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Tobeeduckion

Del) Packifion Function: péanom“\c& Z(X) = .?; QWX where 0e>Q)

Gmll Cowx{)\ﬁe 7N ‘For varous >\

L w\(\%rl_ [ibeingic nferest in combdinatorics | ceel. §ai} are ((\Jxere%fmg,
comeckion fo Gibks distbution (Ty(6)= 25 X S oot ety o),
derivafives oje / EGR aciclﬁt’ﬁomq Mo, nestion O{l PQ\(\SQ transitions b\&

s'ma alarties Tn ﬂo% £

Course Scope Complexity [Brack Conptkation Aoproximactlon Mgocithms
Aptscoﬁmc&?“a LN <> Sanping from T MCMC % Mixing Ttwes,
Coreeloron Dec&%(gmjﬂal Pm\aevﬁe&), Geome\va of P@% omiale & Zevos,

Coneckions wich Phase Transtlions



Coumjﬁvg Prddlens

DedisTon Prddlems — Couﬂlﬂv% Problems (how naty, of. ossTanmekk@)
ex) For k;\\mdi{e 8@\\ &, 7 Fevpecjc m)(c{;\“m%?. It so, how mo(\%q.,

lek 7%= %GKX\< be the geﬂem\?ﬁg LuncFon for irteger ey 103
ex) Q=4 & Q&%’ta(\mem H\Gfk S(IF\S% deig k clouses 010 (€. ﬂ\%‘\, Aw =
4 of quﬂs?gﬁtvxg UNNHIN (M= c\auses)_

ex) Qei= 4 of M&+C‘\T“8 oJ} k eﬂges. Then, Q=4 of FEWCE& !Y\OCH\TV%S <“= NT\)
g{fm Ségkams

De% g{) A\ g%&Jrem gmg\\ 6 et o? spms i( ‘}E Cu\F\éume ong are
ossgns O\ —b[ﬂ Howilfortan H(g)i= Z J\YI(G(u 6(\1\\ Jng(@m
L%Pv[g%g*ew\ 1S H\ 6] Z([ﬂ e)('P("F&HCO— ) L}J‘\Q\(Q @>® 18 a ’FO\T‘OW\Q’\_QF

Ginverse temp.)

Z(p) 3=Z€XP<"P>H(6§). [_QJ( \= exp (ﬂ Ps) Then, we can vewrte fo
Z(@\ = Z o >\k where A= ¥ GF comﬁfas where H(Cﬂ: k.

EKQN\\D\Q& o &\5\1\ ggsjreml



i)Femu\c\aneﬁc Lsing Mode): Spin YA/ T

-t =+t -] fen=f=0 fea=fen=1

n \ Ji ; :: qer)=—h, 4= 0 where b2 0 T exemd
Hs)= 4D o%reemel\{ﬂﬁﬁ )~ h#Pluses (7)

Ze(ph)= Zep-pHE) — Z = ZA™H™ where

A<= exp(- p,é\\) Mo exP(pM% g;ajk )f/mk where Qgei=4 of cm@(g&

uith 3 disogreements and & pluses, enuterafing oJl os!

=T ue set =l (h=0, o ot. field), ZiN=2 b X where by:=

& of cuts 6 wikh e&aes = Cut qenerodig eclyrontal

2) A Fervo mgw\erﬂc 1811\61 fen = g(’,—F i feemy=fen = Q.
b Heey = # Agreeventis(6) — f Pluses(o) = E| - 4T(6) ~ frtPluses(o)
ST = K 20 R where A el < <rplah).

2) Rts Modg[: Kg’ima buk an o\rhijt(mré umRe 3> of SPS

i 4 |ECGS1-S| 1 Tervo.
fep= [ gi for Fero.— Z())= ZXES% ie}(@\ufmc.

4) Tndeperdentt Sefs/ Hand~Core Model: 0= 7d. e T f
H]:W)\ﬁ ohere 1 & occuE'TQd, ® umccu\)“\ecl‘



JS\U,\S: o0, §(15)=Q offerwise 3d<\= %F\fg t:lb

STMN=Z A" were h=axp(-pl) - Z00=Ta A where
Q= # c:? nd. &ts 1§ wikh EX&CHH §< verfies | Ae (0, )

¥ S‘Jm Gloss Medel has (mvdmm\ nure of ferry (u\& aniif, Tnecackons .

Markey Random FTQ{CQS

a.k.0v. Uedivected grophical models. Foe o graph GLVEY,
RVs Dx) velt (assume diserele) hove & macken ?mm ot
it a sk S Sefem\es A and B, Xal % %”NQV\ Xs.

Oks) S?”u\ SgS%e«\& are MRFs.
“\N\) Hw\mers(%— Q\I@ofc&i | et M e an MRT on GCV ) wikh Jwerete

c48 $%3 k. M QSSigRS nanzZerd ((D(‘oh. To euery cehﬁ%. RILSUS

Then, pis equivalent to o < S%M on G wikh Hami\kefian

Hoar= 22 %(%e) where C ronges only over cliges T 6

Prool [Begma]l WLOG, assure @ Tz o valid value for all ru.g and Het
T@)=1000.0)%D Defire 8@\::&08%. We. can u(\’(%e\g wr e
3= %%(Xu) for ool valued funcRion @ hak only o\a‘m\d on Yu and



safisfy Wkl = Q unless %> D, Fq., 575 all cus are O volued,
- LPQWQN\ ‘QQ%T.&C&Z% By V\J‘\QY‘Q {v QSS(%‘\S X\J:\) Xu= 0 ¥ u#\ .

MO\U/ W \N(}\W\- %(1‘1\13 L[)uv(f\kv>+ Wu(fu) "'\‘V\,CI‘V) b% AQ'?\\VC\HQ‘\
Thue, YuMau) = %U:w SR AR (%, and build up T’rem*'iwel%. )

- T(x) = wQ) P (Z B, (X\Q) We shall show Ehad Y,=0 v U Ehet

S nok a clyue.

Consider U st WV EE, Lot wuell, Tor any Voluation ¥, sek
X'i= X excepjt Xi=Q . Then %QQ 30)= vang Qéjr%t::::i
1S Tndependent of % by €he Morkov properfy, Also condider that
3o -30ch= Zu%(xu)J wiich should also be H\&QP. of .

St %=0 Yu&Tun? and ot x# Q. Then, Yotk + Y, (X)) Ts
I\\o\ep. o Xu.> V=0

#£P— Conpletetess

[Cook
FOV NP“C‘OW\?H@\C&%; e hove 3T as He canorical ?mblem.

DengPL o funcion 12 2 =N Ts in 4 1 6. poly. Cne NOTN
M QaJV, %og &QCQPHna CD!N\%S. OJ% u Ol H\f\{JU\J( X 18 QXQCH% 'F()Q‘



De% #P- CoW\iD\&Q; { e4P o dl 86%‘9 reduces o T ™ ?o\é. L.
A " pacsimorions reduction presertes Hre 4 of eludions.

Fodh) 3 fmany natural decision pm\olewxs eP whose coun’ﬂv\% \&r<fon
S __M), COMP\QJ(Q

ex) DNF-SAT: (CAYG AN (- ) = ORs of ANDs
LQJV k@ Ee 0\1\5 boe(ecu\ &vw\u[a w %"CNF. Then we can rec&mce
AFSAT() = 2 - 4DNGR(110) = DNF coufing s P-C,,

ex) Termarent: Lek A be an oxn madix, pec(A)= %i{ﬂm.

