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CSPs

V . set of variables
_wor.tosizeoftheinput

D : constant size domain

Constraints ( constant # of variables / constraint )

Questions inCSP

satisfiability :Foraninput I , F asatisfyingassgnment ?
s DTchotomy Theorem [91 ~ 18]

ApproximabilTty: find an assignment satisfying max # constraints
Ls PCP Theorem [91 ~ 92]→ Unigue Games Conjecture

sSatisfiable Instances
,
Promise CSPS

Counting: find the # of satisfying solutions
Random CSP : Average case analysis
bStructural Questions : ±) Pr [ I is satisfTable]= L or ① 로

→ Solufion SPace : 1) # of solufions 2) Geometry of solutions
→ Algorithmic Questions : How to solve a random input algorithmically?
Quantam CSPs : Local Hamiltonians



Meta- Questions : 2SATEP
,
but 3SAT ε NPComplete . Why ?

Ls This is usually hard , but CSP has a good expainable theory !
ㄱ

s Given a description of a (sPp
,
is PEPor I ENPC ?

⇒ What is the best approximation rat:o for (7 ?

Satisfiability
Def ) CSP : ACSP Pis specified by :
1) Constant sized domain D

2 )FinitesetofrelationsER, .I over the domain

e×xI D = E 0
,13 . R = E(0,0) , (o, ( ) , ( 1 , 0)3 . R2= E(0 , 0 ) ,( 1 , 1) ,( 1

,
0)3

.

R3 = { (0, 0) , (o, ( ) , ( 1 , 1 )3 . R4 = { (o, 1 ) ,( 1 , 0) ,
( 1

,
l)3

An instance of (SP F is : Variables V = {V」… ,
γn3

.

Constraints C
.
Cm
,

where each C? ≡ some R, applied to a subset of V .
ex) P has a relation Rwhichisbinary &symmefric .RE

2

s Ris a graph H : Instance of Ps Graph G on n vertices

CSP( (H) : 7 a map f . G→H s
.

t
.
θ cu

,v)εG
,
( fcu)

,
fcas) EH

.

H = 8
.

→ this corresponds to 3-Coloring ! What about

=
:

소 ( in P) or= ( in NPC) ?



[Hell - Nsteril] : 1 EP if H is biparfle , εNPC otherwise .

Schaefer's Theorem . Among all Boolean (SPs, following are inP .
1] 2-SAT 2) Horn -SAT 3)Dual Horn SAT 41 LinEg. 5)TrivialCSP

And the rest are in NPC .
ball variables are negated

[Feder -Vardy] : Every CSPis in P or NP - Complefe . (Conjecture)

Polymorpbisms
ex) Linear Eguations : [ Axl= b] over π 2

.

Suppose we have 3 solutions to the lTnear systems , AX= Ay = Az= b .

Consider A(X+y-2)= b . (X+y -2) is also a solufion .

Polymrpcombine solutions of a CSP to produce another solutTon .
Concretely , h. π.

3
→ π

2
,
hca

.
b

.
c) = a- btc (mod 2] is a poly morphism

for LINEQ since θ Ax =b
,
tX

,yiz solutions of the following produces
X = [X",

X
마
,

…

, Xim] a new solution w = hcxiy .2) .

y = [ y
"

, y
며

,

…

, yo
"

]

2 = [ z
"

,
말

,

…

,
Zc
"

]

ω= X*y- 2 = [X"+ y"-Z" ', … , Xcnxyn
)
+ zin

']



Some polymorphisms . 2- SAT → Maj (aib .c) , HORN - SAT→ ANDCa .b) ,
Dual HORN -SAT→ ORCa .b) , LINEQ

→ axb-C
,
TriVTal (sP→ any h .

X⇒Y Y ⇒2 E⇒N 이 ㆁ

니×1 X→yW솜없며
" 아

( For 2-SA] y⇒π

Every (8P has a trivial polymorphism : hca ,b ,c) b (dictafor function)

Cotherwise S E NPC)

Algebraic"Dichotomy: CSPPEPiff「 thasa nontrivial polymorphism .

sWe can recursively combine h for more polymorphisms ! Cuniversal algebra
*

)

ex) Ma;(aib .
c)→ Ma;(a , b , Maj(cid ,ellmaswas

[Hardness] . no nontrivial polymorphism if PE NPC .
(O3 ~ 04)

[Algorithm] : nontrivial polymorphism of P imples PEP . ( 18019 )

Theorem) (SP ?reducesto( SP( BiffPoly(:]EPoly(1: ) .

