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Infroduction

Def ) Parfifion Function : polynomial Z ( X) = .aaλ "wheredkz①.

Goal : Compute ZCλ) for various λ .

" why? Infrinsic inferesf in combinaforics , coeff . Ea.3 are inferesting ,

Connection to Gibbs distribution (π.(σ)=×] λ
E(임"

energy
" of configo) ,

derivatives of Z carry addTtional info ,
notion of phase transitions by

singularities in dog2

Course Scope : omplexity/ ExactComputation, ApproximationAlgorithms ,

ApproximatingZ(1)Sampling from π1 ,

MCMC& Mixing Times ,
Correlation Decay(spatial Properties) , Geometry of Polynomials& Zeros ,

Connections with Phase Transifions



Counting Problems

DecisionProblems →CountingProblemshow many saf. assignments? )
ex) For bipartite graph G , Fperfect matching ?? If so, how many?

Let Z(X) 8= 1 Acxk be the generating function for integer seq Edc3 .

ex) a8 = # ofassignmentsthatsatisfyexactlyk clauses of φ . Then ,
am =

# of satisfying assgns (m= # clauses) .
ex) ac: = #ofmatchingof kedges .Then ,an = #ofperfectmatchings 블 )

.

Spin Systems

Def) Spin System : raphG ,setofspins{ ! …
. 9.3

. Configurations are
asymmetric

assgns 6 : U→ [q] . Ham?lfonTan H (o):
=
vEf(6(u) ,δ(v)) +og(o(v)7

.

∞Pr[ system is in 6] =(β) exp-βH(o) ) where β>p is a parameter .Linverse temp.]

Z(β) =동 exp(- β H (o1) . Let Fexp( β) . Then ,
we can rewrite to

I(β] = 동 akAk where ak= # of configs where H(o) = k .

Examples of Spin Systems:



I ) Ferromagnetic Ising Model . spin E ↑ ,
↓3/ E+ , - 3

.

← t - ← ← ← -f(
+
,+ ) =f(- - )=① ,f( +

- ) = f( -
,← ) =

1

- f←

+ ← - t - +
g(+) = - h , g(- ) = ① where h2 ① is external .

H(0 )= #Disagreements(o) - h#Pluses (o) .
ZG(β . h) = 동 exp( -βH(01 ) →Za( λ. µ ) = 동아

#s(

이
M #Plus()

where
늬

λ← exp( -β ) , µ ←exp (βh)⇒ ×k λ
:

u
"
where ask : = # of configs

withJ disagreements and kpluses , enumerating all os !
→ If we set µ= 1 ( h=①

,
no e서

.
field )

,
Za( l) =동bs λ

s where bj :=

# of cats inGGwith jedges ⇒Cufgenerating polynomial !

2) Ant;- Ferromagnetic Ising : f(+ ,
t) = fε-)= 1 , f(+-) = f( -

,+ ) =①
.

/ (o )=# Agreements(o)-h # Pluses(o)=디티- #Dis(0) - h#Pluses(o)
→Za ( λµ) =스타

:

askiTukwhereλ←ex치, µ← exp(β h) .

3) Potts Model : Ising , but an arbitrary number 922 of spins .
λELO , 1 I ferro .f (.; ) = [ , 합, for Ferro→ I(λ) =…salIE

(S …Sq) l

,
λ 21 antif .

4) Independent Sets/ Hard-Core Model : 0 = Eind. sets in G3
.

[q3 = 90 .13 where Iis occupied ,
① unoccupied .



f( , 1 ) = ∞
, f(

r,5) =①otherwise .gck) =ㆍ다셨이
.

→2 (λ)= 로λ 'where =exp( - β l ),2( 1) =kxt where

dc= # of ind. sets in G with exactly k vertices , λε (① ,
∞ )

* Spin Glass Model has crandom) mixture of ferro. and antif. inferactions .

Markou Random Fields

aok .d . undirected graphical models . For a graph G(U ,E) ,
RVs EXxuluEV 3Cassumediscretelhavethemarkorprops .

t
.

it a setS seperates A and B ,
XAt XB given Xs .

Obs ) Spin systems are MRFs .
ThmI Hammersly- Clifford . Letu be an MRF on G(V ,E) with discrete

r
.
V .S EXv3 s.t. µ assigns nonzero prob. to every config . EXJUEV 3 .
Then

, M is equivalent to a spin system on G with Hamilfonian

H(×) 0=1 44xe) where C ranges onlyover.

Proof [Bessay] : WLOG ,
assume ① is a valid value for all rovs and that

π (;=π ( 0O-
O]#6. Defineg (×). = logπ늄)

.

We can uniguely wrle

g(x) =2
.

Ya(Xu) for real valued function Yu that only depend on Xu and



satisfy Yulxul = ① unless Xu) ④. E . g. ,spsallrov. sare① -1 valued .
→ ψ

avs(Xv) = dogπ)tuwhereLoassignsXv=1 , Xu=① θ uFV
.

Now
, we want g(tr) = Y.( fur) + Yu( tw ) + 4. ( Li ) by definifion .

Thus
,
Yav(Xsu

.vs) = g(Lur) - Yu (Xu) - Y. (Xr ) , and build upiteratively . "
→π(×) : π(⑤] explYu(Xul).WeshallshowthatYu≡①ll that

is not a cigue .

Consider UiV s
.
t
.
(U.VI / E

.

Let U
.
vEl

.

For any Valuation X ,
set

×6= X except Xi =① .

Then g(×) - g (×' ) =logX , =log
π(X01 Xrscasvsus)

is independent of Xo by the Markor property . Also consider that

g(x] - g(×") =
.

Yu (xu)
,
which should also be indep . of Xw .

Set Xw=① GWEEUV3andsefxuf0. Then,Yu( xul+ 4u. (Xuv) is

indep . of Xv . s Yur=∅

#P- Complefeness
[Cook]

For NP- Completeness , we have 3-SATas the canonical problem .

Def ) #P : a funcfion f : I*→ N 「s in # if ㅋ a poly . time NDTM
M s

.
t
.

# of accepting comps . of M on inputy is exactly f(x) .



Defl#P- Complete : fE#P and all gε#P reduces to if in poly . time .

A "parsimonlous
"

reduction preserves the # of solutions .

Fact) 5 many natural decision problems EP whose counting version
is ε #P - Complete .

ex) DNF- SAT: ( X.AX2N ×5JV ( .… ) → ORs of ANDS

Let φ be any boolean formula in 3
-CNF

.

Then we can reduce

#SAT(φ) = 2
"
- # [GDNFSAT φ ) ⇒ DNF counting is #P-C에

ex) Permanent : Let A be an nxn mafriy
. per(A)=×팝다0"

.

Thm) (Valiant] Computing per(A) for a ④ - 1 matrix A is #P- Complete .
Fact) per (A) = # of perfect matchings in GA ,

the bipartite graph of A .

Proof of Thm : Observe thaf per (A) =# of weighted cylecoversofGA ,
the directed graph of A . The goal is to take an arbitrary 3-(NF φ
and construct a directed graph Ges.t. # of cyle covers of Ge =

α(n .m) . #SAT(φ) where #of variablesin φ ,M =# ofclauses in φ
,

and

X is some poly . time pre- computable function . [ Gadgets in slides/notes]



WTth appropriate gadget construction ,
α(min) =43

m.

Lastly ,
make all

integer edge weighfs into ε± 13 by splitting ,
and since per(A) ε

EN !
,
N !] where No= # of vertices in Ge

,

we can actually compute
per(A ) mod 2

N+ ) as N ! < 2
W.
Then, wecanrepace- 1 by

2
µ
'

,

and make them a series of Nedgesofweight2 , andsplit.,

Thm) #MATCH (G ) is #P- Complefe . [For simplicity ,
assume G is bipartile ]

Proof . Consider ZG( λ) = . MaIwhereMk=#ofk -edge matchings .
εX× Consider an augmented graph Gs . Then ,

#MATCH(Gs)
ㅇ
=동Ma(st)
t

.

If we have
, say ,

2 n vertices
,

: :"고 we can evaluate this for (ntl) distincts and

compute all ma by Lagrange Inferpolation !
Thm

' ) Evaluating Za (λ) ε#P-Complete H λ> ①
.

Proof : weight each original edge by i λ .ThenwegetZsil)
= ( ltsil) "Za(*없 ) . This is the same hardness as above . ,



Exact Counfing

I) #sSpanningTrees(Matr? x-TreeTheorem
2) FKT Algorithm for planar perfect matchings
"

HolographicAlgorlhms
"

by Valiant
haplaclan

Thm] (Kirchoff 's) Mafrix -Tree Theorem :#ST(G) = (1 , 1 ) minor ofL(G)
* L(G) = diag(di! - A

,

( 1, )minor isdetermin with first row and

column deleted
.

Call (i
,
: ) minors of L(G) are equal [Exercise] )

다

*
*

* "
I?.

. . . . .

. ..

." T
/* s
(al

=8=det ( (7) .

ㅣ
Proof : Let Bo= edgelvertex incidence matrix , e.g . , for the above GG

,

1,23[ 2.33[2,43: 3,43 E3 .5호24.53L=BBT [EXerise]
.

Then
,

:
1 t 다 det(L )= :def(BsJdef(Bs ) where

룟 ㅣ ㅐ ㅢ

, . Bsare square submatrices of B .
s det (L) =동det(B,]. Similarly ,

det (L,)=, det(Bsβ where

B'= B with first row removed . To prove the theorem ,
we need

Sis a spanning tree Observe thatto show thartdef( B
,

'
]

' =[ s is not aspanning tree .



choosing some nonzero diagonal . If itis acylic , it corresponds to a
directed spanning tree rooted at vertex I and has def(Bs=±1 .
On the other hand

,

if the subset S contains a cyle , we can

construct a knear combination of the cyling edge columns s .t. they
sum to ④

,
hence det( Bs )=①→ just greedily set allrowsumsto

Corollary) We can uniformly sample spanning trees by fixing a random

edge and finding the decision tree probo of including it in the ST .

planar

Alg) FKT Planar Perfect Matchings : G(U ,E) where isevenlU
=2

→ # perf. match

( Inspired by dimer coverings of oflaftice )monomer - dimer system
Lef π . = [ E?,j ,3 , … ,

Ek ,
5.33,

a
perfectmatching. LetA =skew-symm-

etric matriy of G
,
a,운용 합다" ,음틈

다

. The Pfaffian of A
,
Pf(A)

=류sgn(π)평"av.sewheresgn(π ): =signof[ , , : : : 삶]
.

Then

Pf ( A] =, S(M) where Mare perfect matchings and s(M1 .= sgn(πm&Qvise.
Lemma: For any 2k×2k skew

- symmetric matri× ,
Pf (AP = det(A) (optionl EX3 .

LsPf( A )canbecalculated in polytime .
Lemma 2: A pfaffian orientation of G is an orientation of its edges sot.
s(M) has the same sign for all perfectmatchings M . Any planar graph G1



has a pf orientafion .
*
. = # of edges of each orrentation isodd .

Proof . sps . Jorientation in which every even cycle Cin G for which

GIV(C) contains a perfect matching is oddly oriented .
"

(hen
,
this

is a pf orientation
.

Let M
.
,
Ms be any 2 pf . matchings . If is s .t .p .

s (M , l . s(M2) = +1
.

Take any cyle C in M .
ω M2 . By the condifion ,

C must be oddly orented.Anlyzing,s ( M.] s(M2)= + 1. Now
, sps . a

planar drawing of G has an orientation in which the # of clockwise edges
around (not necessarily even) face (except possibly the outer facel is odd .
Then

,
this orientation is Pfaffian

.

This is a reduction to the previous

more general stafement . [ In lecfure notes
,
omifted here]

L'Everyplanargraphhas aPf .orientation Icanbe foundinpolytime
( Consider a STand its dual ST of faces

. Greedily orienting suffices . ]
ex) Graph from Note3 % 12345678

어{ □ □

몸!…t(A)DOD

미OD
=16

,[ BOD 미OD ] Matching
- 4=6

∴∴?? :좋 미OD

O

# perfect
,

3 AO미



Approximations

f .조→IRT .Whatdoestmean to approximate this funcfion ?

Def ) Fally Polynomial (Randomized] Approximation Scheme (FPTAS /FPRAS]:

algorithm A s
.
t
.
on inputs (x,

E) where XεƩ
*

,
εε (①

,
17

, outputs
a ( random ) Values A(X ,ε] s.t . Pr [( lxE)

ㆍf(x) ≤A (× , ε)≤ ( (tE]f(×)]2 41

and runs in time poly ( I×1 ,ε
1 )

.

Lowe can boost 314 with repeated trialsandmedranfinding$ 174)
.