Thun) [ Vokiat] Ca\:\‘)\ﬂ:m% Fer(Pt Y for & Q- makdx A e %D—Cm? e
chcﬂ 'EQF A) = % of Per@e& N\&VQN\%S in (y He Biparftre ém?k of .
Rrodh of Th Obserie Ehuf per(A)=4 of welgied cycle cowrs of G},
the directed: graph of A. The 8&& © to fobe on arbitrory 3-CINF @
and construct o directed %mPk &S ¥ of cac(e cofers of G =
() - 4SFTR) where = 4 o} Variabes & b, mi= 4 o? clouses ™ @ and
X s some pdy. e pre- comP\Hrcxlc\e funckion . [éoAae\s ™ dides/Motes |



Wekh o\FEro?rT&va S&C\%Q’\' cortrucTen . o(mnyi= A Las%\%, make all
wrteger Q&g{a mé“\gk%s o 1\ f 5% S?l"\%@\a, and stnce ?er(AB 3
END N where N = % of weefices ™ G, v can admcxﬂ% conpiste
per( ) mod 2l os NI QNQH‘ Then, we con vepace —| by
Q_NQ) and make dhem o sertes of N edges of wdight 2 ond split-,

ﬂ\w\\ £ MATCH(G) s %P- Cm?\ére. [ For sTMPT\&Jc%, assume (& higar‘{\&e]
Prooqo " Congider Zo(\)= ZN\“ A where M= & of \<~ac\ae m*c\x?r\as.
f% . Congder an &kxameﬁe& %MPI\ Gis. Then, % MATCHGs)
;e hZN\K(S& " T8 we have S0y, 0 verkTess
7>‘ we caf evaluode Lhk for () disfinet S and
" conpute all my by La%m‘\ae [ntecpdation /
Thw') Ew&u&m\g Lo\ G%P'Cow\?\ e YA 0

Prenl > gt =ach ofiginal edge by K. Then we get 7, ()
= (A Z (). This is de same hordness as above.,
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{) J’%FSQ&\(\]V\% Trees ( Motk - Tree Theorem)
2) FKT Maocithu for plonar Qerge& N\a%dAT“%S

' Holoami)ﬁc Ps\%o(ﬁ(&MS“ b& UadTon

Lop\oc"l«m

Thin) (Kircholrh‘s) Matrix-Tree Theorem s #STC60=(1,1) wier of (6]
%) (&)= o\h%(d\ AL rfinec 1 deferniiark With sk cow and
colum deleked, (all G, oinors o L(G) ore equel [rerdieel)

%ST(G)=8 = det ([ )

% oo% LQQ E = 30\ e/ \J&rJ(eX l(\C\CﬁQl\CQ N\a&f\x eé (’or Ehe txl)o\\e G(
W24 8 08 W& 1353 %53 RO e kel Ther

t

™! :‘ L dek (1) = ZGH(%S A(BY) where
EENET syare submafices ot B.
= A&QJ ZZ&KEQL. Sﬂlwﬁ\ar&%, AQJVQ\U,QZZSAQSV(%%V RD\AQ\“Q
R'=R with fict row removed. To prow the theoren, e need

fo show that deb(RIV =7 & SEoPmte  (hseae bhok

D F S et qsecmmv\% frer.

(R USRI
)



d\oog“wxa Some NONZLro OkTo%mt\uﬂ° [ERTNIA aqyefie, it corres?m\c‘)s v a

Sirecked SPN\N('\% free rooted of verfex 1 ond has deb(Bi)=),
On the ofber fand, & e subsek S cotatng o cydle, we can
cosruct o finear conbinalion of the cgdfvxg ecﬁge cdumns st ey
sum fo @, ﬁm Jusk greedily sek all row suns 46 0

Coro\\anoﬂ We e m\“\procm\% sam?(e sponn“w\% frect by Jﬁ{mg a random
e&ae and @’mc)Tﬂa fhe deciion tree ?rok, of I«\d\ﬁ\\\é T w e ST

Plasay 1%

A\S) FKT Plonar Pemﬂeér Mcxkc\;\mu\as: GIVE) where \\I\I& Q) — #%Per?. moch
(:ﬁ\%?}e(& by diver coverfngs of notomer ~ dinec systeit of (afice )
Lek T:= SLSLM& f[\k,jkﬁj 0 9@?&& Mo\’rc‘{\Tna. ek F\‘P skewo- Syt

1 (UiteE and iy
E’ETTC. M&RX O{\ &)Qn‘:\;:i—k L i . U\Q P?O:%TM\ dg A)?‘F<A)

0 f 11j1¢e
:=Z%hmi\7&h’h where $40(T):= Sy o) [}‘3 T @::\ i\j Then
PECA) =2 s(M) where Mare perhect nofehings EUIRS sgh(m]f\:&m_
Lewma,, For ary 2exk skew- synekric makiix, PH(AY = dek(A) [Ogﬁmoﬂ Bl
Ls PECAY can be caledated T go\gﬁma
Lemna 2 A (Pga%mr\ orientaion of G Te ot erentaien of e Q(!%GS K.

(M) has G come S for ol pereck ma&cﬂx\gs M. F\n\é ?[&w amyk &




hie o BF orentation.  Fim 4 of edses o each ofentotion © edd.
Pt ng, 3 oftenkation tn which QuRqy €N c&c(e CmG for witich
G\ cortdins ?evﬂecfc ma&dﬁv% s odé\{& oﬁenjreai Then, £l
s o PForentefen, Lek KL, M be any ) ?%‘,, t\\&%cln“mgs‘ Tt s skp.
s(M)-s(M) =+] Toke o Cgc\Q C MR My, By e condiion,
C must be oclcl(\é of &ivteq), Amaqtéz?“g]&(Mn\S(Mﬂ:Jv\, Now, ps. &
?((U\Ow J\mw'?v\a of G has an erientation Mwhidy £he 4 of clockuie oy
aveund (nek r\chSSarI(a even) fuce (excegjr ?oSST(a[g fe outer fice) it o,
Then, €S ortentafion s Phatfian. THis & o ceducion £o €he prefos
moe general stedement. | Tn lecture nofes. omtthed here |
‘—5\":\;@6 ?[m\mr %m?k has o Bf. oankalton % can be found ?&%GW\Q,
(Corsder a STand Hs dud) ST off fucss. Gme&"ta orIeWHV\% suffices. )

e"\ Ger\F\\ From Neke2: lWJD a 2456 %E%
3 om UREIR [NNEN
i @@E "~ =ls,
5 Honm + parec
. S Metchings
A\ Hom |=4=lic
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APP Cox\matons

P R Whek dess T mean $o QPPer\modE &N Function”

Dewt)\:o“% Folypontal (Rondosized ) Approxinotion Scheme CEPTAS/ FERAS):
oigor?%l/w A st en inputs (%, €) Where xeX ", e<(Q,1] ouﬂ:tﬁs
a (random) yolues Acx,e) st B Llte e < Ak eyl herfeal> %4

CE

L we con boost 4 with repe&recﬁ s and medwa wﬂTV\&TV\a [& 4]

= % suffices o run €= 0Cley 5™ frals to boost % — (-8

and raps W Eime r{)b\g(\%\

ex) |ek H&] be 4 of proper Qa(o\:u\as o? 3 with % cslors. SPSD Joa
algo. Lhet approdinates §(6Y wikkin constant C. Consder G, &he

N\—cop?ecl Jersion ok G Then %(6\‘“‘ L &ﬂ“\ TP e ek %=l
= 9\08(\&3 Q(E ) = cxrbjrmrg P\"Q Ck&lO(\ with ?Q%“Qm\qﬁ MOUK‘)U:F

— palufT
A@mx\mcﬁe le\)cma N Rcu\dom Samﬁlﬂ% Gegrgm‘io‘fg 3“2?@@ le i

For Z0, ox allow dietdbefion T of. [T~y <8, (10)=F5 where Ho=k)
S&W\f\m% ™ Coun‘vmg Metheds :

() %) §- coKorTv\%s, antform. Define ) 1= sek of proper lorlg of .



m {%L L&Ml i\f“m\uhemﬂ 1= Sek of
proper ¢- co(or (ngs @F S wth ordered vectices | 7 pined to sore AT
aMd Z;z= f\% l\ <4, Then, cach 7 can be esfinated by sampling a.a.c.
from O and obsening proporfion 7. of o ormas . which veytex |
hos calortng Cq &= maxinal preporfion, fo redue vattance.

Th) Unbtosed Esfimator: Let X, X, be Td oMY, LS with u=EDBe]
6= Var(¥). Let 4T Jgi)(l _ Thep fe [lw\z en) < Proxﬂal%c!
= éi%; Peoot: Chebggke\r.