Polymorphisms as Solution to [SP (WLOG ,
3-SAT) . Consider

Poly
(β '

( 3-SAT)
,
a polymorphism on 3 bits of 3-SAT candidates .

ol l → hicx3= X ,

.O :O 용 : 8윙 !D→ hz(×)=λ2
→ h 3 (x) = X3



h(o,o 10) h(o ,0 ,1 ) - - halil
,
ls where hca

,bic) :: 0 , (33→E0, 13

Xo 0 o Xo
. .
- Xinn

→ 8variables
PICT3SAT

"

. = (Variables: EX . 00 , … ,
X
.3

,

Constraints= everyE constraint satisfied by the dictafor function3 )
.

s
any assignment on DICT3SA"isa functionon3 bits.

Claim :anysatisfyingassignmentforDICTsAr is apolymorphism for 3SAT .
Generally ,

θ I
,
fk

,
a satisfying assignment of DICTo is a k- bt poly. of 1 .

Def ! Dicfatorship Gadget : DICT'forallfandartty k .

PICT3s*
"

8: instance of 3SAT on 8 variables .

G 3SAT has no nontrivialpoly . the only satisfying assignment
to PICT3sβ

"

areh .
(
X,
,
X2

,
X3) =X, … ,bs(X,X2 ,X3)

=X3 (dictaforships )

If we were to reduce 2SAT→ 3SAT :

(XVY ) ⇒simulateDICT3sAr
( 3

Xou x Cremaining 6 aredummy↓*O y varrables ]

Generally ,if Thas ksafisfyingcondTtions ,reduce 1toPICT.
Then

,
DICT,
"

'proveshardnessiffwecannotadd more rows
"

to it
.



Algorithms for (SP : Suppose Poly( 9 ) is nonfrivial . Then [ EP .
G Two big ideas : 1) Local Propagation 2) Gaussian ElTmination over#p .

Local Propagation: Consider a 2SAT instance , ZN (XVw) Λ(×My) .
Look at local states and eliminate infeasible optrons . Affer 「tstops ,

⑪ ⒕ therearesetsofplausible local states .

8 :
밝!잎Avidtn

locdpropk-

fJaselofassignmentspartial

k- tuplesSE!

AsEE01

. ⑩ 용b partial assignments As are consTstent ⇒TES,
Ar is consistent with As ifevery assignment O+EAr canbe extended to

an assignment in As .

Def) A CSPI is widthk if a widthk- local prop . decides $ .

*LINEQ is not bounded-width ! ( Intuitively ,
local condifions do not

imply anything about the system as a whole)

* Local prop . can be simulated by LP , i .e. LPs that execute local prop .
bVariables: Ps

.a
for SEU

,

αεEO
,
lBs 'wherePsx= IESis in statex?

Constraints : (Sis assigned somea) sPsa= 1 .



(extension consistency ofS/ PsoEi, xo + PsuE:3 ,× 1
=Ps

,
α

(ViolatonofS )Ps,a =O if a violates a constraint of (sP forS .
* Gaussian Elimination is not captured by LP/ConvexOptimization !

brlowever
,
a general algorithm for CSP must involve both LP&GE ㆍ

Randomized Algorithm for LIIVEQon 2 :starfwithOc) random inputs .
Delete any candidates inconsistenf with the first constrainf

'
s parity .

Then
, produce O(n2) inputs via polymorphism . Repeatover constraints .

Probabilistic Checkable Proots

acsept / reject

Def) Proof System : A verifier (Claim ,
Proof ) → E0 ,

13 ε P

Completeness: True claims have proof [if Claim=True ,
Fproof s.f V[C , p]= 1)

Soundness : False claims have no proof (Tf claim=False ,Aproof V [C ,P] =⑥ ]

bIf we make the verifer probabilistic , we constrainon Pr[V [Cip]= b1i]22리
3

PCP .verifcerisprobabitisticanditreadsonlyθ (1) bits of proof !