⇒ πsufficestorunt = O ( logδ -
1) trials to boost 3/4 → 1- 8

.

1

exl Let ()fbe# ofpropercoloringsofG withg colors . Sps. Fan

algo . that approximates f(G) within constant C . Consider Gcm? the
M-copiedversionof G

.Then f(G ) = ( f ( G))
m

.

If we set (ym = I+ε
,

m= g(Ha)=①( ε-
1 )

.

⇒ arbitrary precisTon with polynomial blowup

Approximate CountinggRandomSampling→polyalg .
that outputsconfigofrom (closeto)Gibbsdistribime

[πn [o) =1 where H(∞] = K ]
For Z( 4)

,
we allow distribufion π s.t. / π-π *X. ≤ 8 .

Sampling → Counting Methods :
( 1) ex ) g- colorings , uniform .

Define 2 =setofproperg - coloring of G .



먀,지 × …×엠에시됩whereR
,

= set of

proper q
- eodorings of G with ordered vertices 1

. … ,
? pinned to some values

and π=≤1 . Then,eachEcanbe estimatedby samplinga .d.r.
from -Iis and observing proportion Zi of colorings in which vertex ;
has coloring Ci ← maximal proportion, to reduce varlance .

Thm) Unbiased Estimator : Let X
,… .

Xn beiid nonneg . r.v .s withU=E[X:] ,
δβ= Var(X:) . Let y = 다찮×다 . Then Pr [ 1 y-u12 EU] ≤ Y4 provided
t 그 다. Proof : Chebyshev.
s sample size of Zπ : O(화 ×늙 ] → O(x 9 )since빛 5 q whp.. .
* the sampling blackbox algo. should be able to sample with prior pinnings !
s this is not a big problem as long as the problem is

"self - reducible "
.

finally , we actually need EnsEEn bound for each trial for [ 1+%]
"

~ H ε
,

so each 2: actually needs O(q]trials ,
and since we have n Z: S

,

we need O(qlsamplesCorbyboosting , O(]). on

(2) g- coloring again , hand constra?nts . (2 ) =금께×시지…× 쁨.이시고"
=평급: × g" where 2, =setofg -colorings with only : edges present.
We can estimate y: =byrandomsampling from Z1 and observing
proportion of them that is still consistenf with i-thedgeao(u) Fo(v)) .



Claim . Assuming q2 6+ 1 ( D= max deg . ofG )
,「쉐그요 .

RIL2: 2 :

Proof ?이며리메-⇒카레그2. "
s the rest of analysis is equivalent to ( 1 ) .
(3) Z( β) = 동exp(- βH(67) . ωLOG ,

assume that H : 0→ IN
+
and thaf

( H (ol≤ ne for constanf C . Goal is estTmating z ( β) .
Let Z ( β) =(β)×)×- ×

. ,×Z
( β.lwhereo= K β

β. <…. <β=β
.

Choose B: = β더+
.

→ to DtC since ωLOG
, β ≤ β

( laferjustified).

더)=( β 게동exp(-β :시 (6))= (β제동exP( -β 더) H(0)exp((β1- β :)H(6))

= . [exp(β더 - β:] H(o1])
,

and this is just an observable .

Iβ+ -Bi=
,

IColl≤ n, sotherov.expl~ )kesinconst.range [e
"

,
e3

.

→ BE Tsa reasonable assumption since β2 2 is a trivial ground state .

Counting→ Samoling:Considerthedecisiontree. where
each layer picks a color for each verfex . Every leaf corresponds
to a proper coloring .

As long as the counting error is ≤ 4금 ,
error is ( 1 +oI "≤ e

,
a constant

.
Let' ssaywesampled o

.Po=

Prfreach leafo] is known
.

We output o w% [2eNP.51 . Otherwise ,
reject I try again . N =approx( uptofactor2 )#of total colorings .



Claim : 1 52 eNPe ≤4e
2

.Proof: use bounds above .

Thm) f ε # P, F a prandomizedalgorithmwithanNP- oracle

that satisfies the FPRAS reguirements .
→≤E0.13

m

DD" approx.
Algo : *XE2

*

,letRx ) be the set of
counting accepting computations of TM M on x

.callowing
randomness]

Repeatedly infersect 2(X) with indep. uniform

half - spaces in E0 , 13
m

.

Define St := EzE- 2 l2.y=①

(mod 2) for ( ≤: ≤t 3.Lett *MES①3. Output 2
t"

as an estimate
.

Analysis : Assume [DI = N ies in 그서 < NE 20
.

Observe that

ISel is a sum of N ④ - 1 r.v . s
,
each with prob 2

←

,
pairwise indept .

→ EClstl] = N 2
t

. Var( ls(l ) = N 2
← (

1- 2
←

) ≤ N 2←= ECIS+ l]
.

Claim: ( : ) :f t≥ k +3
,
Pr[ ls- l >①] < Y8→ E[ISt 1 ] = N2←≤ 2

µ

z
(k+3)

=Y8
. By Markou

'

s Inequality , Pr [ lsel >①] ≤ Y8 .

π ": f t ≤ k-
4
,Pr [ lstl =① ] ≤Y

8

. →E[$t 디] =N 2 +
2
2
z:8

.

By Chebysher
'

s Inequalify , Pr[ls-6 =①] ≤ VaUstrp≤급 ( lse]≤ ' /8 . "

⇒ 2
tt
keswithina factorof16ofN wop. 2 314.Replicate r

TMs and take the rth root to find a suitable ( ltE) factor .
a



Basic Monte Carto

U U .= E① , 13, 2 .=Ezε90. 13m ( 2is a

"solution"
.

^

Repeat t times : pick zElU U
.d.r.

Fact : # samples to get a

X: = IEㆍER?

(+)-approx.w .p.2
Output( U 1.울
14→ tz울음wherep =슈(

、

L→canbeexp. Sarge !

#DNF : φ TS OROf ANDS
.
DNFEP

,
but #DNFE#P-Complete .

Lef Si =setofassignmentsthatsatisfythe- thferm.Then,겨 ,
"

Sil
.

ISil = 2
n
where #of variablesin T- th term

.

We use a new universe

a, a. - - - ④

(
U = E ( a.:) / a safisfiesthe: - th ferm로

.
ㅇ ④

θ σ θ X슘
X

X ×

④
→ pick (a,:)ε l U.a.r .setX ;=

× ¤ X

IES: is the lowest numbered term satisfied

by a3
.

1 =E ( a:)/ S: is the lowest ferm satisfied by :3 . Repeaf ttimes ,
and output / u 1 .o
Analysis: (π ,

,=#of
× in table
2 /m since 7 x for every column .

→ sample size is t = O(
m/E)

.

(π:) implemenfafion is efficient : picking (a,:) εl is polytime , checking
(a

,
: )EQ is also easy .

s O (nm) per sample .



I total runtime O(nmε)
,
can improve to (][ Karp/ Luby].,

* this extends to probabilisfic DNF . Pr ( φ is sat .] when each Pr [Xi =T] = PT .

Network Reliability : Connected G(V ,
E)

,
fail pr. pe for each edge . What is

Pfarl= Pr [ G becomes disconnected ander random edge failures] ?

Psal= Pr (Os: ]whereSi =1 F- th cuf fails
.

However
,

# of cuts is large.
* Karger's linCat Algorithm : while (V / 22

, pick an edge (uiv) εE U
.
d .r.

,

merge IV.outputther maining(af.If CTs amin-caf
,
Pr[Cisoutput]
Pr [Ca isoutput]

그 행) .

( Analysis omiffed , can be found in CS (74 notes] 고 Y(a]

sCovollary . # of mn-cuts ≤ ( 모 ) . Also , #ofa-mincatszesad ≤ (없)
.

Ingredients for Algo : 1) probabilistic DNF Karp-Luby → FPRAS
2) Karger

'
s lin-Cut → # of α- mimcafs ≤ (없 ] ≤ n

2a

s can be enumerated

in polytime w.hop.due tocouponcollecting
(n"log(

× ) )

Algo) [ Assume min- cufsTze is C, and pe= p θe] (G(U .E ) , P)→ Pfa:
- If P

2
*, thenusebasicMonteCarlo. [ runfimeO ( ε" . n4) )

- EIse
.
sef α 8= 2+호 logn (/E) . Dis absorbed

"

Tnto

[ ltE] pfail error !

Claimt . Pr [ some cut sTze2 αc fails] ≤ EPe ≤ EPfail
.



- Leff with only a-min-cats. Then . Prfsome x- min-caf falls]
= Pr ( Xe,AXer? …AXer]]whereXesisI w .p. P .

and

t≤ # of α- min-cufs≤ n
2α
=

2n
4

Ʃ

a Use Karp- Luby to compute (1+E] approx . in poly ( n .
Yε) time

.

Proofof Claimt. Enumerate the cuts of sTze 2 αC in increasing order of size

αC ≤ CG ≤C 2
…

(:) Consider the first "ofthesecufs.
θ

such cuts
,
Pr [ cuf fails] ≤ P.

" Prfany of such cuts fails] ≤ n
0
. pac . By assumpfTon , p

=44 +8)
.

→ ≤ n. P
4+8)α

= R
(2+8)0

% G
;1 i-th cutl

π ) θ B> ①
, #of B -min-cuts

≤

2

β.Hence ,C. ?βc⇒.그 들 lognk
→ p
"
≤ Palogn↓ = R

- 4+81(lognklh
= Kt2+81~1

s Prlany of remaining cufs fai /] ≤.K (
2+)'? J
.

X

+이미
dx ≤ D

(2+8) α

.

⇒ Prlany of cuts sTze2 αc fails] ≤2 n
(2+8)α

. Substifuting α=2+호logn(k] ,
스ENC

4+81
= EPCS EPfail

. "

* Calculating Pnor-fay = 1-PfalisactuallynotreducibletoPfail!
( Guo

, Jerrum] came up with a different algorithm for thTs .



Markou Chain Monte Carlo

Input : implicit description of a very large set 2 , weighf funcfion w.2→IR-

Goal . sample o E2 fromdisfributionπ) .=
(w(61)

.

히

→ Eguivalently , compute ×ω(o") , the parfifion function .

Def) Markor Chain . sequence of r.v .s s.f. Pr [X대=Y / X×… ,
X+]=Pr[X대=ylX+]

.

Then we can let P ,= Pr[X=; ] X(=:]
.

P is the transition matr?y .
_

sPis stoch .e . Pay2④ .동 P×y = S *y . [Denofe Pay≡ P(x .Y)]
Notafion?= distributionofXegiven that Xo= X .
→

P"
=Py

← "P
,?

.
e
.

,
P ×←"
(

u)= 올 P ×"
(
2)P(2.y) .

bef) Reversibility : Fdistribution π s.t. π(x)P(x.Y)= π(y)P(X.Y] θXiY .
o think of the " flow "ofxsyandy →xbeingsame! y
s then we can represent Pas anundirectedQ (

x .y)i (xjP(xiy)

( and finife)
_

Thm) FundamentalTheoremofMC: IfPisieand aper
then it has a unique stationary distribution π Y ① ; this is the

unique leffeigenvectorof Pwithergenvalue S

.Also ,
P
"(XiY)

π (y) + XiY .



Def) Irreducibility. θ×.y . Ft s.t . p
('
(X .y) >① .

Def) Aperiodic : +× .y , gcdEt / |
p
'( × iy)>① 3 =

1

I rev , aper.

Fact: If Pis reversible w
.r.t.π

,
then π"① is the unique stationary dist.

Proof . πP( )(y) =옷π (×)P(× .Y) =옷π(y)P(y ,×) = π(y)롯가
'

,

Fact :If Pisreversible ,then Pissto a symmefric matrix . Hence ,
all eigenpairs will be real and P is diagonalizable .
Proof. Let D : = diag(π(×)) . Then DPD

-
(X .Y) =y, P(xiY)

=다P(Y( ×)=PPD+(Y , ×). ,

Thm) [Perron- Frobenius] : Any irreducible , aperiodic stochastic
matrix P has an eigenvalue λ ,= 1 with unigue leff ergenvector e , :①
and all other ergenvalues iksatisfyIil: l< 1

. eigenvector

bThis impliestheFund.Thm .ofMCsincewecanrepresentp:Za: e: ,
p
'
= p
'pt =2 xde.oa. e, = e , ( α1ble conservation ofmass

"

7
.

* λ2 dictates how fast pe
'

converges to e , andthequantity( 1-λ2)
is calledthespectra



exII Random walk on undirected graph G(U ,E )
,

R = V
.

at state uEV
, pick v u .d. r. from neighbor(u) and transifion to u

[Exercise ! ]

- irreducible iff Gis conn, aperiodiciffGisnotbipart
- reversible w

. r .t
.
π (×) = deg(X )

지티
.

ex2) Card shuffling . 2= set of permutations of n cards .
π(6) = 1 Laniform dist

.
]

715 is allowed

(π ) Random Transposifion : pick two positions i ,3 . sw?fch them .
- irreducible I aperiodic .

reversible w
. r.t. π as actions are symmetric .