—> Sawx?le Size of 7 Q(’é‘ﬂ’“éﬂ ’%O(’g(ﬂ j e 7 <CL w\\LD
* the sampling Blackbox alsp. showd be able fo sample itth prioe pind s |
L 44T T not o, by problem a5 lony as €he problem s “seﬂ?—re&chh\Q”
fFnall 40 we cxc&\m]\a need € % bound for eoch Tl for (HE) ~ 1€,
So each Zs cxdmoﬂa eeds (45 £59) trals, and Sinee we have o T,
we need O(L;9) 9.) samples (or by baosting, OC )y ¥
2) QY Cel m‘\Y\% ag0in, hard constrants. (L= m'“\ Iﬂ m‘lxm,,\

—Qm \\ \Q—w«-l\ \D_v\
.\x% where ()::= seb of 9 co\or\r\ag (eth oﬂ QQ\SQ& PRSQV\JF

We can <3fmode Y=1 (Ll Wil B% rondom SQW\Ph\a foom Oy and obsewm%
pm\mv‘r\m of EY\QN\ Jd\(#: € Ul conSstent widh i-4h ec\ae COELO)N



Clam: Asguwn >A*\ ( A= wox 01%& il
O /1 % d@a \‘ A )

9
Peot @<@ Q:l 210 \9%%\2‘/3,//
L Hhe et of om&nd&l& % @armwlw% to (V).

@ 7= Topl-ps), (L0G, assume ot Hio— N and G
(K@< 0 for constant C. Goc& S Q%Flm’{m% Z((&)

Led Lp)= é(cf{i:u) %2’1 g ZCF ) "ZC(% where 0=B,<B< < Be=B,
Choose fr=Reire — Lo N stee WLOG, R (loter justified)_
;&f }) Z%P—Q;exp( P:Hee)) =Zé@—\29x1> B H(ﬁ}%xp((@-..\—BSH(Gﬂ
= [ [@q{ - HCG) ondl ERGs T Jusk an olservable,

(l. ~kl= = )\H(Q\i 0N, So the ru. exple) fes in const, fange [€',e],
= p< (P s a ceaSonote assumption Sice B2 s a tviviol %row\c\ Sfute.
Ceunting —> Sampling - Consider €he deciSion free /I\ where

each [O\%QT Plcks a. color for each verkex. Fuery oot corvesponds

o a proger co(or?ﬂa. As lot\% s Ele @m\"\x\% erpor 8 < W,
evvor 8 (1+6)'< 2, ¢ castank. |t Say we mwxfkq\ 5. B =
Felreach leaf o] is frown. We cukpet & wp. (00T, Oteriiie,
reject L Jcra Q%cﬁﬂ i K\):= approx (uﬁo fuckor ) ¢ of Lot co(e(w\%&



. (< 0e IQ) D < 4e” Prod: ue bounds abave.

ﬂ\m\\\fyé %&P, Qda f_é% (andonized CJ@QRH\M Wkh an NP - oracle
T3pee £hok sofislies £he TERAS reof Uirements
A(aoq yxe) " let Q(:Bi@‘x; the sef of
Cﬁ?;*“““% aceepting com\smhoﬂs of T M onx.
i Re\m&ezﬂa itersect (Loxy widkh fvd@ff. anorm
Mﬁf—%fmes n 10,42 Define &-.=izemz-gf=@
(od 2) for 1<TC KT Lek EX= MGG QF . Obpk 97 as on sefnate,
Amﬂggﬁts‘l hesuwe [Q1=N lies 1 X< N <D Observe £hak
[Se| s o sumof K Q-1 eus, each wikh prob 2 peieudise Tndept:
~ELISAT= N Vol 18)= N2 (-2 < N = E[ 3]

Cloiw. 0 if €2 k43, RUKI>I< %~ EISd1=N2 < 2°
=2t B% M&VLO\ISX(\@TM&\{‘% FFL 3>01< Yz .

wif t< k-4, Clsl=01< g~ EISA-NT 2 1772 F.
(B% C&abgsﬁwe\l S [newl&g Blsd=01< \IEE%E% <t s <k,
—’»?_ lfes Witk a fackor O‘P 6 og N . P2 /s RQP (e ©

TMs and foke €be ot voot o fid o stable (14€) gzxcjmr.((

(k+3}



Rasie Morbe Cardo

U U:=3017" (L=12¢30.3" 2 T o “slufion’t
@ Repest € 4imes’ plck zell war.

;= 112608, Output (- 22

Fact: # sanples 4o geb & (O)-approx. wp, 2% =425 where p- L

‘—9c¢m\2 ex. (mae

HDNF: @ OR of ANDs, DNFeP it 4DNF G%P"CDMF\ e.

[ et Qo= sef of ass?g&\mehjm Ehot Saﬁs‘?g the &b term. Then, ((Ll:{_\QST( :
\ST\ = 2” where Cii= 4 of vadobles ™ T-6h feom . We use a new wriverse
s U=T@D]a seisfies € i-Ehtem?
: i o o x i x@ > plck (a0e(] o, SeEx=

: ﬁ G s D lowest numbered, ferm Sacfistial
by o (=1l \3\ S Ehe lowest term saftsfied oy 5. RQ?Q&V € Ces,
ond @\fteur\ e ix]

A(\oﬂgm @ \&1\ :i% ‘\t:it > %(\ since 3@ or QR(Y column,

- Scm\P\e ze (s £= O(%l).

G ImE\aﬁemJﬂo(\ @ efficient: pckin q (a5 e} s (Dcl% e c‘(\e_ckﬂ\%

Sn | X

@Ne() « also eo\ga‘—% Olm) fer scmP(e_



= Yokl vurine OQ\W@)) caf) TW\\)R)\IQ 1o (%j [Km‘e/ Luh@, ,
* £ls exterds 4o probobifisfic DNF, Te € 75 soh.] when <ach RO6T=p;.

Nefwerks RQLI&KLE%Z Conpected GUIE), 4 pr. Pe for each Qc&aQ . What Ts

Pi= %1 G becomes Fiscomeeted ander vandom edge Tollures | ¢

- PM =B [U ST where Sei= i-kh cud fuds, However 4 o ke T [cmaes

X Kcu%ev’s finCict A\%sﬂfc}\ml while (1> pick an e&aﬁ GNEE uan,

verye a3, Oukp the remdiiing it I C is o wiv-caf, RLC T antput]
Bl s etk

> (&T [Am\g&?s orfirked, o be found T CSMA4 notes | ;oo

e gne)

Ls Cmot\wa: 4 of mi-cuts < (m X Al&o,% of ot-mircucks é(ghx).

Tngredies. b Algo 4 probolilisic. DNF Krp-Luby — FPRAS
2) forger's Nin-Cut — 4 of - efads < G\K) <V canbe enumercdd
w polykime who. dee o Coupod calkedﬁn% ((\%ﬂOg(f\%»
A%b> [Asstve wi-cubse s €, and pe=p ¥& | (GOvE) D) Prs
T Il} CPQ 2 _IQT ) den U basle Monte Cav\b. ( cunfine, Q(Eﬂl' (\pr\]
- Elee, et x:=0t 4 Jlog“(?‘/g). T shworbed Tk

P (K€Y pag ervar!

Pl P some cut stze 2 X faile] € EPQ < EP@&(L



- e uitkh G“\\c') -in-cats, Then, Pelsone se-nin-cod ST
- PVN XQ ST }] m\\are XQQ w1 wo. P and
£< % of wrinads < (V=
b U Karf Luby to conpirte (*Q fxfprox L Qul%(n /e) €ime,
Rrodt et Claim: Enumerate e cds of size 2XC T Tnereading order of sze
XcL GLG -
e Consider he Firsk (V' of dese cubs, Wsuchaus, Releut bilsT< P

—3%{&1\3 of such cks fils]< R ‘“ Zg% osswpfion, o= (\@H&\

@r*%)u ~ (8N
< D ra Cy=|i-th ekl

¢ ‘{)[3>® & 0‘% R~ M- CU&S < (\Q?’ Hen@e C 432 \3Q=>C\<> % Qoahk
L P “ L P% ok _ (\M\Ul A _ k{%&m
T :PFY_ (mg mt (2“\0\\1\11\8 Cuer K‘QLH ﬁ Z km i < J XQ %QXK { il
= T [ ony of cuds Sze2 e fuils | é 2R S Situfing K=t %&%“(%}

Len*t=ef CeRy,

X Calcdaﬁ\a o= [~ Po 18 cxc‘r\mu% oo cedudible o B
[ 610, Serrum) came up with diffrerent ﬂ%oﬁ&}\m for 4.



Markey Chain Monfe (ado

Iw\gkx%" IMP\“QI% c\escﬁ{)ﬁon of a ery av%e sek me%% Punckon s Q@Rﬁ
Gl SM\?\e sel) from JikAoudion T6):= Z\(»)G()G’)
— Equlvalertly, conpife 250(9"), Lhe parkition funcfion.

