col(Umr)= Null(AT).
Similarly ,A *=π=(
→ In the span of t … ,Col( A )=Col ( ur ) .

STmilary , ColCAT) =ColCur) .



ex1) A = [45] =* [,] 현다 1□) → 6.=5
f
, i =5[] , vi힐[ | | ?

s Put t nfullSUDform . =⑤[4
]

, 금[ I □
→ (U = [uiux] = 5 [. *]

,
V = [uiK= [ ; ! : ]

→ A = (l[ 동J 8VTsuispansCol( A ) ,ispansc

Usspans NulCAJ , Vi spansNullA~ .

Geometric Interpretation of SVD : A = UEVT
U

,
Vare orthogonal → (1 U*II= *Il (1 IU *IP =(U *JT(U×=*TU*= II*Ip)

T
.
e
. multiplication by orthogonal matrices do not change length !

Also
, multiplyingavectorbyƩ r =[' ..] stretches firstentry

by⑦, second by o2 , and so on .

A* = UIVTX
.

① VTX ②Ʃ(UTX] ③ U(EUTx )
VT
→* π
×

IA* I1≤O ,*에
,
( IA *=Oill* lwhen *=Xvi



Applications of SUD
Suppose m=n= r for AEIRM

×n
→ A is invertible .

A = U ("
.
.JV ?. A =

V

[
"
∞.
.

] UT .CAA=UEVVㆍ
Thus

,

SUD makes inversion easy . Also , a
"

pseudoinverse
"
can be

derived from SUDwheninverse does notexist .

Define :GivenAElRn",rank
(A)eMoore-Penrose

PsA=UC ]sgTvenby ?
At =V [U .☆Or,equivalently , At=UrIr " U협했다 .

e× NA =[i
]

. A =[ 셨]e)"
"→
At: 금C □[☆☆ ]= Y 5잡.

Note ': ①AtlR
×

mwhenAEIRm
새

. ②AppRes toanyA#0 .
③ If M= n=r

,
At = VㆍㆍUT= A1 Casshown above) .

④AA=U도(G업
U「)=UrErIr 'Ure =UrUr =prokka)()

⑤A +
A=업Ur ](Ur.=와Zvr「=UrVr「= Prozcoca)()

QQT* =[qi -qkJ* * ] =(qit *]qit …+(*)qk→ projectsXonto Col(Q )



Least Squares with SVD : Wanf to minimizellA*-yllwhenmn (fall )
.

RecalltheminimTzen sot
.
As = projccokt =UrUy=A .

☆

' AXEs =AAty.⇒Xs=
.

Difference to *s= [ ATAJ"ATY?
☆

It' sthesamebkAT =(ATAJwhen Ahasfullcolumna (=에
ex) A= [는]

.

AA=5→ At= *[ 12 ]( sameresult ! ) why?

Proof .substituteSUDi. (ATA )IAT=At. A=UZV'
. Un

)

→ (ATAJIA=( VrTUr 「UrErV]"(VErTU,
( comparf form)

=VRVTVPEr Ur「= V'VTV "UrV' Ur=At. ,
Similarly ,whenAiswideandhasfullrowra (r=m) ,

☆

At =ATCAAI can be shown byderivation Rkeabove .

Minimum Norm Solution .manCwidematrix],soA *=yhasinfinitesol'n .

want * with leastll* l 1 .SubstitutecompactSUDintoA *Y .

UrIrtT*=yIrTT*=Uyk*= Irir
Any Xsatisfying VrT*=tUrty ?sasolutiontot *=
Usell*이예 * =[값]* T = l*Jll

,

and the toppartis fixed.
☆

Set *=Otmwminimze(I *I1. ( makes
*ortnul(A )!) →[V*= [럼용=UT* .

☆

→ VUTX=V["양*]→*[VrV*] [E「]=VKIr'= At프



ex) controllabikty .Xtarge-Al = [A
더
B … ABB7

[

나
~

ce
solution exists by ontrollability. lUse *mN= ATCAAT55 .
[ Inn

=

CGT
(CGCGTJl(Xtar- AlX[o3)

For the vehicle controlexampe : A=[: 9]
,

B =음m (]]
.

AB = 음m (골은
!

,A2B=음에[로] … A
버

B= [랩].
Ce = 음m (책 … 글다

.

없, ☆[o]= δ , *arg+=[
100

.]
,

6= 0 . 1 s
,
RM= 5000

.

θ

tv= 음m[: J (CeCe→weightedsumofcolumsofCercrows of Ce)
⇒ Min

.
norm control sequence is alinear combination of two sequences .
^

-[e는)
.
.
.

pcolumnt
Acolumn2

호D. 00.
9

oi 8 htD
>



Low Rank ApproximatTon :GTven ahigh-rankmatrixAElRm ,remn(m.n )
,

can we find an approximation for A with rank l <← min (min) ?