)Top
-
in- af- Random: Take topcard , move to a uniform random Posifion .

- irreducible & aperiodic . reversible ? → no , 「t's not symmefric . However ,
we can observe that P is doubly sto- uniform π must be stationary .

때 Gilbert - Shannon- Reeds Riffle : splitdeck into L&R ∞ B: ( n ,
Y2 )

.

drop cards from L/ Rw. p .. /떼,( equiv. to uniform inferleaving ) .
- irreducible ? think of L being only the top card . reduces to (π : ) . √
- aperiodic ? think of L being empty . √
- not reverible

,
but doubly stochastic ( consider the

"

inverse riffle
" )
.

ex3] Glauber Dynamics , spin system on G(UV.E
)
,spins = { !) …,q 3



Ham: /fonian H (0)
,
Gibbs π(0 ) α exp(

- β H (0)) . 2= Eo :V→ [q]3.
in config o , pick vertex vEV u.d. ro , resample o(V ) from correct

conditional dist
. π ( o 이 ovn )

.

∞④θ:
ㆍ고

Consider [ sing , π (6 ) α λ
#s( 이,

λ= exp(- 2β ) . → 0(v) a [ * 답 ?
.

- irreducible? trivial since we can set any V to anything . ( no hard cont-raints]
∞( ingeneral , this is nof frue . consider g. -coloring on q- cligue )
- aperiodic? trivTal .
- reversible? π(o)P(6

.
「) =π(TIP(

T
.0 )

→π 유

,=P,) .

√

ex4) Metropolis Process. D ,woLIRt ,sample(o) a w(o)
.

construct an undirectedconnectedgraphon 2Cneighborhood structure
"

)

define a proposal disf . K(X ,

. ) on N (X)
, neighbors of x s.t . K(x, Y)

>O HYEN (X) . a state × , pick y εN (×) w. p . K(X , Y) .

go to y w. p .Min E
1

,w(yK(×. y )3 . ( triviallyirred. & aper.)
- reversible w

.
r.t. π? take neighbors X.y , wcy)K(y ,×)≤ w(X)K(xiY) .

ω(×) P(X. Y 1 = w(×). K( x.y
)

. w((× )K (x.Y=
= wcy)K(y ,×) = w(y)P(y (X)"

ex5) swendsin Wang Algorithm . g
- state Potts model

,
[q3 .

π(6) α λ
#D:s이

! λ = exp(-2 β ) . in config o ,
delefe all disagreeing

(bichromafc)



edges. in the remaining subgrahk ,
retain each edge w. p pal - λ) ,

other wise delete ito assign aniformly random spins to each remaining
connected components . go to the resulting configuration .
[Exercise] Check that sω dynamic is reversible wor.t. 1.
L. consider all intermediafeconfigurationsafferthepλ) thinning .

Coupling

Def ) Tofal Variance Distance : For two prob . dist. µ ,
v on 2

,

IIµ- 에,
호

.. (µ( 6)-v( o ) l=ma=alu (A) -U(A) 1 .

Def) Coupling : For any two prob . dist. U, von 2
, won2x 2l s.t .

µ (X)= 동ω(X. Y ) F × ,v( y]= 옷w(X , Y ] ay .

Thm) Coupling Lemma : Let X.Y be RVs with dist .µ ,
v on 2

.

Then
,

( "Pr [XFY ] 2 |1 μ-레 v

,( " f couplingofCU.v ]s.t .PrfX*Y계레 .

Proof : Consider the coupling Pr [X=Y= 2 = 6] = min(u(0) ,v(o)3 .

Setup of Fundamental Thm of MC . Pis an irredIaperiodic MC ,
and

assume P has a stationary distributionπ .
Let D×(+)= 11 P*

"
- π llTV

,



D+) = M*☆ *"
,

Day( +)= IlP **
"

-Py "ll , D(+ ) =My D ×y

다

.

Then
,

D(+) ≤ D +) ≤ 24(+) by lower bound and TI .
Claim 1 : Da(+) is non-increasing with t .

Proof : Let X
.
= ×

,
Y
.
~ π

.

Fix t and couple X+ ,Ye s
.
t
.
Pr[XxFY*]= llp×

*
-π1

.

Couple (X다 .
Y,] as follows : if Xx =Ye

,
X대 =Y에 .

Else
,
evolve independently .

떠
'
= 1/ P×"-π Il≤Pr[ X*Y대 ] ≤Pr[XeFY* ] =신*

Claim2: θ s .tEIN
,

D(s
←
) ≤ D(s)D (+)

.

Proof : Let Xo=×
,
Yo=Y . Couple P*

"

, Py
"
s
.
t
. Pr[ X+ *Y*]=( lP

×
"

-Py "llv .

Then
,
if Xt=Ye

,

set Xt: = Yet: for 최 ….
s
.

Else
,
let × ' = Xe

, y
'
= Ye

,

where x'ty . Use coupling lemma to couple distrTbutions Xets ,Yets

condifioned on Xt= X, Ye= X' s.t . Pr [XtsFYexs/Xe= X ',Yx =
y ] = 1lP."-Py

"

ll

= D+ 'y( S] ≤ D ( s) . Then. D
×y(stt)=

1 lP *←
"
- Py

*"

// ≤ Pr [Xtxs#Yexs]

≤D (s)D×y(←) ≤ D (s ) De).a

Claim 3 : D+) < I for some finHe t .

Proof . Irreducibility & Aperiodicity ⇒ P
(

x, Y3>①+×YEI forsomefinifet .

Proof of Fund
.
Thm

.
of MC : lIP

*"-ππ
"

① αsuffices. Let tbe s
.
t
.

D+) = 1 - 8 for some 8>0
.
k >① ,

D
(kt)≤D ( k←)SD(+)

"

≤ (1-δ
)
.



⇒ D(t) →① as t→ ∞
,
so N×G)→ ①

. "

Let T×) ε=minEt/×(← )=ε
로

,TCE ]= Ma* π( ε), T
다.=T (화).

Claim : D(+) ≤ exp / - [* 」 ) .
Proof : D(KTm*] ≤ D (KT*) ≤ D(T*)

*

≤ (2D(T*))
←

≤ e
←

. "

Corollary : T (ε) ≤ 「m× . Flu(ε-×>]
.

Coupling for Mixing Times
?

~?
Pef ) Coupling for MC : a pair process (Xe ,Y* )

‰ s
.f
.

( ? ) if Xt=*
,
then e1=Y(+*

,

(τπ ) θ t
,
a
,
b
,

PrfX=ble =a ]=Pr(=ble= a ]= PCaib )
.

Def ) T* y= minEtle =e ,
Xo=*

,
Yo =y3 under a given coupling .

Claim . D(t) ≤ ma* yEPrTy> t] 3 .

Proof : D(+) E D(+) = MyI / P "-Py*lk ≤myPr [XtY+ lX. = * ,
Y
.

=Y]

= May Pr [T× y> t] . "
Corollary : for any coupling ,T * ≤y Pr[T×y>글× ] ≤y 2eE[T×y] .

exI) RandomWalk on cube EP , 130 . 121 = 20
.

Make the graph lazy .
(self -loopwop

.k)



If moving . pick iε [n3 and flip the:-thbit .EquTvalently , pick :ε [n3
and bEEO

, 13 u . a . ro ,
and set X: a b

.

Coupling : Xe&Ye both use the same :& b . → d (X+ ,
Y+ ) is nonincreasing .

E[time until d (X, ←
)=① ] ≤coupon-collecting n coupons = nunt.

⇒ Tmix ≤Mu n + O(n
)
,Tm *= nun .

ex2)Topin-at- RandomShuffle: Symmefric,soinversepathisTsomorphh
ic to our real path . Analyzing the inverse is easter .

Coupling : (X+ ,
Y* )

,
choose a random( notposition! ) . Then,

the top k cards that are ordered cannot be disturbed .
⇒ again coupon-collecting →Tmx = neun t .

."

Random3)Transposition Shuffle : ickposifionT &candc . xchanget
c with card afposition : . de =

Coupling : (X+ ,Ye) chooses same :&C .

dcXe
,
Y* ). = #ofdisagreements

(π) if C is in same position in X+&Ye ,

dey = dt
.

(π: ) else
,
if cand at position ; 「s same , dt+ 1 = dt

.

else
,
dty ≤dt- 1

.

⇒ dtis non-increasing .Pr[dey ≤dt- 1 ]= 음( P→T *=O(랩(없)
(* tightTmi *TsNunt … ] = O (r) .



Graph Coloring
Connected Undirected G(U ,E)

,

# of colors . , assume max degree D .

s Sample from uniform distribution over proper g- colorings of G .

Conjecture : Standard Glauber ynamicsonq - colorings has mixing
time poly (nm (actually O (nlogn ) ) provided that q2 D+2 .

Glauber Dynamis : pick uEV, cEQ u
.
dor

.

recolor if possible .

Claim : G
.
D
.

is connected (Trreducible) if q20+2 .

Proof Sketch : we can always greedily recolor every vertex .

Claim: when 9246+ 1
, mixing time for G .D. Ts O (nlogn) .

Proof : Coupling . Both XeIYe choose the same v and c .

Pistance d (X+
,
Yel =# of disagreeing vertices .

"

Good
"

move d( ( X세 ,
*)= d ( X+,

Y
←)- 1 ) when Vis a disagreeing

vertex I color cis not in N (r) for both XeIYt
.

"

Bad
"

move d( ( X세 ,
*대) = d(X+

,
Y←) + 1 ) when v is an agreeing Vertex

I color cis in Nous of either Xt or * but not both
.

Other moves are neutral Cdistance stays the same) .



∞ ∞

^ "Af some state
,
# good moves≥ de (q- 24) . ㉚ TD WeO
. 넓 ‰

# bad moves ≤ 4 dt .2
.

⇒ q2 4h ensures that0
# of good moves ≥ de (q- 2×)2 dt(2×) 2# bad moves !

⇒ E [d, l e .
Y* ] ≤de

-de +블 = d+ ( 1 -8)
.

→ E [dt /X
.
,Y. ] ≤(1- Jt

.upperboundond. (1-nJ 'nwhereα42.
Pr[d- >① /X ..Y. ] =Pr[de|14.,. ] ≤ECdlx, Y.]≤( 1*)

↑
n

≤ ε if we take t= Cε (×]nun. ⇒

Tm×= O( neun ).
"

Path coupling : a pre-metric on2 is a connected graph with the

edge weights sot. every edge is a shortest path . Say xiy are

adzacent if Fedge (x . Y ) .
Thm) [Bubley ,Dyer] : Sps. Jacoupling (X ,

Y )→ (X ; Y " ) only
defined on pairs (X ,Y ) that are adjacent in pre -metric , and s.t.
E

[d(X. Y"
*IIX ,

*
]≤ ( l-a) dcxi*) for some aE [O ,

1 ] where

d is the metric defined by the pre-metr「c. Then ,
this coupling

can be exfended to a coupling on all pairs (X ,
Y) also satisfying

the above condition *
.

Proof : For arbitrary (XiY)
,

let X = 2o→ … →Zk* be a



shortest path in the pre -mefric . E[ d (X;*) / X ,
Y] ≤

ECE서
(

,레]1 X. *=있"
Eld ( :: 떼)…때
∴ "
...

"
…

1

:,.] ≤(나)
"

d(,레)

= ( l-ald(X .Y) . "
Rk= Y'

For colorings , we now extend 2 to allow invalid colorings . However ,
there are no transitions은 invalid colorings .

Claim .

wecangetdowntoq 22a+1 with O (nlogn) nixing time .
Proof . we are now considering X .y thatdiffer in exactly only Vo .
Consider the coupling s.f. if VEN (V.) , then couple color(V.

×
)
,
color(V.

"
)
.

Good
"

moveswhenV = V.,
(
4 Color(N (v .)) → #good mores2 S×(8- ×)

"

Bad " moves when VEN (Vo)
,
C= (Color(V), color(V." ]) →# bad moves≤D.

⇒ T*= ①(nlogn) provided that q224t1 by path coupling . ,

Thm/ [Vigoda] : q2oq +I is sufficient .
Thm] [Hayes .Vigoda ,

efAl] : q2 1
.76D+lis suff. 「f D=R(logn)

and Gis triangle-.
Proof Sketch : # availablecolor 2q-t [s too pessimistic . LetA(Xv1

.=# available colors at v in coloring X . Suff . to have A(Xv]2 D .