0=l Markor Chan’ seguene of 208 b B Doy X, - X\ =R D=y Xe]
Then we ann ledk Boi= Bl e Mesi T, P i the Lransidion madix.
P stodstic, T, ngz@,iéaa: { wx. [Dancte By =Pixy |
Nekufion: £, 2= distribudion o£ Ye given Chob Xo=x,

P = P‘*’P P =2 @y |

Det) Re\wem’f&\h\‘rgl 9 disketbuion T <k T\m%.g\: Q) P(x\g) Wx Y.
L vk of the “flow of x2Y and % Bé(v\g same $ ;me,-a

= hen we can represent Pas an undirected grash,, B =i Poxy)

(ond finite )
ﬂwa) Fundamerto) Theoren oF WC: T8 P s trreducible and O\\D_QTIOQY\C)

fhen  has a ur\ﬂ\r}v\e &chﬁom(\d diskbution T-0); €Kis Ts €he

umayue lo It e&ge\\\lec‘rw of P usth e%\e\\\rﬁue 1. Also, ? O«g)
TP ¥ xY.

< m



DGQ‘) IWQ&LE\HW%? ¥ Xy, Arsh Pmﬁw) 0.
et) A?eﬂod"\c'l dxg, gATE] Py 7Ot = 1.

™y, 0«?«‘

Fock: TF P e everdible wrk T dhen 0 & Ehe uriigue, stafonory df disk.
Proot: (WP]Cgp = Zv(ﬂP@,gu =0T Cg)PCg 0= TVC%M 4 b

Fact: T P8 reversible, €hen P s smilar £ a %mmﬁﬁc madvrix. Hence,
all eigenalrs ol be real and P s cﬁcxa analizob le.

Froot: Lt Di=dia (W}B Then DPD (e = ﬁ(?] Teoy)

= 9 Pry = D?D%m -

ﬂ\m} [?erro ' \:m &)ej\”\u&]: A(\% 1frec1&cn\h\e) QpeﬁOATc Stochasfic

matrix P hoe an Saetvalue A=l ot urigpe left Senvector €,%Q

and all okher e“%e\\\ialueg s S«Em“gr [l <) Syer

3
S This Im?\"\es e Fand. Thi, of MC gince we an re?resev\t P@Lj%e

Fm: :Pm ’\DJC ZZNT >\i\ce — = X8 =6, (_b( | \o/c cahSe Vokion D’? MaSs )

¥ }\1 Q\TCJC&JYQS L\O\u fFo\%Jc P CU\\JQY‘%QS to Q, Ck\\c}\ the fpmr\JﬂJY%\ ("M
e alled the Sprehval qop.



ex1| Random waolk on undieced 8”% &V EB) =\
6t stale ue\, pick v ua.f. From he&a&\bw{u} ou\& Lransetion o o

[ Exercise ! ]

— Treeduclbe W Qs cemected | agemodxc H G ot biparfite

— reverdible wek TOO= %&% .

exl) Ca(\c& Sf\mt%na, &l: set 0(‘ Permmjﬁons og N cards.
T =1 (unddorm digt) 1
=l allovoed

@ Random Transpesifion + pick fwe posifins 7], swHch Chen.

- Tereducbole & agaﬁeﬂ'{c teversibe Wt T as ackios are symneklc,
&y T09~"\r\- o~ Random Toke {‘QP card,, MR o a uiforn candom gos“rﬁon.
- Treeducible & ox?er‘locllc. reve(sible T -0, s not SBMN\%WC- However,

we can oberte thet P s c!o\xu% stedhosfic. = untform T must be ShcFienary.
aw (Silbert - Shomen-Reeds Riffler split deck tnko LR ~Bi0,'A),
drep cards From |/R w.p. (L“;\:z / \L[\S\R\ (4. to aiform Tv\kr\eo\f\vxa\
~trceducble? Gk of L l)eu\% only The fop card, reducg fo G1Y,
- aperiodic ! Biivk of L betng empty. v/
~ fot ceverible, but &O\H% shochastic, (consider €he “toverse dilfle")

ex3) Glauber Dyaris, spin sysem on GOLE), spins=F1,...,9%.



Hailtoman Hesy, Gibbs T(s) QXP('@H(&), (=15:\-=111f,

(N co(\?"\g S, pick vertex ve\l ya., (QSQW\PlQ o) from correet

condPional dish, (- | G e S

Co(\Swe(‘ ISTY\%, T(6) =< >\’%D(s(€) ) A= QXE(”D_&BBQ—’GM &{ >\\3 (L;:

= Tereducible! Jcﬁ\)IaQ Since we. can et ang \ o M\éjcm”\3~ (ho hoed ﬁf“&)

> (ingenenad | £isTs ot true, condider 4 coloring on §-clique )
~ QQQVNKSC\TCW. vl

) Tk [ e _PC,s)
reverside! (o) Pl m)= T Pet o) - T T PC, T - i

e"AV> MQ‘W OEOES Pf OCesy . Q, W% g’*ﬁ{*, S‘W‘P\e o) > Lale)

conskruct an undivected connected %m@\ on O C‘ne“\%\\bor\noo& stuckure”)
define proposal dist. KC(x,-) en NLX\,(\Q"\%\\\MS b x ed Ko

>0 ‘d%e]\kx), oX st %, ?"\c% %e/\)cﬂ w-p. KCX.‘g\.

3o to y wp. u\—\v\{\)%ﬂ%%%%i (Jcrw\m \wec\.%‘agen)

- ceversible w.rt T fake 0<ighbors Xy, m(g)\«g\m{ LRy Koy,

000 Po = woo-Kergy- SECEIL WEPECR). — woep Keyay=w Peyx),

=x5) Swendgen- Kﬁm\% A 8®r\JcWV\, Cng‘ro&e Titts model , L3,

TE) = X%DTS(S\, A= QXP("Q\%), n CO(\?TS 0, delete all ch&qgree\

(ktckromﬁ)




Q&&e& i fhe. cerndifing Subgrach, cetain cadh Ecl%e w.p P=(=A),
other Wise deete . assian oy random spins to each candinig
Contected COMPOIRNS . 9o to €ie cesulf g Cot\g?ammﬁd\.
[Brercize | Check €hot SW olamm”\c s reverdible wed, T

Ls consider all intermediste con‘?Igum\iot\s ofter Ehe p=ll-)) &W«\{\n%_

Cou?ﬁn%»

Det) Haﬁ \aaane Distance : for +wo Frob. dist. MU o0 ()
| Ullgsi= 5 2 [ M) -TCo | = M0 | () DAY

Ac

Def) C@uglnm%l For any fwo prd. dist. aUen (1, G0 o (%)) st
MO= T W06) 9% U= Wexy) vy,

Tha) CouP‘"m% Lemmas [ o€ XY be RVs wikh dist. u,v-on () Then,
& R\[Xqé\(]‘z “/M~v“W)CU\ 1 couf)k"ma of; QM.U) sA. E(W%\(FU/WY/TK‘
Pmé}: Congider the cou?rm% RIX-Y=2-5]= “\Ami MCEY,UCET

3&&\9 of ﬁtvdqunjmﬂ Thm owC NC: P s an teeed o%eﬁo&c MC, anah
assume. P haso. statonany distribidion T, Let A,G0=] Pff’—ﬂ/{w)



«)

Aty = MAX Af)) Dxétﬂ Ikpm By, Den= (ng Dy . Then,

Ao < Dt < QAW Jy bwer bannd and T

Clowmi: A e t\oﬂ-"mcméiﬂg Wtkh €.

Pooots Lok Xo=x, YinT. Fix & ad couﬂe K Me st P Yel=(ps'~mil,
Coug(e Yoo Yo as Foffows s T %e=Ye, Xew="Yewr. Elz, euclue In&eﬁem\enklé.
A== KR DK # Y] < BN Y = AT

Clowm 2> vsteN Doy < DeDen.

Proot s Lot K=, o=y, Coule SR sk R AT =P Pyl
Then, T Xe=Ne, 52k Yew=e Tor 1=, 8. Ble, leb x'=Xe, y'= e,
where x'AY. Use Cotpling lemma. fo couple distabufions Xees | Y
condifoned on K=, Yo St B[ Moow Yol Yo Memy T=1R7-0N
=Dy (8) < Drsy, Then, Dy (866 = 195 P < Pe Doess# e
L{DEDGH L Desr Dewa.,

Clowm 3> Den < 4 foe some Ttte £.

Prock Treedudbility & fhertodictly Dty > @ wxe () for some Fide 1.