Pef] PCP (q,(10 .9 = #ofqueriesintoproof ,L= length of proof

Naive PCP for 3SA.Claim: φ τ ssafisfiable,Proof. .XεEO ,Bn
.



sVerifier . Picks a random clause Cfrom 0
,
checks if C is

satisfied .

⇒ Complefeness is evident , 1 .
⇒ Soundness : f is not satisfiable , then θ X , FC s.t. × violates C .

sPr [verTfierrejectsX]2= 금y에이1
. "

claim

Connection to CSP : DVERIFIER등 randombitsεEo , 13t←
T (25) ↓ 눈 PK

ofI.-- Iil'. aconstant # of

√
For a single execution of the PCP, the verifier expects bts P.ε …

PK 3

fo satisfy a certain constraint on those bits ._

The set of all possible executions gives a setof constraints on
local bits

.
⇒ CSP instance Ir

.

maxproofpEPr[VCC,PJJ3maracignmeprafhysEVal (Ivipfraction
ofconstraintsofIoatisfiedbyP

Theorem) PCP Theorem ( 91] : NP = PCP (θ1), polycm)

Relevance: Proofs ("Computation
"

) are brittle objects , T.e . one

false claim in aproof can break the entire proof. Then ,
[t's surprising

that we can check a proof 's validity with only constant # of samples !



Exponential STzed PCP for NP

Claim. NPEPCP(30
,
2
⑫

)
.

The NPC problem : QUAD -EQ .
Variables . X, … ,

Xn εE① , 13 =X2
. →

ex)X .X- X3 = O

Constraints. quadratic equations each on 3 variables .

Goal. Is there a satisfying assignment (decision problem)

Proofof QUAD-EQENP : CIRCUIT-SAT ≤
.
QUAD -EQ

.

Consider a CIRCUIF-SATwith OTN and ANDgates. Variables will

be all wires in the circuif
,
ω
.

…,wn.ForallDe"
,

ωiW; = Wk .

For all -1>0ω "

,
ω:1ws . The output wn= 1

.

Reduction is complete . ,

Hadamard Codes ( Truth table of inear function ]
EFan SI→ FR)

∞ Encode(l , In )⇒Tableoflinearfuncfion( (x)=< l , ×>= :l :λ,

s In effect
,
we encode n bys into 2

" bits ( 0
.
l
,
l,

l
3, litl ,->

self -Correction : Suppose 2 . k
"
→2 that is ε- close to a

∝

Knear function (Hadamard code) L . Pr [XEh",
L
(×=P(×)]자요

.

HXE2
"

,wewantL(X )from(i× ) .Consider(Xty) -Ly ) .



* A true inearfunction L wouldyieldL (×ty)- L(y ) = L(×) .
Clarm. Pr [h(xty) -E(y ) = L(×]] 21-2E for a random y ~ Fh .

.

Proof . FTX X . When y is random , Xty is uniformly random over 2
"

.

s λ(×+y)= L(X+y)Pr그라 ε
,Pr[1ε .

의 ea

⇒ By union bound , Prle , Mez] 2 1 -2ε
. 1

Alater)
Theorem) Linearity Testing : Suppose. 2"→F12 satisfies

PrLE(×*y )=λ(x)+α(y)] 1 -ε , then Fa linear function L
xiy

s
.
t
. Pr [ E(X) = L(×)]과ε .
×

Intution:Totestlinearity, samplexiy√ F .
"

.

Test whether

E(x) t(y) = λ (xty] ( Linearity test is sound )

A Testing Problem. F = (λ… , ln )ε
"

.

Testif e =O ?

Suppose we have access to [(×) =< l ,×) . Then ,
check L(×) = O

for d randomXEF2"
.

Claim .Supposetf . P* [ L(x)= < l ,×> = 0] 212 . (Exercise)

ConstrationofPCPforQUAD-EQ: Variablesl …. Inε2
.

Quadralic equations q: (l) =O for디…
m
. Suppose l satisfies .