Consider a aniformly random coloring I assume NCr ) are independent .
→ E [ A (Xv)]= g (1- 화]

"

× ge
-/% > D providedthat

9gaatwhere aisuniquesolutiontoX =
e*
→ α - 1

.076 .

g2Dt3 is suff . provided that girth is a large constant dependent onk .
"

For q< D ,
「t is NP -Hard to even approximate # of q- colorings .

For q≤ 있 ,
π is " decide if J a q

- coloring .

Dobrushin Conditions

Def) Influence Matrix : for a spin system on G with Gibbs dis. π
)

R =( Pz) , annynmatrix, s.t. P8 =Maas,EI/ π (0 ,
.
) -π.(π > 11π3

and where S
,

=E ( 0,TlI 0,Tagree every where exceptj 3

Def ) spectral (L2 Operatorl Norm : ( IAll =sup." AI:

Thm] (Hayes] : If (IRII ≤ (1 - 8 )forsome δ>① ,thenthemixing
time of Glauber dynamics is 5 등nhn for some constant C .
Proof . (Xe)

,
(Ye)

. Coupling - atevery step , XeIYe choose the
same vertex : I use a maximal coupling for the update ,

i
.
e

.

.



Pr[X대 ( : ) # Y. (: ) / X← ,* ] = 1/ππ (X . . ) - ππ (Y* , ]]
.

→ Write Pt(T) =Pr[Xe(i)F*( π]] X . , Y
.
]. coupling argument !
x

Then Pn(: ) ≤ (나-금]Pe(: ) +금,⑤pe ( ;). [Exercise ]
Lef A= 몸 I+금 R

.

Then Py ≤ APt ⇒ Pe ≤ Atpo . union bound
←

IIA≤NIIIII+ IIIRII ≤( - δh )
.

Now
,
PrCxet*] ≤ lIPellz

≤ ullPellz ∠MllAtp.ll ≤llAYIllP.ll=≤π ( ∠ -
뷰

It.

= n ( / -1It ⇒TmX =O(Aun )
. ,

Hardexs) - Core Model : G
, spins . = E① . 13 . 2 = ind

.
sets of G

.

π (0) α λ0.
Ifsomej ε N ( T]( soccupied,Pr[ :occ .] = 6

.

Else
,

Pr[i occ.] =X
.

" Pz , worst case is when all JEN(r) - J are unocc. ,

SOP;=X
.

→ R = XAadzacencymatrxofa→ IlRl =없 IIAal=없1. (Glmaxeigen.
We know that λ

. (G) ≤ 사 .→ IIRII ≤* 사 .

⇒ Sefting λ≤분
,

we getIlRll≤$ 8
lx

ex2) Ferromag . Ising Mode
!

: Spins Ef-3 , π(o ) α ,I
#D↓(이

.

Pr[o(:) = + ]=다 where d ± .= # of neighbors with signt .

Worst case influence is when deg(i) is odd &dt - d
-= 1

.



→ This gives a bound on β: , ≤
λ*v"= fanh( βa)whereλ=exp(-β) .

So R ≤ tanh (βk] A,(RII≤ tanh( β
2)1. (G)≤ tanh(β2).있

⇒ Rasid mixing provided tanh(β"

ex3) Linear Extensions : Partial order a on n elements
. Sample uniformly/

count # of Iinear extensions of ≤ to a fotal order
.
(#P-Complete)

Pynamics : pick a position[ n -1) . Exchange (p ,p+ 1 ) if legal .

[ Execise : check irreducibility (diamefer [ 얼] ]]
(wp.

'/2
,
do nothing)

Pre - metric : o
, Tare adjacent iff they differ at exactly :&; , :<5 .

d (

PathCoupling: [ ase2 )st : t1 . both θ, T pick thesame p & atfempt .
Case2) = it1 .

both o
,
「 pick the same p . if pFT , make the same move .

if p=T , couple doing nothing in o I making a move in T ,
vice versd

.

Analysis : Case I ] PET더 ,
T
,
51

, 53 . moves in o.G areidenticalnochange.
Case I] p = 「 1 orP = 5. symmetrical , so WLOGassumeP = T -1 .

Worst outcome is d increasing by I w .p . ≤ 2.
.

Case I ) p = T or p= 5- 1

.if jFit ,thend decreases by f since

every such attepted move must be→ Pr[decrease] = 2 .)
.



if j = it 1
,
then d decreases surely from 1 to ① .

s we are doing a random walk . →승허Q 소체
,

(일)

s O(n
'

logn)- O(ns ) for high prob . to hit ① .
* TTght bound is O(n' logn ) [wi (son] (For any partial ordering ! )
s If we ase p sampling wop. a p ( n-p ) , we get this tight bound .

Functional Analysis of MCMC

Motivation : View theMCasanpon its state space ._

Let P be the transition matr?x of an ergodic finite MC ,
state spaceL ,

and its stationary distribution π .

Def ) Expectation I Variance :f real- valuedfuntion 4 .2→ 1R
,

Eπ[4] .=Gㆍπ(X)φ(×) ,
Var
,
[φ ] .=.π(× ) . (φ(×) -Eπ[4 ]R

The transition matr?y PTs an operator on φ ,
:-

e .Pφ(×)=×P(×.y)φ(y) .
oPecx)isthe" one- stepaverage,

" of φ starting at x .

Similarly , Pte (×) : =도 p
(

x.y)φ( y)isthe"
t

- step avenage
"

.

YEI

Obs) π is stationary ,
so Eπ [Pte] = Eπ [4] θt , and as t →⑧ ,

pt φ converges to Eπ[φ]. ⇒Var π[Pte] → ①ast→ :



The convergence of MC can be linked to convergence of Var. [Pte] !

Def ) Dirichlet Form . for fun(fions φ
,
4 .-2→

(
R
, εp (
4, 4) =<

4
,L4

π

where Laplaclan L%=I -P and innerproduct <f , g)π=옷π(X)f(X)g(Xlcalso
tacfgsty

The symmetric Dirichlef form Ep(φ ,
φ ) =<4

,
L φ>π IEX= y3
_

=옷 π(×) φ(×) (I-P ]4( ×)]= 옷π( ×시φ (× 1업 (I(x.y) -P(x.Y7] ecy)
= ×π(×) φ(×) [I(x .y) -P(× Y]]φ cy)= 옷π(×)φ( ×β-yπ(×)φ(×)P(x.y7 φ(y )
= 보톱π (x)P (x.y) (φ(x)β+ φ(y)) -yπ(X) φ(×) P(x. y) φcy )
= 보×ㅠ(×]P(xY1 (φ(× 1-4

Comparing to the varTance Varπ[e] .=옷π(×) (φ(×) -Eπ(×)R
= 옷π(×) φ(x)

2
- E

π
[φ]

2

( use variance formula Var(×)= ELX3 - EC×R]

= 보×π(×]πCy) (φ(xP+ φ(y)
)-옷π (×)φ(×)급π(y) φ(y)

= 보×π(×)πcy)(4 cx1-
Obs) Ep(4 ,

4 ) and VaraLφ] are similar
, except that Ep(φ .φ ) Ts

"

Yocal "
.

Def) Poincare Constant : α 0 = infnonconstEp(rv( 4 ] .

Ʃ2
"/ 2self -loop to

Thm) For any lazy , ergodic Pand any initial state xE2 ,

T
×
(ε) ≤ 치(2Mε) "tm ( 4π(×))1 ) .



Proof : The proof of the theorem relkes on the following lemma :
*

Lemma: 비 ④ .2→(
R
,Vara[Pφ ] ≤Var[φ ] -Ep( φ

,φ ) .proof deferred]
L.This Tmmediately gives a (1 - y) contraction at every step .

Corollary : θ non- constant φ .2→ 1R
,
Var
.
[Pt 4] ≤ (-a)tVar*4] .

Relating Vara [Pt φ] to Variation distance , weget by Cauchy-Schwarz

IIP×- 피

π최소동π(이
동 IP*
"

(아-π()P(동파에(유,-1 )) (동파이)~

,,-LIR

= *(동π()( ) -E π [β 뷰] ) E (π ( β뉴] =동π(6)P어-== I]
= *Var(β
Now define 4 .= P유. Notethatpt44 β×뷰.
Def )Time Reversal : P*(X

.Y) :=X,
P(y ,×) . Some properties :

(π) P* is ergodic and has the same π .

πP
*

( J (×) =룹π(yiP
*
(y ,×) =동πP(×.Y)= 높P (Xx.Y)π(X] =π (X) . ,

또 P
*

( )
*
= P

.

Let Q .=p
*

.

Q
*

(×.Y=y,
P

*( y
,× )=X,PaY) . "

" , P *= Piff Pisreversible .P(x .y
)=, PCY ,XJ=P

*

(XY) HXiY ,

(π)Ep* (4 ,
4)=Ex4 ,

φ ) + 4
. Ep*(φ ,

φ )= 호룹π(x)P
*

(X.Y)(φ (×)- φcy]p

= 호톱x*( Y ×) ( φ(×)- φcy))
=
호×π(y) P(y, ×)( φ( y)- φ(×JR
=보톱π(×]P(x.Y)( φ(×)- φ(y)P .,



⇒ The Poincare constant for Pand ptare the same !

Obs) P
*e = p*tP*뷰 =

P×뉴 =
P퓨

P
*Y) 올P

( z) P..
.f:

=vP*( 1P
×

에 Y
.z

뉴2,= 올y,P (z(Y)
=

P
뉴(y(β
). Indutontt

⇒ 411p*"- 1류스 Var. [뷰] =Varn [ P*t φ] ≤ ( l-a)tVar [ φ ]
.

Since Vara [e] =**) - |≤*
*

),setting t = 2(
n

ε -←ln(4π(×
)) )

ensures ( -a)tVarr[e] S4E
2
⇒ 1 lP×
"
- ππ≤Ʃ ."

Proof of Lemmat . Pis lazy ,
so P . = 호 (I+P ) where Pis

stochastic & has same π .

[hen
,
P4( ] (×) =높P(xy) 4 (y )

= 한 φ(×) + 호룹P( ×( y) φ(y) =호동P(×x.y)(φ(x) + φ(y)) .
WLOG

, assuming that Eπ ( φ 3 = ① (shiffing φ (×) doesnt affect Var*[×3),
Varπ [φ]= 옷π (×)([P4] (×))= *롯π(×) (동 P (× .y) (φ(×) +4cy)p
≤ *톱π(×)P(x.y) (φ(×)+φcy)P dlue to Cauchy- Schwarz) .
Also

,
Var. [4]= 옷π다시는 φ(×+호동π(y) φcyp

= 한롭ㅠ(×) φ (×PP(×.Y)+호룹 π(× ) P(X.Y )φ(y
2

=보톱다(×)P(× x.Y )(φ(xp+ φcyp ) .
Taking differences , Var. [4] -Va.[Pφ]2*×π(×)P(× .Y) (4(×1- φ(y ).



Observe that entries in P are twice as large as P except for

dragonal entries . However , the diagonals disappear in this sum ,

so the RHS = 호업π(×) P(× .y ) ( φ(×) - φ(y )β = Ep(φ ,φ ) .

⇒ Var
,
[φ] -Var.[Pe]≥ εp (φ . φ ) . ,

If P is reversible (π(xIP(× .y)=π(y)P(y ,× 1) . then an alfernative

proof is given by spectral graph theory .
s Recallthatif P isreversible ,S =DPD 'where D. =diag(nJ
Is nornegative I symmetric s ev of P is same asS & all are real .

By errol n-Frobenies , spectrum of P is =λ ,7 λ22 … Zin)- y
.

s evess

Then
,
the initraldistribufion

p이

=:α: e. where e=π ,
α=1

.

→ po
'pt= : Ʃα: λ두 e, andsinceI λ:l< 1 θ 반 > 1

, p
'

pt.π,

and the slowest decay is given by ma, 11 - til . If Pis lazy ,

고02 r, so therateofconvergence「 sgivenbyspectralgap( fiλa) .
Claim :

tergodic,reversible , lazy MCPand +X ε- 2
, [Exercise !

D×(←) ≤. henceπ ( ε)스 ** (Mε 1+호 lu(4π(×) ) )
Claim :foranergodic &reversibleP

, 1 -λ 2=infoneonstEp (v(4]
Proof . L . = I -P has evals µ: = ( 1- λ.) ,

so ① =M . <U.≤… 스µ n<2



with the same evecs . So the spectral gap of Pis justMs .

Suppose Pis symmetr?c , then µ .
minimizes the Raleigh Quotient ,

µ .
= 당< 4.

(
,4
>where<

4
.4>=옷 φ (×) ψ (× ) . This isgiven

by the principal evec I . Now , µ2= Tn< 4×=inf<4
.복

e 1kI <4, 45 -<4.α>
2

.