?(\OQQ of Fund. Thn, of WC: ﬂ{%‘f‘—v\lwﬁ@ yx subfices, [k € be sd.
D= 1~§ for some §30. 1k> 0 AKB< D&)< D < (18,



= A >0 ast=00, so AR — Q.

ek Te)i= M| A =7 Teeyi= Max To(€), Tu= T(32).
Claw: A < opl-| 551,

Prost * AT < DkTi) € DT < (LATR)Y < 85
Corolorg ™ T(&) < T[],

Cmpﬁv\g b N\"\x“m& Tiweg

Det) Coup\"ma for MC: o ‘J(ﬁr protes (X )
sf 0 U Ne=Xe, hen e Yo GO ¥E0 b,

Bl Y= b [ Xem 0 1=Be U eo=b \ er0l = Pea,

Det) _@g =M E | Xe=Ye ,Xﬁx)\(sgf under o given QD\AFl"m%.

Uom> AH L (Ylogipf LTxg> 1t

Proo - AL D = M| 03— oy < Mo B X Ve[ X, =)
= m&ax P([Tx\a>t] “r

Corollarg - for any coutig, Toan <% Pl Ty > 5] < %8 Qe BT Ty 1.

Q‘AQ Ra(\cloﬁ\ \Mk of CULEQ {fb(iiﬂ, kQ\:f)_“ Ma\oe Q\e %m%l\ {azckj.
(el -lonp wep. 17)



14 moxirg, pick e n] and Hfip the T-th Gt E%uf\ualewt(%, Plek 3eln]
and be 0.5 war, and sek % <b,

Ceu‘;\‘w\gl VLY both use Hre same Thb.— A0 ) Te o erastog .
Eltine until d0x =01 < COUPOWCOK\Q&TY\% neoupons = adant
= T <00 0y Trw=5 0t

ex) Tok):m-oﬁ - Rondom Shuttle - ngmejrﬂc, So (Werse ftxjd(\ (s Tmmk-
icto our ceal ?o{‘r\. Anaﬂ%ﬂng the Tnlerer Ts easkr.

Cmp[’\“wgl O(t,\(t)) choose . tandom @ (not ?os'(ﬁonf) ] Tker\,
Lhe JmE k cands Ehot are orderad cannet e disturbad.

= OL%QTY\ CDUFN\"CD“QCJ&(\% = Hax= l\QM!\ + - L

23) Random TMV\SPOQ\F o Shuffle © Pick Position 15k and @, Exdmae
¢ With card ok ?o&?vﬁ(on \. e
Cou?\“u\al (% ) chooges same . dOXYo)im 4 of disagreements,

@it ¢ ie Insane positien th Qe dru=du
ay elge i card of ?og?rﬁto(\ T 7e some, dexi=de. elge, din<de~|

= des ﬂU(\'T“QVQO\STﬂg { :P('[_&tﬂ < e = %\J:“)z—’ s D(i\(ﬁtﬂ

(% tight T Te Snfuat =) =008



G(mpl\ C@loan%
Conﬂed?& Undiected GCV ‘E)J 4 of colors 9, OSSUMR A d&arée A .
= Sample from uriforn distiloution ower proper - colortngs oG-

Cd\jec&wei Standard Glosker Aénamn\cs on 4 co(oﬁf\%& has me(agr
time PD(%U\] <<Rchol(% O(r\lo%rﬂ) ?m\ﬁded hak T2 A0

Glauker Dano\mﬁ\cgi pH\Ck uel, ce() uar. cectlor 1§ ?QSSTL)\G.
Cloim® G.D. T comected Cirredudible) i 42 A% .
Proat Skefch: we can olwags %reechl% recolof” QUMY Ritex.

Cloam: When %)41\#() Mg e for GO, T D(r\ﬂog(\\.
Peoof- CM\DW\%_ Both XL\ choose Hre sime v and <.
Distance A(Xk,\(&\:: 4 of dT&qgreer\a weyrfices.
" Good. move (&(Xw e A% Ne) ~1) when Vs o oli&qgree’(r\%
wertex & color cis ot in NG for bokh el
"Bod” move @(Xw Nea)= A0 N +1) when v Ts an Oxgreeﬂ\é verte
% color ¢ TeTn Nawy of etkher Xx of ¢ bud not bath .
Other motes ave. newdkral Cdistance stoye the same),



A some sk, 4 good moies 2 de(4-28). W e
% bad moves < AderD =92 4A enswres Hhat )Q/e "T{/@
+ of 800& MOVRS > dt(ap 28> d4(2A) > * bod moves !

:#E[A'EH\X& \(t’] < O& &&(‘T;%) QQAQA N dﬁ( (- (jz—‘},_(é>
> ETde o] < (- Lsf T e
Rlde> QLY =B 1de 2| ] € BT (8

<€ T we ke t=Ce “A\(\ﬂN\Y\ = Tax=Ohnn) .,

Bk Cm?\”mai a pre-fetic onf) i a connected graph with the
<dge welghe S Qvery ecl%e s o shortest padh. Sa% Xy are
adgacent {f F edge ().
The) U&Abe\é} Dger]' SPS 3 mcouETng (X)) —Q(X{ Y') onl%
O\Qemeci S\ ?a rs (LY) Ehat qre cxchqcex& (0 pre- neklic, and st
EE(MX\( Lx\d < (o) O\O(\( for some xe[0,17 where
d s te metric defined o Che pre-etvic. Then, €his QOUP hg
can be extended & a coup\”w\g on all pdilrs (XN aleo Scrﬂﬁgf}j'ﬁ\g
the above @ndition »
Proor & For ermrg (X(\O, et X=Zo—= - =L =Y Ika



shortesk path T Ehe pre- -metric. ELACC N[ XX <

E0OAZL 7! X\ﬂ ZE[&U T Z:, B ] (e 3 )
= (-ddy)., wum

For colorings, we fow extend ) to allow Thalid @\oﬁn%& Hower,

Here are (o transtions o vadid co\oﬂf\ag,

Cmm > R can 85% dewn to ‘T,Z']_Nvl WU O(I\ﬂoai\) d\TxTng Cime,
Prool: We are now considering XY ot difer T exacly enly Vo,
Congider e CB\lP\TY\g st i Ve Ny, Ewn couge Cdor(®) clor( V)

G ood” Moves when \ <V, € & Coloe( Neuay) =4 300& moves 2 149~ A)
“Bod” moves when W Kva), €= (cdor(VE), colofCu3Y) > bad mors <A,

= = Ol ) provided €hak 22441 by poth couging..,

—H\N\\ [\Jigo&a]l %2%% +1 Ts suffidient
Th) [Hages, Vigeda, ek A]2 G2 L0 A+ Ts sl TF A=(Clogn)
and & f(ﬂ@\f\gle—aﬁvee.

Roof Skefch 4 oudtloble cdors 2F-A T too pessimisfic, Lek AGv)
=% awloble cdors af v n CO(orTv\a W Suff o have ACKV)> A.




Consider o m\“&om\\% fandion coloﬂﬂa Q. assume N ave TY\&QFQ\A@Y{'.
SELACT=3(- )" ¢ &7 > A proiided Gt
1> XA wWhere X 18 ungie cdutlon to X= et g~ Ny

qu2 A3 1s sl agmxﬁo\e& At g’wfc}\ s a (arge conctart &Qﬁdm{u\&a
For ENS A, e NP ~Hard 4o even a?\)r@&m&e # of <1;co(oﬂngs_
Fsr C&ﬁ %l Wie % decide f 4 17"0:)(0{\1\&

Debrughin Conditions

De\c) It\g (uet\ce Modvx & 'For a %?ﬁm S%SJ(QW\ on (3 wtth (s dsk T,
Ri=(Ps), an nxn matfx, st Pyi= MxUTS) ~ T ]
and wiee. S; = { (5, T) \G)‘T agree very where except jg

Def) Spectral (12 Operctor) Norw ™. A = Sup st

#

TL\W\B W%Qﬂi T IRNS (1-5) for some 370, Hhen the g
fime of Glauker CXSMWGQS s < %(\QM\ foc some constont ¢
Proo¥1 (Xt\ )(\Q, CoupKTha — ot Query SJ(QPJ XL Ne choose e
some vertex 1% use o maamal QO\AH(Y\% for Ehe uPcMej.e.\



Pl W (0 # Yo D X M = TG = O, Y]

= Withe P = EDX@ AR | XX conpig st

Then pt\(\) <P+ § 2P etm [ Everdise ]
et A= R THER. Then pu Ape= P A'p, Epraer
A< BT +RIR L (- %) Now, P([thlé\(k]g [lpt

< W lpda < W AR L SR IAT, < T (=50
=ifelhr L\ = Twix= O(JLQN\Y\B.//

&iS\J\M& Coce N\OAQ\ SPI“S "i@ } Q" a. el og &.
To e X Ify some j& NCv) s eccupid, fi[Toce 1=, Elee

Pliocc =4y = Pr: worst case T when all e Neoy -7 awe unece,

SDJDJ \>’:)\ ’Q“ \+>\Aelgm$ﬂxm§ef§um \+>\“/‘\e\“ N >\u(6\)
We know chat A(&) < A = (RI< \+>\A I SQAYH“S?\Q I;AS‘”

we get [R(<(-6).,

X%DI&(U)

exl\ Fewomg KS\Y\% No&eﬂ gpms bRy -3 (o) o2
P\{G(Q = ﬁ where d+i= 4 of nekg\\hovs Wit STER
mm“ﬁ case m‘} Wenee < uuhQr\ O\Qg(\ (S OCM %\Cy C\ k i .