PCPProof : LCX) :=< lix >CHadamard encoding of l )

윈
→ 1 lx 1 =R

H(×) .G
"2,

시
( ×)8 =Hadamardencodingofl *

르El :l : lTiJ ε [n33
ㅅ 2

m로

>
_

매(X) :-

H ((C;))= :G;l :l ;= < C , l *=>
Verifier : Suppose the provergTres γ(x) and ( ×). First , fest Z

is ε- cdose to a linear funcfion using 3 bTfs in linear time . Next fest

π is ε-closeto alinearfuncfion급(c )= :M,G, (3 biys1 . If these

are not E-close
,
we willrejectwithprobabiity E . Now ,

we can

^

pretendwehaveaccesstoL andHuTaself - correction . We test

if M; = lils K,; ( linear to quadratic consistencyJ . If so, we are
convinced we have access to true L and H

.

The goalis fotest
whether q:( l ) = o for all q . … Em .

Pick r. …TmEIF
.

Lef RCl)=

IFq: (d) .Testif RCe )=Ʃ l: l; +ssil: +b = O .

This is easy
sincewecanrewriteR (e)= H (rr;)+ L(s ) +b .

We recover

Hcrig) and L(s ) each with 2 bts of Hand . Then, Rgives a

possible rolation of l based on .
.
rm

.

"



LTnearity Testing

Input : 8 .k
"

→π
2
,

want to testif f (s close to linear
.

→ pick X.Yε2
"

U .d . r. Check f(xty ) = f(x ) + fcy ) . [BLRJ
Blum- Luby- Rubinfield

Thm) functionf , Fa functioninearg s .t.dist( fig )=, [ f ( n ) Fgcm]

≤ 9/2 Pr [BLRrejectsfas
.

(

akcanbe removed if done with Fourier )

a Facts :

1) + 1 = - | (mod 2) → ×*y =X
-Y ,

×+ y+y=X .

2) fiX XEFEn
. Y ~2

"

U
.
a. r . ⇒ Xty ~ u. 9 . r.hn .

3) fixVF6, Y[ <V, ×>*0] = 호 .

Reminder) f(x) = fcxtz) - fcz ) if f is linear.

Pefine g(x). =Mn(f (x+2)-f(2)) .
→ Pr [ Bhk rejects f?

ClarmA : g is a linear function 「5850 .

ClaimB :dist
. g ) = P* [f(x)4g(x)]≤28 .

Let *= P죠 [g (×)
= f(xty) - fcy )] + X .



"

Surprising
"

Claim . +X
,
P× 2 1 -28

.

assume gc×)= 6 .

Proof. Consider P .(f(xty )-f( y )=f(서- tforafxed x
.

L→ f(x+y) - fcy) is a bifwith bias Py . ⇒ Pr[A]: P×P× + (-P×)(I-P×
= P2* (1P×P

.

Now
,
consider event A : fcxty) - fcy ) = f(×t2)- fcz)

⇒ f(XtY ) + f(xtz) = f (y ) + f(z) (we can Tgnore ± )

→ Pr [A] =값 [ f(×+y ) + f(xtz) = f (y ) + fcz )] .

∞ f(y)+ f(2) = f (ytz) with probability (← 8) .
∞f (×xty ) + f (×*2] = f(xty+×+2]

= f (ytz) with prob . ( 1- 8 ) .
⇒ Pr [ A31 - 28

.

⇒ P×β+ ( 1-P×P
=

Pr[ A31- 28 .

⇒δ 2P× ( I -P×)옮고1 -P× ]⇒P×2 "

Proof of Claim A : Need to prove g(x) tgcy ) = g(×ty) θ×,Y .

g (x) θ f(xtz] - f(z) with prob. 1 -28
.

(due to surprising claim )
+ +

"

④ ⑪
g급

(서y )?
fcy+ 1 -f(o w )

fcxty+ztw) flztu' "
(witness]

wopol- 8 wopotf one instance is enough .

2Wepof -88over2 Iw ,all⑤ happens ⇒ 52 ,W s.t. this happens .
L→ 5 -8870→ 85급 ⇒ g(×ty] =g(x)+ gcy) .



Proof of ClaimB : P. [f(x) +fcy) ffc×ty ,]
= 8 ( def . of BLR)

s P. (f(x)Ff(x+y) - f(y)] =δ . Maj(f(xty) - fcy)]
_ y

Let Bad .= (× 1 f(×) Fg(x)3 . Pr [fx )Ff(x+y) - fcy) | ×εBad ] 212 .

y_

Pr[fcx) tfcy) #f(x+y)] 2Pr[xεBad ]. 2. PEXEBad]
⇒ Pr[XEBad] ≤ 2 .Pr [ f(x) + fcy) Ffc×ty>] = 28 .