SUDcinouterprodncfform)←A= .VI=붉여+에
Note. Ae in outer product forn has far fewer entries to store than A .

ex) AGIR
'000×

1000 ,AhasOentries
.
Achas t000ttooo)lentries.

Also
,
in many datasets

,a few singular values are dominante rest are small .

Therefore
,
there is not much loss when francated .

Eckart -YoungTheoremstatesthatSUDtruncation produces
the rank l matrTx with the least deviation from originel A , as

measured by Frobenius Norm . MmIIA -Bllas
.
t.rank(B)=l,

Ae above solves the optimization problem .



PrincipalComponent Analysis (PCA) :
Suppose A has m=2 rows and many more columns , n7≥2 . Ifr=,
whatdoes the scatterplot of columns of A looklike?

y

.

.

o

u .

ㆀ

④

*
∞

ω

⑥

@

A = O.ts a=] u;, : = (o.,]i.

Whatif r= 2,butO,x02 .AoivtOst

=i(+ O2U2다.asanda) aregenerally in the same range .
However

,
⑦,
Uππ,>>O2(: ) since O, 2702 .

n
y

+ TUs
X

f
*

x
x

×

X

×
*

× *
×

X

For ageneral matriy with ldominant singular values , we expect
the scatterplotofcolumns to clusteraround thesubspacespanned

by E,s. …e 3
.



Q이따이mt에MMT

.「*

MM
**n

Distance to subspacet )is11-Ua .

Usesumofsqudreddistanceasa measureofclosenesstosub(ll: ) :

, Ir- h .lrrilP . By Theorem 4 in Note (7, Ifwe piok another
matrix ω with lorthonormal columns

, la : -WWTiIP그 lla : -lkUiail?

PCA - when A is a collection of data points ,

A=ITminImnm
(e.g . n= t 00O 16kstudents

,
m = Aw scores]

the vectors ti
,
t

⑫

,

…
,Irin SuDare calledprincipal components of A

"

.

Thus
,
PCA showsdirections of dominant ualues indatasets

.

The first

fewgire a lower dTmensTon representation of data . Erectors of
m×mAAATaretheprincipal components,orderedbyλ=6?….
Subtractfrom each row the average ofTt . Then ,

AAT] is thecovariancematrix. * AA= ]aid arestderβ.



Linearization

Nonlinear systems . X(+)=CXG)5, 나(t)) , π[]=F(*C:3,i[i≥)
where f . IR" XIRm→ IR

"
is a vector- valued functrons of *EIRn , UEIRm .

Linear systems are a special case s
.

t
.
FCX

.
E ) = AX +Bt

.

)PendxImodel:ml = -mgsinθ-kl . X 1=
θ

(+ ),
X
2= w←).

Let*(+)=[,] where w(+)=d .→ dx=[
]

=w더 J했수율음때 ]-×용 ×
대용때 ( *]=F(*H))

EquilibriumCoperating) Poits. For a continuous system with noinput ,
*x)= feCXx), thesolutions of f.(* ] =o are ego pornts .

α

If ** is an equiibrium,then* (+)= * *Tsasolutionofdiff.eg. .

with condTtTon XCO=X* (윙-O → *G=C→ *←)=* )
.

Pendulum: F(×) = 쏟* esin(×, ] =[. ] -→X=
O,×* → fwoeq . points

(X,λ2) = (O ,
O) (downward pointing) × (, Xa)= (π , o ) (upward pointing) .

Discrete Time Equiibria:*[TIJ =F(*[3 ).
*

*isanequrlibrum Tf
S

5
.
(*ET]**. →

* Er]= **isa solutTonofdiffo eq .×** .f.(**[i]]



Systems with inputs : *G)=fcCX(←),u(+)) . (**,*) is an "operating
?

pont"ofsystemiffcC **,* =OQ

Discretetime: [T*「 ],i*[i] ]isan"operatingpoint "for*r]=fa(*Cix,ia?
if fa(* ,A ) =** .

Ifwe apply constant input ct)=tthen* G]=**isasolution
with *CO=*

I vehce샵visstate ,0
. 쁘M= - β)

=-유× 금m나.(
X

*,
U *
) is
tku
'
moperatingporntif

유*+MUFO→ U * = BRX*CwantspeedX *,mustapplytorgue d* . )

LTnearization .Inear approximationofnoninear model around operating point.