- Tiis gves o bownd on £, < —i—//:{%//z’ =fanh (RA) where A=o($)
So R < +anh(®4) A = (R < Hanh (74) M) < Aaoh(®)- A
= Rupid. tiing, provided. tanh(¥A) e

&) Linear Fxendions : Tarfial order £ on 0 clrerfs. Sangle uitfornly/
connt 4 of (Tear ecterdions of £ to o fotal order, G\:PCOMP(&Q
Dghc\m cs ! pick o PQ&H‘(O(\ penl. Exc\\(mae (pptl) Q%QD

| Brerdite s Check trredudlall \Jr% ( diamefer (z]ﬂ FER o fing)
Fre-metde & 6, ave od jacent iff ey ditfer ot QXMH% %23, <7,
Ao

P@H\ Coug(\r\g Cage 1) 7474l both &7 pick the Sane SlaﬁemPJr

Case L)3=T+1, both 6,7 pick he same p. i p#1, nake the sume move.

i p=1, couple olo“m% Noffing 10 5 & malking o move Tn T, vice versa,
Al\c&g%ﬁ(sl (oge 1) {39—/{7’()7,3 4,35 moues in 5, In%ﬁuﬁ%h&g‘
Case T) P=1-lor P=]. Symmefiical, <0 WLOG ossume p=i-,
Worst eudcome T d Tncfeasing b% Lwp. <O ﬁﬁ)

Cose m p=1ef p=1-. it 540 €hen d decrenses b%i sinee

Uery such QH’QFJ(Q& move, musk be ngJ - R decreose] = ) - 50— 26 -




F 3=t then d decrenses Surely. from 4 4o © :
< 2

= <~\(‘l/\3 oA z

- We ave cﬁo“m% & random wolk
- OC(\SQoa n) O $or \\18\\ \Drob to bt Q).

% TL%M Eeu(\& (S O( QO@t\) U}J Sor\—_\ (For O\(\é ?ofjﬂc& om\%ﬂﬂg >
b TF e use P SaW\P g W.p. o2 ?((\—P we got s th bound |

Funcfional Ai\olgshks OJG MCMC

Meftaien: View &he MC ag an ogemw o0 s Stte pace..

|k P be the tranditien matiix of an enyodic fritte MC,

State space (], ond s shodtio nary Jistribution T .
DeﬂYﬁExPedmﬁm 1 aflance N cead~y aJued funclion 0 IPR
El 8122 1006, oral €32 3 w001-(000-BaLe1)

The tronstion metix Pis an @xPem’ror on © T8, P(p(ﬂ?%@(x@“@(g\
s Py 1s e “one- S{QP owcmge” of @ storfing ok X
ol or P VIQIS %PQCX(BL\(PCBO © e “fverfeP o\\lamée'{‘,

Ob&\ T8 S&cﬁnomva, so E«lPtyl= E<l®1 1y amd ast >N
Pro colVergs 4o Enl¥1.= Nag [P 1> @ as £ >0



The QG\\IGC%Q\\QQ Q‘F MC can be [inked {0 CONNRIYANCR. 0(1 o, [P @] (
Det) Divichlet Torm for tunctions @ @~ QR &9i= ¢ Lo,
wheye L.O\)\M‘ICH\ J\:———I—P m\& R ?mQ\ud‘ <¥(3>“1=2“CX\¥M%M

Calso BxTfy11)

—\\\e SE&I\N\W\QW{Q DT(‘T&\&Q"‘&(M 89“0,‘9) o= <@3L(p>ﬂ 1%y
=2 160060 [(T-PYecw] = 2 meaeen I (Toap ~Pog) ecy
= 2T Y0 (Teng~Poap) ey =Zmonteed — 2T 0A R Py)
L %Za '(tb()P[)(\g\C'P(XSL*— %’(‘&\1) —ZQWC\KB e Pesyy eCy)
= & 2 o0 P (oot}

Compcw”w\a fo the vartance Vorgl Y1 =2 1) (eon—Tatn))
= 2 T60 6o ~ Bl @l (use voince formla orbd=Ee1-Foxf)
= %ngxm@(ﬂecx\% ey —va%’mzmy 0y
= 5L 1Te(%o0 - )

>3

Obs) Ee,0) ond Ve €1 are sieilar, exceph thok €8) Ts "locel .
(DQ% Powncare Cg(\ﬁq‘v\% P K= ‘}Sn:?m%if—[&_ |
2% self-loop ¥o

TL\W\> Tor ony \O\Zé, e\rgocﬁ"\q P and, any ) shike xe ) )
Te(®) < (2 ET + falAuea) ™,



Froot. The ?roqu of Hhe theorem refies en Ghe %(lomﬁmg lemma
Lemma ¥ 02 Q=R UoroLP&] < Vo L 107~ Eo00,0) . [prook deferred ]
LTS Tame m‘valg aes o (1~) contrackion ot Query step.
Corok(q%; Y non-constant (PLDﬁR, o PE4T < () \}cmi“?] .
Rel cﬁ\% \lof PR 4o voriafion distance we qet Bx& chhaﬁgch\wcx(‘z
-1l =G 2o -wel] = L(Z w8 - 1|
< L(Zws (55 - P Zaetr)”
(chc e T[22 [EE-Tpete < ]
= £ Vo[ BT
Now define Q1= P2 Note ‘:M Prg £ B
DQ{“)TT\N\Q (Re\lerSqu P*C»(\é\ = “@q ’P(g ®) . gome QroExe\rJﬂe%
@ P* e_raoo\”\c ond fos e sawe T,
Py = Z'[Kéﬁ) (yx) = Zw@“w Pop=2 P =,
an (P*P=P, Let Qe=P*, Qlouy: i‘&’;&?*(%n*ﬁ“ Mﬁ
GfﬂP%: P P reversile. P 55“ PC*B PCQ\XB =P ) ¥y
B (6, )= (G0 ¥ P, Zorl 6 0)= 1Zrt6<\P g (eea-feg)

= 32 w0 T R8Py« (e ey’ —LZWC@PCW(‘P@ Pex)y
I jwu%@( )~ @Y.,



= The Potncare constant for Pand P* are e same !
Obs) ™t = Pt - B B

s
Proch: (PE) =2 P* (3, D) = 5 TB R P02

c c
= ZPCZ@ Pﬁ.;g;% = P;%B Toduek on £ to aﬁ{ P*k Px :

O

= Hps*—1l, < Var L T=Nar [ P 1< (- ~o) Vol €7
Since \oenl01= oz MY o, Setking £=5(2Ine™ + 4oy
ensures (b arl ] <{Ae = [\Pw Tl L £,

4

Peook of Lewmma: P 1 lazy S0 Pi=5 (T+P) where P 1
Stochastic & has same T. Then, [PCP] )= %P@%\N(g)

= Ji iy + Jj_jg@(xg\@(g) = Ji% /{56«\&\( X)) * QFQ;})) .
WG, assunng hak Exl ¢7= O (skifing @) doesnt offect )
Vor<L¥T= 2 0[P MY= zﬁ;Z qu(ig TADU.\A\(CP&H ey}
< %Z T @Cx\ep (Pea+ Q(’Cgml Qe to Cauchy- Schwsrz)
A(so, o L@ T= %va Py L % Y @G&f

jv(v«) ?Cx)iﬁﬁx\é) + j T f—\>C\< ) @Cgt\l

=3 ivm PCX@ (eoexp+ “?03\ ).