,

ExP . PCPwithLinearityTesting :Whentesting Eand , use BLR
to test if they are Eε -closeto alinearfunction .Eachreject

with prob . I(ε) , and if nof , FlKnear functions L and H s
.
t
.

dist (E
,
L) ≤ε and dist(π

,
H] ≤Ʃ

.

Then
, pick XYEFh

"

U . d . r .

Test (Il:x:)(Il:y:)=L(X ) .L(y ) =H(Xy ] =H ☆X:Y: =.il;X: Y3 .

More h Facts?

PMEan[XTMy=ƩMzX: Y;F6]2 Y4 HMF 6 .

Proof : MF1⇒Fa row MTF ① ⇒ My1 : = <M : , Y> .
M :FO,

B [EM:,Y>4 O] =2⇒W.22 , My 4 O .
→ Pr[<X , My> 403 z Pr[My403 . Pr[<X , My>#/ MyFO]2늘일*

,X

⇒ H(×y) - L (×). l (y)=× THy - xillTy = × T
( fH-ll] y . If H -ll

" FO
,

by the above fact , Pr[×
「(H-llr]y FO] 2 Y4.⇒ can detect HFllr wop. 2 Y4 .



Now
,
take a random Knear combination of consfraintsqE3

.

This can

just be wriften as some ƩAzlil ,+Ʃb :d , + C =H (Az)+ L(b) t=O.
If any of q , (l ) , … ,qk (l) are not ① , wop . /2 , PE[:(q:(l)tO]2급에
* Soundness Boosting for Lin .Test : say we sample x(Yε Fhn ttimes .

Iff is E-for from linear
,
Prob[success] ≤ (1 나ε) twith3 tbts

of reading . For t bys , best possible soundness ist .
* PCP that reads t bits accept wrong proof w.p. 다

.

Suppose S. NPEPCP(t ,polycn ) ,ε)Ja csp with constraints
on t btss .t.FTSNP-HardtoapproximatebetterthanE -factor.
Forε=

,

if S(ε) [s true
,
θ CSPs with constraints on tbits

,

Fa- factor approximation algorTthm .

Expander Graphs
Most connected graph . kn , ( 모ledges . To break kn ,

we need to delete

a constant fraction of edges . ratto of edges
crossing 5→5

Def /Edge ExPansion : For G(V ,E) ,HSEV s .t - (SI임
,
d(s)= ㆍ (2.dlsl
.

s Also
,
①(S] vo
.

Iu4SI where NCu) is neighbors of V . # of edges incident inS



Pef) Conduct nce: $ (G]=minknk온①(s)3
.

sdegreend

Def) Expander ( 1) : a d- regular graph G(V ,
E) is a (a.d) - expander

: f P(G)2a=QC 12 . (combinatorial )

Theorem] [ LPS] Fconstantdegree expander graphs with constantexpansion .
s Pick a prime p . Verticesareo, 1 , Pt ) ,3 . Edges are:
X → Xt1 (modp) , X→ x- 1 (modp ) , X→ Yxcmodp ) .

This is a degree-3 graph and is an expander. ,

Theorem) A random d- regular graph Ts an expander w .hop.

*Notafion : Adjacency Matr* A ;=온 (G,5 JEE 3 .
Fact) Every real symmetric matriy A has :
1) n orthonormal eigenvectors V;,Vnwith eigenvalue λ. , , in .
" A=Iλ,VV .fordisda?…>dn ,λ i=maknE국,

λ

.
=
ma*.
v.

E 3
.

Def) Expander (2) : A d -regular graph is a (diλJ expander if
max : λ2 , l λnl3 ≤ 1λ .

(spectral )

td -regulargraph ,λ= d ,
Vi = I

,

and all other λs live in range Ed ,d] .



Theorem) Inad -regulargraph,φ(
G

β≤ 1 -λ / d2 where

λ .= maxE 2
,
lanl 국 (, cheeger

'
s Inequality

A=dof.+ 옮where 5 . = [형
…
금]

.