Easy when XEIR . 1 ) Noinput → X(+)= f(X(←)), fC×*)=O .
f'

'(×)(X-X←)

Taylor approximatlon: f(X] SCX
*)- + f '(×*) (X-×*)

Define δx(←) = X(←)-X * .δ×←)=(X+) -×* ) =X (+)= f(×*)8×(t)
Linearzed model :- 8X4) = f '(*** 8x4 )



2) with inputulR: * (t)=FC *G).4(+I) , f(**(+) ,π*(+))=O .

f(xiy )ef(X** *) +( X*, U*)(X***
*+y(×* ,Y*)Cy엄n

( δ×(+) = ×*(←)= 18×(+)+b8 U4). ☆

ex2) f(×xµ) =
-음×?-금 mU . 컸 =~ 2β

슈

. 삶.
야

-2βm
,
=

U* = BRX* ☆

.Assumeδu =①(UG )= (
*
) .8XG = λ8×4 )

.

→ 8×(+) = e
8
X(o).dsoabove, so8 X4)→O,

T
.
e
. xG)×**

IfiKO is not negativeenough ( slow convergence toX*) ,
apply feed back - δu(+)= k 8× (4) .
Closed - loopsystem :*8 ×()=( 1l +bk) 8×(+) . Chooses k value to
make [ il+ bk) as negative as we want → 8X(+1 =e

+비이t

8X (O)
.

u←= u*t 8u←)= BRX*FKδ×4)=BRX* +K(X(+)-X*)

Next
,
assume XEIR; UEIR

,
F(X , U)EIR :F( * ,u ) =[했다"*ui] .

f,2 ,U ]= fCX*X 2
*, * 없(X -X 1*) +삶(X2-X*) +니 (나U*)

[X
'

* ,
k*] CX* ,U*] (**, 4*) ☆

+8X=+ [ δ X시]=[ 잖 v] (β×세]+[값없이*,
δ

u4)= J*F (**,U*]8*G)+Su8 U4)
CX* , I*]



Given nonknearsystem* G)=FC *G),π+)), F (**, π*)=δ,
inearized model around operating pointis
ASXG=J*FCT*DT. δ XG)TJAfF(*** .8π+)

.

☆

(A(G,☆
)=,*** )

ex) Pendulum model . x)=θ ( +), /2(+ )=(←) f (.!.X
올sn (×,41n]

denote .
f .( X1,λ2)= X2 , f . (×,λ2) =

-불 X2- & sin(X, ]
.

Celiminaled time)

downward pointing equilibrium . (X,X) = (O , ①) .

aplward "
:

(
×, X2) = (π (

①) .

*빛고빛 ] =/용) I]I =J*F(* ) . A=SAFC**)
Adown =J*5F(0,0 ) =[

율
음]

,

Aup =J*F(π .0)
= [용 *]

Linear model : δ *G) = A δx),δ
*

=* -(.)
.

Stabiity criterTa for 2×2) A matrices . A = [, 않]
Econtinuous )

det(lIA ) = β . (an +az) λ tayd2-di2 a|=계 -tr(A )) ← det(A) .

d
1 ,
2

=tr(A )*↑r(A)-뿐
.

( : ) det(A]<O → unstable
,
done

.

cτ: ) fr ( A)> O → unstable , done . ( ii : ) def(A)>0 &&tr(A]<o → stabled
Adoun = [했].tr (Adown=-1ym,det(Adown)=gle. → stable !
Aup = [ 용 행 ?

.

fr(Aup) =
-4m ,def( Aup)=

-gle → unstabled



Looking atevalues for Aup for furtherinsights :Aup =[있다]
det ( II- Aup ) =λm λ- 8/e → λ= 2m 름 + 4%
Instability is more severe when gt ,

l ↓ CI. is more positive).

Linearization in Discrete time . XETI]= F(XCT2 , tC : x )
,
** = FL**

,
π*)

.X* S* sw

FCTTJFCX*,DTACX - **DTBCtU-*). pluginto F(*C:z ,
µCiz)

.

→ *E]=** + A 8XEi]TBSUL:3 .

→ STE다= ASXETJTBSU [i] .,

ex) PopulationGrowthmode 1 .XC: +1 ] =rX[: ] .*E: ]: =populationingeneraton?

if r> 1 → exponentialgrowth … . Iimited resources , notrealistic .

More realistcmodel . X[π]=r ( 1 -×명)*
'

→ nonlanearin * (r)
.

f(x ) = r( 1- 송 ] .
λ

.equilibriumpoint .f(x )=λ→r(1-슴 ]X =N-*
)Q

f
'

(×) = r- 2술X , f
'

(o=r
, F
'
CN- *r-2r(하)크 2.