Takng o\\ﬁqtemees Vo €]\, 1P P]EJ@E e GRS Yegn)



Observe khott erbries T © are uilce as lorge as T except for
T&%DMD antries. However, €he &RU%OMS s appeny” QTS st

g0 the RHS = 4 %TEGQ Poxy(een- Pey) - (2,0,

= oz LT Vaw LPYT> E(.0) .,

[T P & revertible (T(Cx\PCx‘%y: ™CY) PQM), Chen an alkervetive
prosf T qlien b% Spectrod roph Cheory.
— Recoll thot f P s rierdlile. S=DP" where D= &Tag@«?\\
s noh- (\e%cxﬁxse Q. SBW\W\e&ﬁc = ey of P sme 2 S € all are val,
B(k_ﬁ Percon—Trobertug, Specheum of PTs (=X W2 - 2AD>.
Then, the ol JiskTouTon (szj?%é: e:i)c?s\ere e=T %=,
— 7Pt = 2o Xer and sivce M <L vl FPPA s T
ord the slowest decay T given by MK [~ Aol TF P lozy,
A 2Q 91,30 the rate of convergence {8 given 58 spectrol ap (A,
Clawm: \}e\‘ao&"\c) ceversile | [oz% MC P adyxe ) [Exerclse!]

A= tee TlE) L (e 4 o)),
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SQ:F];QR P s Sgwxme%r'(cj hen o Miin2eY the Q&leiék Q\Ao’&eﬁ,

Ju= IR LB ece Ly Gt o, This T ghver
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ol @3 -
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To exfimate the Minare constart X, we corperate How o He MC.
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al sTW\Pb chjd\s feom % %o § Sk, Pezch(p)z Do«gx \f(xlké\e(ﬁx Q)
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Then the cot s pefy = K = 28— N and length i Jthy= N,
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> (0 sas e T an injeckTon, and i soys Me s Tn addifion m@&\\%ﬂe&wva
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Claw: T4 1 e\\cod"ma for J} as obeve, tren PR L B faw ‘

PCI,‘Z')>® ‘P(2|'2’§ .

P(‘O@'\IZ let e=(z2") be an cxrh“\‘mr% ec&%e\ Then k&)= TTCY)
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Consider any pate (xg) & poths(e), Olserue Eha g agrees wikh
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We deffre T 04Y) 1= XX - oY a - Yy SE. e Crey) T8 e Shrng
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=N & avalid e(\coo\u\a [ & pdhy< Max %ﬂg 20

Upto o constant, we recaer £he zame Ta=OUR) bound) .
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How fo 3& Jeon X—>4,%x4eM? Theudion xty is alJrevmﬁ‘vg pacth.
Order the ot Pafd\g With some O(‘C&QVTY%. “Unoind” each pakh Tn endeer,

® ®C T2 TF we condider some trantthion T X—>4, WR can

| nfer e from z and some “fill-Tny Nelr).
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min PCZnZIBZEZT\E[_A‘. —H T O(r)\l_-f[?l)\-((_fﬂ : ﬂoa@(o(o\ﬂ‘ Rt we can
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= Ta ~OCX VUED), ,
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< ( [+%>ﬂ§e .— Low vasiance, %aoci dPPrOXTYY\o\JVToﬂ.

1. A@Pmﬁm‘ﬁf\% coeffis §M3 + Use Ehe fock Gt T3 Ts log-concave,

18, MM < ME vk | Frerdiee, uge Tnjectiont ] Then QO&(MQ“) 13 O,

SO We cdaf Q&SUSJ( s PQQ‘K, (V\r-%::x x"\M—‘oxMo,ead\ ferm con be approX-
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M l 20 vert. “rok
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where Ma=1 buk My = exP(Cr\) due to each spiuare beirg ndep!
Tdea: consider a modified MC «oth (1= Mo, UM, and uniform .
Nowsn ® “Hole. melgé(\k” WWNY 2= \7]

lrﬂ[ = Hﬂ NG

LI et of matlng wikyi= 1 s ee
Us"mé M&roPol”\s, We cap get the disklbudion &) as Ehe tew &*ém‘ﬁd\wd,
= Ta= Olpoly() , T puts wight o OLY%) o P

_ except for he fuck Guk we dorft fnow G Volues!
Introduce e&ge weTgH& §->\eze6[(\"]x{ﬂ. Tnihedize Ae1 ve.

Reduce he for €<E down fo <<_vl\T

Each terafion, we reduce Ae— A4 for one @ €E . =4 kers tspaly)

Then >\CM‘)::5;\>\E_ uill be (\%\ngbfe yMel) (FeelM of. edE).
e ACPI=Z M), ACNGm) =2 AM).

(WN) R N
HD\Q L&)Q%MS 0 UN) = %CCNLC_E\M QM) = imk WN) T Me Nauw)

¥ Me p
Tor cucrert values %)\ei o cut he—> A%

Claiw By obriry £he et o of €he (C Gith new <dge welgds T A

wx(aNy
we can [earcn He nre%weo\ hole wRiglts X)\(C_QT\ wf owbk*mva Qcuragy.

Preot Skekch: Curvert MC fas T st s&ﬂs{gw\ T(Newwy) = XCNcumeocm
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T(P)= >\Z§F ) | Wty = TCNawd o ACPY

PN (P -
Recoil Q\o\* W, (U= %\%ﬂ /CU\M T(t\ (CNPS Im\udﬂo(\ QmFeJcQ ‘0

ferro N\agf\e{-TQ I{G\g Model E:Z G(,E)

5= Ei(fu) w(e)= exp(pw%gu)@m +@K%GCU®.

(o) = m@zcﬁm where ZCphy= 2 w(s),

Glouber A%nawx'\\cs  plek Vel waur, reassign GC0) accordung fo
condefional distribufion given Ts nefghbors.

Thin) For o Tnx (8 box in 7 when h=Q, Ty of GI. dyn. T8
Q(t\&oéu\) it BB ex(D( QW) B> B, Olpdyam "\HBZFQ,
L how do we deal with £he Stkfercﬁﬁ%\ﬂ (p>Be) cose’

Tdea. Teanshorm Ising spth contys N— “Su\oamﬁas—mor[ok" Co“ﬁgjs Q'
where Z(ph)= CBMZ‘CQI 2)) where "= tah(B, % = tanh(Bhl

Subgruphs world: (=TA\ASE?. w’(A)=7:](M%ﬁamqa(ml T
Z'0h=2 W) | Z(pn=Zw(o), wih=1PEt— |

—_—

Cliin: Z¢ahy=Coy /(7 2)) where: Gy=lceshp) ™. (Yeesh )"

—H\W\B Gilouber &Ctjmwﬁcsﬂ of S\k\ham?\\& word has TM“\":O@O%((\ n%—(» .
(d grophs, 4p).



S>UN>E>0, then T =OCpolyCn) 4. (ZGph) ~Z(p.0) for psih)
? rm@ oxa Clom: Use exg(?Q: cosh®)( [+ er\k(x\),

ZCph =leoshp)" Ccoshhd' ST ( [4-taah (potwown) TCH+Hah (phot)
=9 Con 2 I ( Fotiow W IR Gcmm)

=7C,s Z( & 1700 s 2= 2, 20w

=1 H MCMZZ 2 WU 6) whee WAL S)=T 0ol T 350(y)

ACE e\ ©

Ohserve thet T WCAUS)= T Ronh %f?‘-&ﬁmwm 7

E(\JWO\D% Q< Lo%—go&le\! Co(\ﬁcmﬁ

Metuartion: Hrogger Tao dounds Ehan Foineare constant s (Jog us g fog )

CTN\C P Trreclucﬁtb ‘\Q&Jr kernel Ht % ) —’P\"Y_X‘&: X:—x] CON\{)(AJ(QA das
Helxa)= Ie PCx,gp = exp(-£L) where |L=T-P is LaplacTan.
¥ exF(M =T+ A+ TRATR R Ta%\o(‘ QX&XL‘\S(O(\ of matrices.

/nok needed Tn conk. Giwme !

Lemma Let P be Tredudible Cnot heCessar“da op;ﬁocﬁd MC witkh stdst. T
15= le_CK {P) 18 the (az%\rtrs“(m\ of P, vl ste x,
@ for subf. [cxrae L H 1B -Tla <€, then I-Tl, < 9€.

o for suff. lange &, HIK =Tl <€ then | P“‘““—vllwé 2z .