Extending to reversibleP, apply this to F-DPD ) to obtain

µ2 =
n. <

4
..43π = intxx

<4
.47 -<4.*p

[Exercise! ] where <4 , ψπ

is defined the same as before
.

Then.thisisjustEu (4 ] "

Multicommodity Flow
To estimate the Poincare onstant a

, we incorporate flow into the MC .

Here are some basic definitions for an ergodic MCP with sod. π :

Capacity /Ergodic Flow: C(e) .=π(2)P(2 .2) Hdirected e= (2 ,
21 )

.

s represents the flow of probability mass on e when stationary
Demand : DCXIY ):=πCXJπCY)IYIERR) .
Flow : f .P -IR + UE03where Po =

.
Pyy and Pay is the set of

all simple paths from × to y s.t. ×*.f(P)
= D (× .Y) θ (x.Y) ε (2×-2 )

Costof flow:.P ( f) =mae fCe)/cce) where fce) . = vef(p) .
Lengthof flow :l(f )= Mafcpnolpl , lengthoflongestflow- carrying path .



Thml HergodicP,flow fforP ,X2ecf).
Proof : starf from symmefrized variance equation and using D(×1Y) ,
2 Vara [φ] = 2π(×)π(y) (φ(×)- φ(y)]

=
룹* nf

(

p)(φ (×)*φ cy))..
Use the following telescoping sum over Paths : φ(×1- φ cy)=Ʃ ecu)l - φcu))

.

EUNJEP

⇒2Var([φ ]=2**f(p)( .(φca) - φcv )]
β [by Cauchy-Schwarz]

스톱G*yf(P)이 pl.vp(φcu)-φcu)
2 [ switch order of summations]

= vv
.

(φ(u)-φcv) pef(p) . (p) ≤ & (f)않
.. .

(φcu) - φcusp×f(P) .

Recalllthafef(p) = fce) and pcf)= max fce/ca,]
≤ l (f) P (f ).

....

(φ(u)- φcv ))
=C(e) [substifute Cce)=π(u)P(uN)]

= &(f)p(f)
... ,(

φ(u)- φ(u )]βπ(u)P(ur) =2 l (f) p(f )Ep(4 ,4 )
.

⇒ Varr[4] ≤ l (fl p(f) Ep(4 , φ )⇒ α= infnomconstEp(없(4, 2(+) β(t) . 1.

Corollary :Hergodic ,lazyMC Pandflowf,themixingtimeiny)
Tm*(ε]≤ l (f )p(f ) (2ME "←h(4π(×15)⇒T* =O (l(f)p(f)m ) .
Ls Tmiy is essentially bounded by p(f) since l (f)& InCπmin; are usually small .

≈ rameterof MC 뮤uniform ,
then O(n)

exI) Hypercube : lazy random walk on E① . 13
"

.

Let N =2n be#vertices .

π(×)=급
.

((uN)=π(ulP(uv )=↓삶=
.
*(uvIEE

.

DC×Y)=급
.



Intuitively ,
flow maximizingrect, spreads across all shorfestpaths of (xiy) .

Using the symmetry of the hypercube , fce) = fce ' ) He ,e'EE , so
fce) =웨(: 행 yau

dist(y)
=n=n where we use the fact thatNn

the average distance*ydist(xiy) is
ffor hypercubes .

⇒D(f) = MaEEf
(e)/cce)= * w . 2Nn = n

.
All flows take shortestpaths ,

so l(f ) = n
.
Thus

, Tm×= O(PCf) l(f)uπ* ) = O(
bThis is not tight , since we know that Ty inun. The slack

is induced by the heavy- duty approximations used in this method .
* for hyper cubes , α is actually ~금 ,

so :tis stillnottight (O()) .

ex2) Random Walk on a Line : MC for lazy walk on line E 1
,
2
, …
NZ

,

self - loop w. p. Y2 except endpoinfs w .p .
3/4

.

π 「s uniform →π(×)=금
.

CCe= πCX)P(X .Y)
=n thon self - loopedges ,D(x.y)= 비 X. Y .

(max in middle)

There is a unigue path for each pair , f((,「π1)) = :(N?)급≤ Y4 is unigue .
Then the cost [sp(f) = maxe)= "

농
,= N , andIlength is l (f ) = N .

Thus
,
α2(ae(f)2* ⇒ T*= O ( N' logN) , tight to logN factor.

ex3) RandomWalk on Kan :lazyrandomwalkwop.2, smallsideissit.



: :홍를Statonarydisfribution:
sπ (s)=π(t) =Y4

(e) =nθ e , D
( S.t)=급

,
D(S .X)=D← ,×,

π다

.
W

+

* FS +D(

× ㆍy=☆↑.
Ifwe send flow through one shortesf path ,

then s→t & t→ s has

Yo units
,
so β(F )그)= 슬, andl ( f=2⇒Tm*=O(N), which is

a bad bound since true mixing time is Q( 1) due to trivial coupling .
If we distribute flow across all shorfest paths . then

maefce) n+on+. 글≤ Cx*forconstantC .
⇒ P(f ) =N= 8C, somixingtimefromsortisO (1) , tight .

Flow Encoding : how to count pathsIcalculate flows in general MCs
Let IIFN be the size of ergodic , lazy MC ,

where N is exponential
in n

,
the natural measure of problem size . Assume π is uniform (π(×=) ,

P(x.Y)2oy(n)θ non-zerotransitions, T
.e
. degree is nof too large . Then ,

CCu
.v ) = πCu) .P(U .v12oy(n ) .Toget apolytimeTmx , we need f s.t.
l (f) ≤ poly ( n) and ee, ≤ poly(n) θe . Hence , we need fce)≤

Po.

On the other hand
,
# edges ≤ N ×Poly(n) , and total flowis합체의 .

Thus
,
some edge must carry at leasty(에flow, f (e)2*pdycnm .

⇒ any good flow is optimal upto a polynomial factor .



Suppose flow Xsy goes along a single path ray . Let pathsce) be

the set of paths through e under f . Then f(e)= 1 paths(ell×2 .

Since we want fce) ≤ Poly(n/N,we need paths(e) | ≤ Poly(n)이미쁘

Multiple paths from x toy is the same for averaged values , and π being
non- uniform is same except everything is weighted accordingly .
⇒ we need to compare

( paths(e)l with N = (Rl
.

→ inzective mapping !

Def) Encoding : for aflow f , aset of functions ne: paths(s)→2 s
.
t
.

[Z12)교
( ) Ye is injective ,

( π )θβ ≤Poly(n ) ,π(X]πCy ) ≤βπ(2) π(De( ×( y) ] θ×yε paths(e)

s Ci ) says ye 「s an injection ,
and (i : ) says De is in addition weight - preserving

upto poly factor β . If π is uniform , β= 1 satisfies trivially .
Claim .If Fencodingfor fasabove ,then P(fI ≤ BMo").
Proof : Let e=(2, 21 )beanarbitraryedge.Thenfle)=pnse(x)π(y)

≤βƩπ(리π(e(x.y))≤ β π (2), usingproperties ( :)and( π:). Frnally ,

(x.y)εPaths[e]

(Ce) = π()P(2,21 )
,
soe

) ≤β ."). "

exl Hypercube revisited : use encodings , not symmetry of hypercube .
(ce)=밝W

,
DCaiy) = 행

.

Consider f that sends xsy flow through
a
" leff - right bit fixing path

"

Jay . Then ,
l(f)= n trivTally .



Consider an arbitrary edge e= (2 ,
2 ' )wheretheydifferinbit .

Consider any Pair (x.y)ε Paths(e) . Observe that y agrees with

Z in the first ( T- 1 ) bits and x agrees with 2 in the last (n
-:] bits

.

We define De (X.Y] .= X.X2 …X :Y ,Y2 … yn s.t . De (X.y) is the string
that agrees with X on first i bits and withy on the rest .

Cmissing

information ! ]

→ We can recover a unigue pair (xy) from DeCxiy) ande ,
so Je

is an injection . Since π is unTform
,
F1 is trivially weight - preserving .

⇒ De is a valid encoding ! So p (f) ≤ M.대≤2 n.
Upto a constant , we recover the same Tm*= O(n3 ) bound .

Mafchings

G (U ,
E). 2. =setofmatchingsin G

.π.( M 1
=, ZSλ )=동ma λ

k

where Mk =# matchingsofsizek . Assumeλ 21 .

MC : in a matching M ,
w .p . 2 do nothing . Else , pick e= (Uiv) U.dor .

If uIv are both unmatched
,
match them (MH Mte)

.

If eε M
,

MAM- ewop . YM .

If exactly one of ufu is matched , go to Mtere
'

where e ' is the edge fouching u/N . Else , do nothing .



How to get from Xsy ,
X .YEM ? The union xty is alternating paths .

Order the alt. paths with some ordering .
"

Unwind" each path in order.

①
②
(f . If we consider some transition in x→ y ,

we can

- ③

⇌ infer (x .y) from 2 and some
"

fill - in
"

Yelxiy) .
β

This 「s 「njective , and π(x)πcy ) ≤ Pπ(2) π(Ye(x .y1) . Also ,

min P(2)=1! →Tm×=O(( .dog(π(X.1)) . But we can

alwaysfromamaximalmatching Xo,andπ(Xλ2mtchings>티 .

⇒ T* =OL λBIVII "

Now
, we have a black - boxDAsm and Aruns inpoly (G ,

λ)
.

1
. Approximating 2 (λ) : Z (λ=에…1.이 Z(λ.) where 1 .=①
EiN . < . <Araland =λ 더 ( 1+금

)
. =티대 [ [뎠]

"

]

≤ ( 1 +금)
≤

e .
→
Lowvariance, goodapproximation.

2
. Approximating coeff. s Em.3 : lse the fact that Em×3 is (0g

- concave
,

T
.
e
. May Mky ≤ M* θ K [ Exercise , use injection?]

.

Then log (mklk) is concave,
so we can adjust its peak .Mc= × … ×m

.

×Mo
,

each term can be approx-

Imated by finding l s.t. distribution peaks at M1&M . → .다.이
∞"".

다
ProblemingraphswhereMm>>poly( n). e .g .,m …그



where Mn= f but mny = exp (En) due to each square being indep .
!

Idea : consider a modified MCwithR= MnmUMn and aniform π
.

1!↑…
"
"

.

.

.θ
…

"

Holeweight"wey√) = 없이
P

WeightofmatchingW ( M) =Ewsuef, av,

Using Metropol?s , we can get the distributlon D as the new stafionary .
→ π

m*
= ① (Poly(n3 ) ,πpufsweight at2(Yl on P.

… except for the fact that we don4 know uv, values !
Introduce edge weights dSeZeε(nyx(n3 . InifTalize Ne← L θe .

Reduce le for eεE down to <금o
.

Each Tferation
,
we reduce Nesdek for one efE . → # iters ispoly(nl .

Then ICM) = omde will be neglrgible +MER (FeEMs.t. eFE ) .
Let , λ(P= λ(M) , λ( N (U ,v) ]=

v다

λ(M)
.

WyCUv , if ME NCUEVJHole weights wy(U ,N ):=uvI) . WCMJ=EI :f MEP
.

For current values Ede 3
,

now cut de→ lefp
.

Claim: By observing the output of the MCwTth new edge weights Ede로 ,

Ncnvsl
walas

wh arbitrary accuracy .

we can learn the reqaired hole weights
Proof Sketch . Current MC has π s

.f . satisfying π(N(uN))= λ
(N(UND빨t.

ld 'Ls can calculate using flows hole wts



π(P ] =글
→

ω '
(
u. v) =

π(N(uv) λ유(p) .
Recall that ω .( u ,√ ) =N(uv) =ω !(u .V)×(N (uv)) . Induction complete ,

Ferromagnetic Ising Model
0-

0
%
, G (U .

E)

σ = E± ( 3
」

,
ω(o) = expBCvEEO( u)o(v) +β h.σ(u)) .

π(0) =
ω(6Y2( β. n )whereZ( βihl =

콩

w(o)
.

Glauber dynamics : pick VEU u .a . r
. , reassign o(v ) according to

conditional distribution given its neighbors.
Thm) For d inyIboxin22 ,when p ,

TyofGl . dyn . is :

O (nlogn ) if β<βc , exp(2(n )] if β> βa , O (poly(n) if β= Bs .
Ls how do we deal with the supercrifical (β> BC ) case?

Idea: Transform Ising spin confrgsI→
"

subgraphsworld
"

configs -
2

where Z(β .h)= Cβ .nZ (n 국) where y= tanh β ,( ) 5 = fanh β( h1

Subgraphs world . I=EAIAE ㆍ3 . ω
'
(A)= y

( A'
S

#odddeg(All .