LTnearizedmodel .aroundX*= O

. 8x[i]= r δx[:z( r>l s unstable)

around ×* =α-씀 ) .δXC3=2 -r( ] 8xEit] (stableif kr ≤ 3 )
fcx) Λ y=X

f(x) = r(-* ]X

.

한"많.
.

.

-
좋

.×



×)

따없""슈~
:

*
다

*

..
.!~ e8v이

KCL:I= IL = IotId
.

KVL .Un =Uk+ht Vo
,
Ve =ld

.

*÷ [] .
C

=
I( →없= L -Id= IL -g(vd)=IL-g (Vc)

.

Ld=로마= n -V- tc=Uin -IkR-Vc=Un-ILR -Ve .

→ *( ←)= [ 불]=[혼 ( n- g(r)없-ILR-)]→없* G )=F( *(+),u (←))=[ e (X
2-g일(u-RX-×)]

Operating points :f(*+) =δ .

→ X2=g(×1) , X2= 나슴 → g(×)= 나슴
→ Find x (

*

,
I*) satisfying g(×]= 나슴 .

→ X*
=
g (X,*) → ( X*, × **)

Graphical interpretatTon : superimpose two equations for X2 .
XZΛ g (×x . )ifwerncrease(*(Un)

,
equilibrium

N졌
eqoα

points increase to3 then backtot
.

α ,



Circurf interpretation : if F(** , U*)=⑤ ,
없*(←)= Owhen *(는

=**

U←) = UX
.

inthcircuf, X+1더[떠=
[없더]=O→EI 네 8.-sopenfortwireforL

Ior δT.
↓

sa
I= I

(
=Id,u

-
IkR-VC=O, Va =Vc.

nJg→IL=gcVc), Vin- ILR-」C=② (same conclusTon ! )

earant**=
-뿔

],
:

5 .
(홍](없더

몇
v ].

5

.5=!.A
= J* FC***,F*네

,에비("

용촌문](i(
X-g(×cn×-*)
!

B= (온]「
stability cond?tions?. tr(A) = -g

'*e … 문
,

det(A)= g
'
c×*문C +[c

.

forstability , tr(A <O& detCAJ>O. Ifg 'c×x
*)7O

,
Ais stable !



Complex Inner Products
RecallSchurDecomposition :ForanyAElRmn with realevalues ,
we can findanorthogonalmatry (l s.t . UTAlUis upper -triangalar.
Actually , we dont have to make assumptions about evalues being real .

RecallinnerproductInorm in
(
R .<

*,*= 춤XrY :=Y* =*Ty

IIXll = 옳* = *TX= ∠*,*)
.

Properties that mustbe satisfied by a norminanyvectorspace:
Vectorspace VI (eg. (Rn .

¢
"

)
,
FTeldF (R

.
¢)

.

' ) 1I**ylu ≤ l * llutyllu for any * iYEU .

i :) 11×* llt = IaI ㆍ l* llu forany *EY ,
αEF

.

ii: ) 11 *l × 2O forany* EVand 1 * 1=*=.

Whatis a norm that worksfor ¢
.
Not1 *11 =옳

* . =(☆]
.

×β+ ×*= (-42 -3<O → doesn'tsatisfy Ti?) .

Instead
,
II *ll. = × (X: β. Then ,

(1 *11 =
1
Iβ+12=+4「 = 5

.



Inner Product : <* ,Yk.=톱X:*?
.LX,*전= X*Xi=×=( 1*.
.청× vy = [ y-yr][빛*T .* =Y**Cy*Ts'conjugatetranspore)
. <Y ,*Ykn = <* ,Yn

,

so <*
,yn=<y, *Yan is not necessarily true !

YK, *n =Y :π, < *, y>an=않 ×: )
. Orthogonality.FOr IYECis*LYif< *,Yn= O

Orthonormal if IXllan=s , IHyllan= L in addition .
ex) *= [ ; ]

,

y =l:]
.

<*,*=E ; ( ] [;] = - 5t= O → *Iy
. If QE¢

m×

nhas orthonormal columns
,
then Q*Q =I

.

( [했*(%. …fn]=[!
**g
=[홍요 ! : ?] )

Definition : . AsquarematriyQEn
×

nwithorthononmalcolum
is called a

"

unitarymatgeneralizing orthogonalmatrixto⑥
QXQ =I Q*=~→ QQEI

Schur Rerisited : Forany AEKntn ,wecanfind aanitarymatU
s
.
t
.
Iisupper-triangular . If AElRnbut itsevalues

are notreal
, thisgeneralized version still is valid .

Gram-Schmidtalsoengeralzesto
"

nicely .