Proot Sketeh: B~y S€ — H abfer 2k shas, Rlfever o kkransitiars
happened 1= B[ R < kT=Q o8 k-0, =R

05> ~Tly <€ — some holds after extro. & Prangifong, 4 of transtons
P Pt € =4 cronsifons “\1\(15 - 4Xmns. P s Bian(4AL,R),

Miod*a — B4, )= 0 os £—>00.

Pre\ﬁous[%, Vaca L Re 1-Vare L 01 <-€.0¢0,4) . (difberence form)

T ) For antrredudtle PQ heat kerel He, w2 Q=R

S \lara [ Hee] = ~ 0 Eo( e, Heto) | (derluatlve, form)

Proot ® [ek (& =He . Stce He= exp(—ch) dg--1%
o[ @]= £ [ET 4] /EM/ 1= %] Z o0 o]

= 97t g e =-2 PRGN IR EERSHEM A
Comllcwai 'AS %t\far“[H@e] <=\l [ He 0] where o= b SRR

toronst Vo [ e 7.

CoroudﬂélTx(E\< 2= (9 e+ QnArea)™) = O T |

Def) Ew%ro%" Ekal 012 =2 160 004 Jog 00~ BoLT Jog Eel £1
= 2 T ) ﬂo% e

St ¢= uoke)re/ﬂ < o ?rob dist. ower () > E[9T= 1 ang



EnteL 1= 5 e ﬂog 9 =Dl () | ehe KL- Divesgence.

il
Deb) (Modified) Loa ~Seboley Congtard ; Pi= ‘“J} (%, 0y ¢)

En‘r m#m Bt [PT .
Th) (&) <5 (2 e b )= T = O g log Tar' ).
Thw) ¥ 02 Q=R Bl [5]- ~€4(, Dog ) wire ¢ e
P“Oo‘g¥° 0= LPH’( Ht* ( ) where. H: XS HI\Q heat kernel 0% resrersuﬂlerTov\ cQ\DJ
P“w “‘%ﬁ%‘w [Brercite] > Q= HIG)=-[* .

& LBk = a%(_E [%ﬂo&‘(’ﬂ e [LPtl_,QO%E [(Ptﬂ (irmd oo
Z(m\ @etx) Jlog 000 = Z(Y(?Q(H,Qog AL 0.(0) ot ohwass)

[ Brerdise]
= —Zﬁmﬂo% A RO adjeint oh <, <, EE=LY L0
RARPRCARACH U« ﬂo%(()t] =~ P, ﬂog ) iy

Com\lov%i v N-R Bkl P1#0Q, Eﬂf{%i‘] éex?(‘? t)Ent, [%j(

(Soa): bound roke of &QEG% of D(Pea )= ET\’Ex\EP f:)

Broot”: Sk = B (Titkial dist. concentraded ok ),

Recall Bntx[ B =D (pOIT). = Du(p ) L expptlulp )

=e><P(—JDf:\ Qogﬂb«) , Pu\&lcers L\QGKMW(%. W p-ula < Dufpli).
> 1p-la <& W25l thdn 1) = T OF b




Fack[ Exercie]: # P& reversible, Sp(0.9) = 55 T Poxy (€0~ Peyyoo -y)

(_/tQ Q}

ex) Random \r\]aik o l‘@fnercmhe 0N-=30, |§ DeCOMPoSQD QD
To) et P be an arbttracy ot regative Funcfion
ot 0= o) =Py, S, Jog ) =3 Z moaPon (- foutdel)

=% (a-b) fog & . Bkl €)= E,Lon?1- Exl ¥1doy L]

Qﬁg%jzhﬁogb (O\:;_ES (Q%\ -=Td "““f mdwﬁﬁtﬁﬁ%wﬁqf

(St some Hesian M%mmﬁl\Jt [owitted | ™ nofes], C=14 = P24 s

Ruse Case’ -

T we have some opertor B on O, P 2 9(18Te - Po-T) whkre “?‘W[.
Claam: et (QLRY (LR ke fwo reuerdble MCs on disgoint stote s
0.9 (), stk dist w,m,, Then Qe combined, MC ‘],\(P@ D+ %(1eB)
© reversible wed, o) fex] and P wind PG, Pgak where p, p, ave
log-Soboles comt. for B B,

Com\lo%: for 30,12, n=l> P24 0>l p2Af by nduckion,
Procks 0= 0 x70,8" P=K(ReI)+(I-H)(TaR.). ng

JO 24 P“\> n—{ ﬁ‘Pz W\\ T\ \ﬁ‘(i ﬁ:\ Ar%’ %TN\\X Q((\yﬂ\‘\\
CEight for hyperankes)

T8 praie the C\o{(wit, we Gret Trbroduce o Lemmas.



I—QN\“\CX i—.- E‘FC (P{ LP) = (L Z -ﬂ-r)_O(JJ Ep(@( ,YQ_\ )Ll’/ (' )YQ_\) T 11? T, (\A\) ‘
Ep (00X, Wx,Y).
LQ‘N“Q 2: E(\F\'ui(p:l g 2‘—(\-\0(\\ —EV\’\'IH.[CPCXI ,'\] \_ZT\-Q_(.XQEK\'\R\\[QP C ) X)_\—} .

Roof off Clotws &c0, Jog @) = }L06) Eolv)+ a2 Tk E\)ﬁw )
29 P2 06 Bk [0 )T+ G 2 WOV B, L 006, Y]

2 W03 5P 4 Pt | T 06) Bt L 00 313 1,000 Bk, L9014
2 Wi %P, e BBt LT,

x:=(h,%) ) Y1= (Y, Y2)

Proof of Lemmal: &0 1)=4 %ﬁm Poan(foa- @y (Hen - trey))
= 1\ Z —K\CX\\ T(Q_O('QP O(\ )\é\) < %)(X‘\X')—)— LP(%\) Y«-\B( LP CX\)XQJ o kV C%\ JXJ_\)
Y Z 00 Te.00) (K ) YC )

2 iy

= b 2O E( 00, WE, X))+ G2 Z TG PCK, ), WOk,

Proof of Lemma D s Eahal ¢1= T o 00 ﬂog(é’ C[’;}l)
_2 _“Q( \—[r'zb(ﬂ LQLX( 3)()_\ ﬂ%( L(( b XLB >

2 A O Tk %, o)

- ‘(’CX %) — 2 Talh) Ol Yo)
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Matrold Raser

Gvound 8% g dewnword. clostre

Def) Matrsid s M C’g, f\/)mf?z 2" whee @I T and T€T+TeT
@l Je T (TI>T| >JeeT\T sk Jrea I — wraktion propery
Def) Ragis® maximal Tt\c\eg.&eh of o motvsid M.

Fact” all bases have same cav&"u\oh{% — call ™ rank o} M,

ex) &m@\?cax Matcods . Comected GUUE), B=F. T = sets of forests.

- Rages are SPcmn”mé frees,

QY\> UV\“\’Y‘OTM Q‘I\O\JWOT&SZ E) &{'Lwﬁj(e wet. I= subsete o@ E o\c Size £ \<
~Boses are k-subsele of E,

ex) | enr/ Re?xeseﬁohe Matronds & nxm madeix over £ m> 0. = columnsg .
1= LTV\earlé [ndQFe‘\dej\‘P subsels of E. — baes ore mﬁwwl(é tndep. colwnng |

¥ We agsume o menbership oracle; gien Je b Rl it JeT |

A\aarT{l\m', use o sutable MCMC 4o go«\Fle bases to ]g) ek of bases.
Najmml alao thm T Sases Exd\(m&e Mc MC. Wth curcent bogis B)




pick eeB wa.c and pick $oar, fon F-{1eB| BNV 1177,
Treductbifity? WB =R’ e, eu3=B®R. By ougnertofion
property, tF we throw ast & from B, 3 554 B\ t&ye T, ek,

L opfmal
ﬂ\N\j St b% Ragie Exd\m\%e MC 8 D(n &08“) where (\:\E\ Ceon be IW\PNMQA

t vio%r‘)
Def] et actn: w1 T2 wCB-{L LT

Qx) a < 1 ML)
Cu,< od Q ' Q M
O} wl(®)= (B[« ') Ny

‘ A , MO
M (k) = k-£h leve) Tnc\ep. wele \

Ton Hy: Tl T)= "2 where Z= D W(T)
Def) Confroction > ¥IeJ M= (E\T, 7.) TISE\T(IUI-3T.

-~ ~ [ ~ ~ 'kl_l‘)gl I’Q 27T
Wetke T, dor condifional distribudion of MI,TEE.\LSS::E D] b
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