소TƩτ
1
( β . =동ω'(A) , Z ( β . h) =동w (o ) . ω

'(A)= 36;
0→

. .
-

Claim :z(β .h)= Cβ .nZ (조 ,5 )where( β. n =cosh β ]
티.

( 2cosh(βh)] m.

Thm)
"

Glauber dynamics
" of subgraphs word has Tm* = O(Poly(n ,

51 ))
.

(rgraphs , θβ J .



→ if $/>ε>①
,
then Tm× =O( poly( n)] ψβ . (Z(β . h) =z(β ,

①) forβ<ym )
.

ProofofClaim:( Use exp(×)= Coshx) ( 1 + tanh(×l ) .

Z ( β .n) =cosh β)
타(

cosh β h ] ↑
'

동없, ( 1ttanh ( β o(u) o(u))π ( 1ttanh ( βho(u))
=Ʃ "

Cβn동 집,((+6(u)oculfan π ( Ifocuta )
= 2
개
(
pn
Ʃ(

AEE

2 없없o ( u).o (v)) (윱.채욕-σ(u))
σ

= 2
-µ

Cp .n같×동 W (A ,( U
,6 )where ω( A

.
(
U, 8).

=..ADo(u)o(u)패So(u) .

Observe that동W (A.
U
,) = 온을 .몇

odd (A)
I loalalcAl if U = oddCA) . "

Entropy & Log-Sobolev Constant

Motivation : Stronger Tnx bounds than Poincare constant : ( log us loglog >

CTMC 0

. Pirreducible
,

heaf kernel H+ (X.y) = Pr [Xt=y /.×]
, computedas

He(X.Y) =옳e .Pk(× .Y) = exp( tL) where L=I
-P is Laplacian .

* exp(AJ = I+ A+
황
A 2

+
… . [s a Taylor expansion on matrices .

Inot neadecdincont.tTme!

Lemma : Let P be irreducible (not necessarily aperiodic) M C with st.dist. 1.

P = 호(Itp ) is the lazy version of P . initTal state X ,
(" ) for suff .large k

,if/ /P-πv ≤Ʃ
,
then llh*' -

v ≤ 2ε .

t↳

(π""forsuff .large t ,ifllh *- πl$π≤ε ,then ( 1
.94기-다스

Σ



Proof Sketch : IIP-o 5E - t affer 2k steps , Prffewer than ktransitions

happened] = Pr[ Po(2k) < k] - ① as k→∞ .

=다
.

Ihe
'-

ππ≤ E → same holds after extra t Ptransitions . #oftransfTons

in P is P
.
(←) + t

.

→ 4t transifions inP → # trans
. inPis Bin(4t ,"2) .

II (( t)+ t)- Bin (4t .⑫) llv →① as t→D
.

Previously , Var.[Pe] -Varr [ φ] ≤ -εp(4 ,
4)
.

(difference form)

Thm) For an irreducible PI heat kernel He , 9 : 2 →IR ,

원Var. [rk4] = -2εp(H+φ , H+φ ) . (derivative form)

Proof . Let e=(4 .SinceHe=exp(- tL), 없 =L다 .

Varπ[ φe]= 없 [ E4x ]β-E [φ)= 없 [ 롯π(X). 4 (×)p]-

= 2πC×)φ C×x% φ(× 4=- 2옷 π(x) φx (×) [Lφx (×)] = -2Ep(x ,
φe)
,

Corollary : 비 4, Var,[ Heφ]≤-2aVar ,[Heφ ]whereα= inhomony
Ep(
Vara[φe]

.

Corollary : π (ε) ≤* (2ME
1 tln (4π(×11 " ) = O( 2 Inπmn ]

.

Def) Entropy: Enta[ 43 . =옷π(×) φ(×) log φ(×1 - Eπ[φ] logEn[φ ]
= 옷π(×) φ(×) logc4] .
Set φ=뷰 where µ is a prob . dist. over - 2

. →Eπ[φ] =
1
,and



Entπ [φ]= 옷µ(×] logµ(×) =D((uI(π) . the KL- DTvergence .

Goal : bound rate of decay of D(P× "|lπ) =Entπ[뷰3
.

Def) ModifiedJLog- Sobolev Constant: D=ce=,Ep
(ntπ[ 4 ].

ThmlT× (ε] <금(2ME '+ luuπ * )⇒T×=①( 금loglogπmn ) .
Thml
*
e : -2-→IR, , 규]( e = -Ep( 요

,logφ &whereφ e=뷰 .

Proof
*
. x = φ뷰 = H+

* (뷰 ) where Het is the heat kernel of reversalization ofP,

P
←
(X .Y ) =

πcY)) [ Exercise?→ 없 φe= * (유 )=-L* φt
.

은 Entπ [φ- ] = [ Eπ( φ-logφe]- Eπ ( φe] logE. [ φe]] ( 옷π (×]웨φe(×N = O
due to

= ⒗돗 πC× x (x) log φ( (×)) = 옷 π(×)( 1+ log 요(×) ]없요 (×) ) conserv . ofmass]

[Exercise]

= -옷π(×Ilog φe(×1 [ (
*
φe](×)

.

L* is adjointon δ

,없 <7 , L
* 4>뮤<4 , L이π

.

→ - 옷π(×) φx (×) [Llogφe] (×1 = -εp(φe , log φe ) ,
Corollary : φ : -2→ (R

+

,
Ent

*
[e34①

,
Entπ [뷰] ≤exp(-pt)En* [뷰] .

Proof. Set φ= Py∞" ( initTal dist . concentrated at ×)
.

Recall Entπ [규]
*"

= D( ( ×(←l(π ) . →Da(P×비π) ≤exp(θt)Da(p×이에1

=

exp(-β t )log π(x
)

1

.Pinsker' sIneguality :211P-제류ƩD(P /1π) .
1P *"-피다≤ε+2금(ln thuπ(× ) 1)⇒* =O(h



Fact [ Exercise] . if Pis reversible ,εp(4 ,
4) =호룹π(×IP(× .Y) (×)φ (y기(ψ(×)4 Ψ(y)]

ex) Random Walk on Hypercube : 2=E ①
,

130.Decompose R
= R ,x

…

× In(o

?

Base Case'P = [ 9윙 ]. Letφ beanarbifrarynon-negative function

s
.
t
.
α := φ(0)

, β . = φ(1) . εp (φ , log호×π(×1P(x.Y)(φ(×)- φxy)) logyI
=호 (a-b] log음 .

En*[ φ]= E
π
[φ log4] - Eπ[ 4] logEaE4 ]
_

=
aloga빨-(블 ] log(블 )

.⇒Findmoalogatblogbmatayaleg음 .se

With some Hessian argument[omitted ,innotes ] ,C =1/ 4⇒β "

If we have some operator P ,onRT , P =있g:[I④Ix …P④ … IJ where 2q1 .

Claim
*

. Lef (2, P , ) ,( 2
, I be two reversible MCs on disjoint state spaces

2 . & 22
,
stat

. dist. π,π 2

.Thenthecombned MC g.(P.xI) + q2 (IxP=)

is reversible w. rt. π oπ2)Lex]andβ 2minD.q., P.q23 whereβ"P. are

log- Sobolew const. for P , P2 .

Corollary : for :① ,
(3
"

,

1→β24
.

>1→ P24/n by inductTon .

Proof . 2 = Q
,
× E0 , 13
.

P

=금(P.× I) + ( 1- 삼] (IxP에 )
. ByIH ,

β .24
, β+21 →β2 min솜은 ,

먹13 = 1
.,

⇒ T*= O(nun) ! ! !
(tight for hypercubes)

To prove
the Claim, we first introduce two Lemmas

.



Lemma 1. Ep(φ, 4) = q.돔 π(X.)εp.(φ(, X
=),

ψ
( . ,

X
2])+ q=옷, π. (X. ) .

Ep= ( φ(X, . ) , (X ,ψ . )) .

Lemma2: Enf. [ φ] ≤ 옷π.x()Ent.[φ(X, .]]+.(X)E, [φ (, X2]] .

Proof of Claim
.

ε p(φ.logφ ) = % .돔다.(x)Ep !~) + % = 곳다.(×.1Ep.(~ )

고 g. β.
옴

.(×≈)Ent
π

.[φ( ,X=] ] +g =β.옷.π . (×)Ena[ φ (X , )]

2 minEq .β , , q2 β=3 . [롯π.(X= )Ent . [ φ ( , X2]] +옷.π.(X.|Entz[φ (x, )]

I min:q.β , q. β: 3 . Enfπ [φ ],
X:=[X,X2) , y .= [y , y2>

Proofof LemmaL : εp(φ,
λ)= 호 톱π(×)P(x.Y)(φ(×) - φcy ))(ψ(×) - Ψ(y))

=

.

.
yπ.(X.]T2(X2)R .(X, Y) (φ(×,X2)

- φ(y, λ2])( ψ (X,/2) - ψ ( Y ,λ21)

+오를없.π .(X. )π= (X=)P.(X2 ,Y2) ( x )

= 9,돔(X=)Ep((φ (;X2), ψ ( . , X
.))+ q 2옷.π. (X.]E.( φ(X, 0 ) ,ψ(X,) ) "

ProofofLemma2 :En * (4 ] = 옷π(×)φ( ×1log (]Ce]
v.π[ X.]π2(X) 오(X,X2] log( φ

( X,X2)

.다. (×.7π×* )
=옮다.(X.)π2(X2)φ(X ,2) log

(φ(XyX)돌어
π

Gπ.AlEnπ(4 (X ,.1 D/ use logsobler
log /금

π다서
meudity: 5 a: loy

ㆍ. ≤Za:l
2

→ ≤ ,π.
(X.) .Tπ2( X.)4(X, λ2llog(π2(X)옷.)*세=옴π× 리침π다.(× .)φ(시 1

,allog(」 )



= 돔(×1Entπ. [φ( . , X21] . ,

Matroid Bases
Groundset

s
downward closure

A ← Indep.set

Pef) Matroid :U (E ,
JI

,
IE 2

E
where (" ,IEIandJEI εL

.

I ,JEZ, III >IJI ⇒FeEIIJ s .4. Jte εL
.

s augmentation property

Def) Basis: maximal indep . set . of a matroid M .

Fact : allbasesave same cardinally → call if
"

rank
"

ofM
.

ex) Graphical Matroids. Connected G (U,E) , E=E . I= sets of forests .
s Bases are spanning trees .

ex) Uniform Matroids : E
,
a fintte set. I= subsets of E of size ≤ k .

→ Bases are k-subsets of E .

ex) Lrnear/Representabe Matroids : nxm matrixover F, Mzn . E = columns .

I = inearly independent subsets of E . → bases are maximally indep . columns .

* We assume a membership oracde ; given J≤E ,
tells if JEL

.

Algorithm : use a suitable MCMC to sample bases to B ,

set of bases
.

Natural algorithm : BasesxCMMC. ω ith current basis B ,



Pick eEB u.dor and pick f a.d .r. from F= EfEEY B Ee3UEf 3 =L3
.

Irreducibility ? θ B →B, εe× … ,
e.3 = BθB: By augmentation

property , if we throw out e, from B , F es s .t. Ble , te; EL . induct .,
Ioptimal !

Thm) Tux of Basis Exchange MC is O(nlogn) where n1El Ccan be improvedto rlogr )

Def / Weight Funcfion : w .L→π+ .ω(I ) = E도값w답) .

acd bad 1,
B

ex)nof
MLr)

.

.. ..∵
MC23

Obs) w(0) IBI×$ !)
a Mci )

Mck) .= k- th level indep . sets . MEo)

πk on Mk : πx ( I): =별.whereZK= 다.
다.

ω(I)
.

Pef) Confraction : I εJ,
μ
I= [ EII, J

EJ 드EㆍIIJUI =J3.

Write πIikforconditlonaldistributiononMI ,πy.k ( 5) .=[ f.. 도
A Down- Up Walk Pr on Mck) : remove e εI uar . letS= EJEM ( K) |

J = I - exe' for some e' 3
.

Move to JεS w .p . a w (5 ) .

Modified Thm) 2 ≤k ≤ r .ML- S const. of P* satisfies Paz금
[IBI≤ (마]≤ nr

⇒ Tm* = ① (금. × loglog π많 ) = ① (r( logr tloglogn)) = O(rlogn ) !
_

Let A
퍼
[I. J ]= AEFes-t .J = Ite

3

.네 (… * ) Also let
MCK )



P..=KA +T
,

P

"
.
= Aknwith( I, 5)replacedby금(I).ThenP .

=PR
"

Pa,"

Claim : [Exercise] θI .J ,
πx(I] .↓

(

I,
5]= π 페(J] P* (J ,

I)
.

θ f (k) :M (k)→/
R0

and any i< k , define f
(

"= P
.

↑

P
,

"
…-,

"

f ( k)
.

Fact : Always assume wlog functions have mean L , T. e . Ex[ f"
]
= 1 .

Then this implies that[ f(
]= I ti akaswell.

Main Lemma : K≥2
,
바냐 .M (→ (R

20

with E
.
[f ( *'] = 1

,
we have

Ent[f( 떼
] ≤ ( 1- *JE

.
[nt f (1 ?

.

(Entropy Contractron )

Lemma→Thm : s.f. p.Pc=
스
ε명 (
f

)
. v [ fm] .

Claim : Ent
,
[ f"] 2 Ent

*[f
(] -Ep.(f(

k)

! log f
" )

.

If Claim bolds
,

ε
망 ( f

(), log f
)2 Ent.

[
f)]-Ent.

[
f)]! 2 급 Ent

.[f
"

] by the ainM Lemma→βk그 급에
Proof of Claim : Entn[f

"]=거떼π서 (±) f
에

(I) logf(
"

(I))
=페

π

더(II[ P.
↑

" f( " ](I ) log[ (Pf (씨 ] (I))
= 도 π퍼(I )P

서
"(

I,5]
f
'( -))log(.P, (I,L] 8

"

(H)
IEM [-서

3
,JEMEK]

=Ʃ πk(δ)f"(3) P* (J
.
Ʃ] log ( " ) byl

"

detarled balance
"

]
I
,3El[K기),μ(K]

그v니네
NEM(K(π

1(( 5 )f씨(2)"(J.I] P( I,L )log( f"
(

L)] [ byJensen'
s

Inequalrfy]
=µ

다,

πa(5) f
( '
(5) P.

γ

(5. L) log (f
"

( L) ]



= Entk[f
(*)] -ε

.(
f(
), logf "
)

.
"

Proof of Main Lemma : Induction step for k>2 .

Assume Ent
*
[f
)]

≤ ( 1 - * ] Ent* [f
"

]
.

To prove
: Ent* [f

(1] ≤ (사체 ] Ent,[ f(
"]

.

Pecompose πK = 동π.
Ce) le
,

←
서 .

By Standrd Procedure [Ex] Ent[(
←)]= Ent

π .
[f"] +Eπ. (e)Entπen[f

*)
]
.

By IH appliedtoallof
f

,
f)

…

,
f
()

,

Ent
.
[f"]2 kEntπ .[

fr ]
.

→ 돝π. (e) Entπ, [f
( ←)] ≥ (K-1 )Ent

π
. [ f" ]

.

Ent
,[
f ( 메)]= Entπ.[ f "

]

+ 동π.( e)Entπ... [ f
( K← " ]

2 Ent. [f
"

] +동다.(e)습 ,Ent, f
([ ] [ByIH on Me ]

= Enfπ . [ f
" ] +(네동π ((e)Entπe +[

f"] l+섹롱 )

그 Entπ . [
f

" ]+ 네E
.
[f "
]

+씀동π.(e) Entre. [f (
k)
]

= 쁨(Ent,[f"] +동π.
(e)Ent

π
e,
+[ f("] ]= 쁨Ent .[f] . 1

*Base Case of k2 ?s deferred to Lecture Notes. Ituses a completely
orthogonal set of analyses from the induction . This content may be
coved later if time permifs .



Correlation Decay
≈

① field
,
i λinteraction .Forsomede ,$<xeno long -

X - -

f
F * I rangeToycorrelatcons

as,

lsdelong.
-

angeIGD
hasTa =

bcorrelations
exist

Cnlognasnso
and GD has Tu* = exp(I (I) .

#IS.fsize k

↑

Hard-CoreModel :G(
U
,E

)
,D = indep .setsinG,π(I )

=λ(1 ). Z() =돔dkλ
"

← σ

、

" 、

∆

、

∆

TreeuTew:TnfinTteD -regular tree T(×)
σ

∆

Fact: D ,
F
λ c(=어 s

.
t
.

ㅿ

∆

"

있 "
*: phensetranstion"ocurs af ieildol

.

CsmalllCil large)

Thm) For graphs of maxdegree D23 :∝ deterministic !

( π ) [WtaJe: If (Kk(×) then FFPTAS forZCN)

따) [ Sly] If λ> λ.(6) then /FPRAS for I(λ) (unless RP= NP)

Def) Weak Spatial Mixing(ωSM) : hets be any subset of verfices in
vboundaury

TCD) and T be some arbitrary configuration of S . Let Pr
"
be the

probability that the rootr is occupied . WSM holds if / Pr- Pr피≤

exp (- codist (rsl) for some C)① UT,
T
' configs of S .



Proof of Fact : Let p. := (. [o(v) = ①] , prob . that rootV is unoccupied .
Zπ[o<v) = 0] 팝πv .

Pr = π.
[

OCV)=①]+ZGCOCV)=1]
=

페어it 페이다.COCVF]가위 +! ! 이 P= .

Translafion invariance → Pr= P + V .⇒ P=*pa , P
is f

.p. of f(x=*다
.

Λfcx) nfsx)

stabrlity is f
'
(×*) ∠

1

"깜다 "한,흉패깰 (fof )(x) = f (f(x))f'(x) .
X ; "At×

*
, ff .

f

)(× ) = f'(×*
)

?

'

cxxxesxbxa )nfofcal fofctx
^

Sof %(fli ×서수1 *f ' (×*) 조- 1
.

…어다따
.

At X= X*
,
X
*
= f(X*] =*

*
* 9
.

Ca)

↑ f '(×*)= - ) =-
이
x * d)

.

( b)

ca) → (bl shows d (×* - 1) = 의
⇒
X*

= .plug(nto( π )→il=없)" "
"

Sketch of a) of Theorem : L .SAW construction 2 . spatial mixing fortruncafion

Consider graph G with maxdegree D . Compute Pr[Voccupied] ? λ< ilc(D) .
) can

'y go baak immedTately
G

아

- Construct a Self - Avoiding Walk Tree TsAw(G , V) .
- Use corr. decay on TsAw(G ,v) to truncate the tree at

sAlwal ) "
level O ( logn) and do expkcit reccurence . a; , → :*4

: ≡ 인

Claim L : Prafo(v )=①] = PrsAwc.,[o(v= ①] .

Proof : Lef Ro . = Prsocu)
= i 3

Prfoc) =①3 . stp. that Rㆍ = Rπ .



R.
"

=
Zπ⒗(o (V 1=① ]

=λ.CoCu ) =①

]페ㆍZu.COC=
빠계표입다

.

1..
..
. …

π

-

.

^ oG,

v∞R
.

θ
=

Pra[:(ocv) =⑥ ] = (
h)Pra.[ o(u. )= … = δ (Ua)=디3

aun.e
업남임'Pra. [ocu. ) = . = o (wd) =①] od

= 아
) Pra. [o(Uu, ) = 11o(V) = … =β(ud) =θ ]Pr[o(V2) = ! /0( V.) = 3 ,o(V;= …=0(Va =①

] …_ 、

Pra' [o(V .) = 0 / oCU]=… = -o(Va] =6 ]Pr[ocu=1 … ]

( usingPr(CD] =
βr(ID ]

.Pv(미 A] )
= 아" T π

Ra

' where E (U;)= IEJ< :3 .
띠

→ Rr
.as
=

λZ됐. [o(Ui)=①] λ
ZG-KE[O(U:) =④]+ZG"[OS13]

=

1 f Ra-
:,π

.

→R
.
β=
λ네 이,수.이다 = λ

끊

+Ru.다 .

Rue= R "by inductiononsubfree.l

Def ) Strong Spatial Mixing : (Pr "-
P

. " /≤exp( -codist(r ,5 ])wheres
fo
.

Thm2) For hard-core model onπ ,
WSM → SSM

.

Proof .FTxoundary condifions accordingly . Let P. =PrCo(o)=①] .
Asbefore

, Pr =pr.= f(Po. .Puo) .
Need to show that IP. -pil ≤ ( 1- γ)maIPu . -P: l . This is false . But ,
Pef) MessagefPotential : conf. diff . function φ . * ,

1 ]- → /R with

positive derivative .→ same holds for φ
1

.

s Use φ(×1 = 5log(* 1wheresdd .
Work with φ (p. ) instead of po . Pr→β. . m=φ(Po) , m: = φ( Pi ) .



→ M=φ(f( φ+m, φ
-

( ),
…
,

φ
-
"
(mn )) = F( m, … .

Mn 1
.

key Fact : tXslc(D) , 7 r7 ① s.
t
.m

,
miε 4C*. ( 3)

9

.

FKmJ - FCJ ≤(1 - γ)I m - ' ml
.
.

" Implies original goal . c

sketch of (π ) of Theorem . We will actually show the following :

[sly] A poly time algorithm for sampling indo sets from Gibbs
distribution π(F) =없)

λ
"

would allow us to solve MAXCUT

in polytime w. hop . ( for λ7 de(a) ) . nO* n

Consider the bipartite graph G with independent , random D-deg .

perfect matchings . An (α ,B) - ind. set has an verfices in L , β n in R .

Let Z
.

β"
( (λ )8=없nsss/

a+oin

∆

Claim: E[Z ,
β (
λ)]= expE(α,β) .n. ( (Ho (il)3 where

호,(αβ)8 = ( αtβ)ul + H ( a)←Hcβ)+ D [CL -βH(음] - H <×)]
and H(x) = - xlh× - ( 1 -×)u ( ( -×) (two-pointentropy) .

Proof . E [2β
(
λ I]= λ
"Ʃ Pr[I(U IR τs ind . set]

차=an , IFRl=βn

=
이 (IIY IP. CGUG4 nd.btt-

at
:fo.1a11 satisfks :' smaxon

knm
.

,
1회) (tUsing u(n) wpcc)toll) ,

we get the resulton



cia) if i< deCD) then a=β= p
* is a global maximum .

) if λ> ,λc(D) then ( p
*
, P
* ) is a saddle point and (P,Pa) and

( pa , pi) are two global maxima . ( indo sets are likely to be lop-sided)

Fact*
.

W

.hop. over the random bipartite graph G of degree D ,

Z
.

↑β
( λ)>금E[Z.

"β ( λ]] θα.β not close to ① .
1
.

Thml Glauber Dynamics for ind. sets with λ> iλ.(a) has mixing time

exp(n) w . hopo over GG . ( Intuition : conductance btwn PiPais small )

Thm) Sly 's Reduction: ACinputforMaxCat ) sfI(inpt forsampling ind . sets)
(max degree wJ

" o어용.⇒D"…
?
":Dalconsider the modifred

C xD." gadget:

we have no trees with nuvertices each in terminals
. Inθty

also
,
①<θ+Ψ< 1 .

당 f장을
때

?
Fact: Forany D and λ> dc(o) , F constants θ ,ψ with θ+φ< 1 s .t .

( π ) .[SCo ) =+ ]2ynand. [SCo)= -]2 ,
(Sis the ± phase)

cπ1 Conditioned on phase S, marginal of Gibbs dist. on terminals is

very close to a product disto with parameters Pispo . T . e . ,



ma. [ π ((.3-13 ≤n - 2
θ

.

[deferred to notes due to time ]
Biskh[s zero - free ! ]

‰Lee -Yang Theorem a
£

BCpil)

Z (il ) = 동dad "whered20
.

What if λε¢ ? ?:::: "
Ferromagnetic Ising Model ZG λµ)=× IE

"" U

"
s'
where λε [)

. 13
, M 20 .

GZ (µ ]= Easutwhereak= .
IE( S
.

51 .Lef f(u ) =ogz(u )
.

Claim : θε ≤ '44
.µ ,
if /5-f (u) l≤ε , then lexpf[) -2(u11≤4EZCu ) .<ε

Proof : lexp (f ) - Z(u 1 l = lexp( f ) -exp(f)= exp(fu)llexp ()-에
≤ exp(ful ) . 4 ε ≤ 4EZU) ( Geometric fact ! )

Taylor expansion of f(u) = logz(u )aroundu= 1 :f(u)
=어녀

Truncate it affer m ferms
,
fm (u) = . "

「

쁨
.

( fm(u)
- full ≤ε ?

Wrife Z(µ)
= "(1-? )whereE 3 are complex roots of 2 s.t. lril2 l .

sf(u) = 옮 . log(-씀) =-닭(씀고.
Ifmsu)-fu ) l ≤ n. .( ≤ n (u/e ),옳(µ/e) : = n(µ/e

)m

"

To achieve / fm (u) -f(ul≤ε

/4,m그급 er.[ logtlog* , I = O( log(/e))
.

Algorithm : compute fmu)for m =Clog (E). Outpufexp( f(ul).



Computing fmfu) : f
'

(u)
=v ,이 u

→du = Z(uif
'

(u) ,

("

(Z ①) =다
.

(:] Z(
"(
①)f (

m-"
(①) [exercise ; by inducfion]

GNon -singularfriangularsystem ⇒cancompufeall
f

"(⑨ ]w
.
r
.
t .[Z"'(①

]3

m

Finding 2
"
'(① )isexhaustiveenumerafionof(잉 =O(nlog

(a)) subsets inG

⇒ quasi- polynomTal algorithm ( if Nis bounded , polynomial )

Reminder : Za( λµ)= ×Es
"U "=다

.asU".

Thm) Lee-Yang : For any finife ,
connected graph G and fixed λ1 ,

all the zeros of the Ising model partition function on¢ ke on B(0 ,
1)

.

Corollary : FFPTAS forZa(λµ ) θG ,
* )

,µ# 1

. (b/ eZµ) =µ
"
Z(U
"

))
.

Proof . [ Asano] wrife ZG(M,"µn ) =v λ
E(S ,51

.집s µ: . Say that Za
is
"

Lee-Yang
"

( f θ , μ: 1 기 ⇒ Za(µ"'μn)# 0. S

.
t.p.ZnisL -Y .

Structural Induction on: c :) φ 은 Z (µµ)=µ M.←λ( u,← u
2)+1.

Suppose ZCµ(M=) =④ .

→ 1µ디u.1 ⇒ : fµ미, μI ≤ 1
. ,

( π : )Forvertex-disjoint G
,

H
,ifZ622 대arebothL-

Y
,
Z배
:s also ∠-Y

since roots of Z빼 are union of roots of n&재 .. ~인시
) Merging : sps. by induction that Zn is L-Y .FTxallµs…Un s.t.'l I
G

니→높u + 3 ≤ : ≤ n
.
Za µ.µ = Aµµ2 +BM ,

+ CM2+ D .



We know that Zn is L-Y by induction . Thus the above cannotbe ①

if Uil , lµ 21> 1
.

Hence roots of Au' tB+C( JutD have magnifude ≤ 1
.

Hence magnitude of product of these roots is |뮤1 ≤ 1
.

(Technicality : show AF①) .
Za(µ) = Au +D → root of this [sU= - /A

,

so11 . "

* thTs does nofwork withUn / ( cannot approximate ero- field)

/ End of official lectures
,
below are Student Presentations

Laningev Algorithm for Log- Concave [Altschuler&Talwar , COLT 23
'

3

- fax)
Continuous energy function f . (R

α→ /R
, sample Xε IRd w.p. a e π

Assumptions on fo f is convex and -Msmooth
.→ λmax (arf) EM
→ x × . y , 1/af(×) - afayI ≤M 16× -y11

Motivation
.

"

Sampling from /Approximating volume of convex body

Langevin Diffusion : Starffrom X. EIRd . Consider the following diffeq ,

dXt= -☆f(X+) .dt +2dBt
.

Xt→ π as t→∞
.

Langevin Algorithm (Discrete) : stepsize 3×① ,
convex subset K≤ IRd

.

Xt대 = Xtπa( y .of(xt) +z←) where Zt ~ N (0 , 23 .Ia)
G projection tok



Question : How fast is Tu* for Langevin Algorithm? LAy →
0

π
n

MainThm) Lef K≤ IRd with diameter D . Let f1Ra dyso 1 A→ 0

→ IRbe a convex & M -smooth potential . Assume LD →→
0

π

step size Y <4M .

Consider the of above LAn .Tm*답(Y4) O ()스
Remarks : I)O(명J is also a lower bound . Consider a L-D ine

."
2) stochastic apdate f = 김If: alsoworks WLOG .

㉛ LA GD

fcx)
Task : sample x w.p . ae find minfcx) E

3

Iferation : Xt - y -of(xx)tN (0 ,27Ia) Xt - 7 .☆f(xt)
⑬ t

Error bound: eπ π

bef) α - Contractiuity : ⑥ . (Rα→ (R s .t
.

+× . Yε IR
α

,
(/ %(×) - φcy) ll≤ a. 11 X-y에

Obs) GD step and projection step are I- contractive ! (uses smoothness)

Consider Xo
,
X.

ε
K .RunXo→

… → λ t,
X
.'→ … → λi with ∠Ay .

Claim .TV ≤김이 for this coupling .
I] Pata Processing Inequality : X-µ , y ~v. [hen Dr(φ(×) 11 φ(y)) ≤ DL(× Ily) .

2) DPI ⇒ Dk(X+211+21 ≤D*(( ×
X, 2) Il ( y,2 ) ]=Da (× 11 Y)+D .



S1X-X111k

3) shiffed (KL D였 (X (1 Y)n ....Dc(X'(ly) where W. (X ,×
' ) ≤ 2

.

Ls monotonically decreases with 2 .

Claims : 1' )for f-contractive d, '(⑥(× )( 19(y) ) ≤D
"

(× 11Y) .

2
' ) θ a),

D

사("
X

+2lly +2) ≤ "(X( ly)+ .whereZ ~ N( 6,82I).
Proof : 1' ] (Xi×' ) ~( µµ

) .
(

1×-×(1≤τ⇒ 계1 φ(×) - 0 (×)11 ≤2 .

⇒ D
라

"

( ⑥(×111 $(y1) ≤ Dc(φ (×) l1 $(y)) ≤ Dn (X' l (Y ) =D마리( XI1Y )"

2
' ) Dc(X+2l1 yt2) = Da(X-ωtw

+
zlly +2)≤ D 사(X!:( ωt2] // (y , 2))

= Da (X ' ( 1 y] +,y[ DL( ωtz212 ) (×, ×,Y ]=Pa(
× 'lly ) +EC

→ .
,

Consider the coupling (ye , yi ) with . yt1 = /( y←) +2t

Prop : KL( y: lly÷ ) ≤
11 y-y 스옳다

.

{Yet , = ( (yil tzt
.



MCMC for Computing Volumes [Cousins , Vempala 18
'

]

Problem: compute volume of convex body KElR
'

given amembership oracde
LG requires ( l-ε]Vol( k)≤ V ≤ ( l+E]Vol(k) w.p . 1 - P .

complexity measured by # of orade calls
DFK : δ(poly ( n

,Yε] ) = δ( + n4 ) . K[HXIP] = O (n)

↓
Assume that BnEKE CrBn, thatis,Kis" well- rounded

"

.

← takes ⑥Lm4]

Ideally ,
K should be isotropic , .X*T= In . Then, theproblemis easy

due to concentration bound decaying exponentially out of CRBn .

Define F(o23= Ianf(o: ×) dx where
℃ f(63,× ) =IEX ε K 3 .exp (- "

)

.ThenF(∞=fkd×= Vl (K ) .

Strategy : incrementallyapproximateF().
Algorithm Sketch : consider some o

' schedule of O(금)→ O(n)→D .

sample X;wM :whereM(X )
:=f 1

.stimate
F(o2) with

K

Monfe Carlo : *도f
((
2
,

×
5).
Then

,

V = F(∞) = π F(예:) F ( 0.27.
쳐

To sample Xj wM, efficiently ,
we use a speedy Walk that has

conductance ⑥= 2() where δ≤. [Proof omifted]



Gaussian Cooling : oscheduledintwophases, O

(하미, (→ O(n ) .

phasefs :α σ :2
(

(+김)
, Phase2→ πα 8 :(1+몸)

Analysis :Let Y,
= f(

,
×;) ,

X;=µ ;

,5 =금옳
5

.E[Y]
=F(1

.

(unbiased)

Yis concentrated around ELY ] with Chebyshev ,

and O(2) samples suffice .

Each sampling takes mixing To maxE 1 ,o
3

. np
.

Firstphaseregquires
O ( n) updates × δ (회 )samples × ⑥(

2) sampling time = ⑥ (끝 )
.

Second phase has O(updates× δ ()samples×⑥ ( 02.n
)

sample time

= ⑤()
.

⇒ Totalrunfime σ(n 4+ ) ( isotropic transformation&Sω )

spectral Independence [ALG ]

Problem : M . 2
an,
[ 0,

1
I, hard- core model , Glauber dynamics .

pick : drr., movetoSUET3 w . p. µ
(U(sUE :3)+ u(sㆍs: 3) .

SimpicTal Complex : X
µ

,
make two nodes T

,
I for each I

, representing
inclusion/exclusion of : in the IS

.

Then draw valid edges wop .

T

ㅣ
5 처 Pr[ ; 6 :3 .

-0

"

.
'

"

"

"
∵

…

.>*XT'//
/////'Thenm each face

is a valid IS
.

2 Ʃ



Generally ,conditioningon mstateshastransifionsm …Pr[ Jz…im3 .

We view transitions as down- up Pa
γ

(o
,
01 )

.

I
(pare) d- dimensional Sc

Local Expander : X
µ
is (αo

.
…

,
Ada) LE if conditioned on : items ,

&conditionls, 2
(n-:)x2cn-n>

a( P
. ] ≤α .ByAlerILau20']

h

- i λ
.( Pa

"

) 5하잖다( 1- αk) .
→ nxn)

Influence Matri× : π (π 15) : = Pr [jl :] - Pr [ ; 1 i3 .

n - Spectral Independence : λmax(ψu) ≤ y .

(7 .
…
. Mnal-SI : Imax (Yucisil ≤ 7 , where ISET .

bThis allows / - λ a(P . ) ≤금(1- ]
.

Quantum Metastability [BCV 25 ]

Background : consider spin system on G(U ,E)
,
IV= n

.

ClassicalreV
to Etl3

Quantum
…

con figurations VEV to ¢
2
tr(p )l, PSD

state σ : √ → E±13 quantum state PEKnxal
Hamiltonian HC0) His an operator .

-βHCJ - βHGibbs ? distribution πColae state p ae
AP-I

Markov Generator heat kernel e(x.y)
=e
다 Lindbladian L



Quantum Gibbs sampling? design Zs.t. L (P] =① ? ≈ ① ? (metastable )
s Are metastable states useful? Do they satisfy properties of p?

Def] ε- metastability : lIL (aI 1 , ≤ε .

Prop :FX 520 , any intial state 0. . Thenthetime- averaged state
.= .수 e" [o.]dtis ε- metastablewithE <를.
Proof .equationofmotionis σt = L[0a .

→ 0-0. = S
.

"

L[ox3dt

= L [S
.

「

o
-dt] = T . L [o+3

.

→F 11LCH, ≤ 11!+10 ≤2 에

IICA ; CIB=1
.

Classical(Global )MarkorProperty. c on π.⇒ oaLocl op

Area Law : S(×) =옷P (×)log(×)) , I(× ]y: =s (×)-S(y)
-S(X .Y)≤ S(X)

I(X; y ,
2] := I(X ;y)

- [ (X .z 1y) .⇒ I( A ; Ac]π ≤ laAl (boundary of A)

Quantum Areahaw : S(β) =Tr[Plogβ 3. I (A ;clB① 6 notinlocal .

ThmLItε-metastable state 0, θ A드[n3 , I(A ,
A ). ≤2β II2H11. + ελ eUIA

1.

Local Approx . Markou Property : I(A ;ClB ). exponentially decays .

Aor

Cis
"small : something like I(A ;( lB)≤ emin(Al ,l1) . e

-dist(A
,
c)

∆

Irecoverymap

Thm2]HE-MS 0,
θ A≤ [n3

,
JR s

.t. θ noiseA, ( 18 -R [A[o ]311,≤neulA
'

E
↑

.

crhm2) (Thm 2 )
Bottom Line wlo proof : Metastability⇒ … s Locally Markou ⇒ Area haw



Couping From the Past [Propp& Wilson 96]
깔 Naive MC : for : E [NI

, sample randomseed ro.,e .
A→

"

O⑬

쇼 ↓
start from 2initial states

,
evolvewithrE

.

θafirsttimetheymeet→ coupled, return that state .

Observe
:

ifwecollapseafstateBaftimeA ,thenattimet터) , we

must have collapsed at state A . s Naive forward MCnever outpats state B !

Lef f .2× [9 . 1]→2 be a
"

global
"

coupling .
T
.e . θ×εD

,
r ~U[⑯ , (7 )

,

PrEfcx=y ]= P (xiY ). Fxa timet ,thenfe( x1= f( x,re).

From t.totv :F
.
β(× ]: =(f. ….f. )(x )[compos?ion of f← )

Prop: Pr[ F."(× ) =Y ]=p× , y) . Proof : Induction .

Let Tbe the first time when XED, IF.TC×x 11 = 1
.

→ IS F
.

τ
(x= π(X)? No , but motivates coupling from past , Fm (× ) !

hm)T Fm
0

has the same disfribution as π
.