For a complete graph, A..So, 「 fMTs" negligible", A feels
like acompletegraph!IIM11 =maxE2 , l λnl3=λ , (IM×115 λ11× 11 .

Claimld(G) 2 (1 -maxEλ| )
.d

Proof . Fix a set S
.
Lef 1s =[IEV.Es

3
,

…
,±UnEs3]

.

I 5 AIs= :Az.fs( : ) .Ls( ; )=sA :; = 2E(s ,
s)

.

Then
, E (S ,

5 ] = dISL -ECS ,s ) =dISI -IAIs
.

s d(s) = L-s1 .

We define a new graph L as suchs

Defl Laplacian Mafrix : L . = d(Id ) - A .

☆EAX =그다,X*X 5

.*ㆍLX= 도(X-× ;]β=d9

X
,β-그EX:X] .[GIZ]EE

λ
. (L) = d - λ ,

(A )
,
λ=(L)= d -λa(A )

… .

d(s) =S1
.

Claim : E (S
,
5 ) = 1

,

다(
Is( 1-f( 51 ):#ofcrosingedgeeGIECT

,
J ]Crossec s×53

'



→ 15 =Ittwhere← I5. ( 1봄 is <I , 15>) d-λ( ]

→ ULU =I :CL ) .EV* , 4stLI ; = λ
.( L).<5 *2>+침:(KAs,.

그 d ( -λ ).×<15,* . $Is=s ,

111=$-름 =키s $(씀)
. ]

고 (d-λ )이 S1.(시씀) ."$( s
)=ㆍ)= ( 1-승 ) (시위⑫* (-승)

. .

Def ) Expander (3) : Graphs on which random walks
"

m?x
"

Tn θClogn)

steps .π *= distribution of endpointv affer tsteps . i.e. in
t=θ(logn) steps , I|표 - Uniformll ≤금 .

act)F π, = A. π ut. Inparticular ,πut =(altπθ .

Fact) Expander Graphs behave like Complete Graphs . SMT =

bExpander Mixing Lemma : Gis a (nid ,
λJ expansion . S ,TEV .

Eis howmuchof theedgescrossS →T. For a complete

graph Kn ,
this is |s이율) I

1-이없,I ≤λN쁨

AppicationI Reduce the randomness needed for errorred
Setup. A Ts a random algo . * [A(Xir) is correct]20 . 6 .

Run ACXir
. )
.
…

,
Acx

, ra) and return the majority rote .



Total randomness ased is K 이 1biys. Successprob= ① ( 1 - e-
rck))

.

Idea. Let Ause R bTts of randomness
.

FTx an expander graph
on vertices E④ ,13

R
.Let .= new randompoint on E0 , 13β .

a
. Pe are generated by a random walk in the expander.

use K
.
.Pk as the random bits for trials of A . Weonly

need Rtlog( d) randomnessand? .… .k still satisfies random-

ness properties of A .

.
NIdeg s CA

'
= Mx$2,

$
1☆

s
" badedges

"

LemmaL ) Let G(UV,E )be a( nid ,iλ ) -expander. LefFEE be a

subset of the edges .[ t-thstepofwalk εF/ o -thstePEF ]< ||+ [김)당
Proof . Let v .= starting point . Let r IFANCvil / d. ( prop. of badedges)

LetXv= PrEv is the first Vertexlo-thstepEF ]
=IFAN 페 일=다 .

Then
,
Atn . * = prob . disto of w (vertex affer t- ysteps) where F= (음) .

P=동 (Att. * Jw.Yw [pob . that tt) -th vertex isw3 . [t-thstepEF / w] J
.

*= * " + * twhereXll is the component along I and *
' tisorthotof

* " =<*
,
I() ) . ( I(형)) = (도 * " ) 임소 =금황 .

(AI = I )

AX = A 터
*

* + A 터* 1= *" + [ a)더
*

1
.

P=< A+*
x
,* ] =& < A+*

,
*>=뮤 <*" +(*)

더

*;
,
* " +*+Y



→ yn

= 지품 (<*" , * "> +< (크]더*」 , * ->] ( since *"그*; , [음!
더

*" =* " )

스용 (김에 (]"
*

11 이*H1 ) ( Cauchy- Schwartz )

스쯤( 금+ [ 승)( * 1이* 계로), andusetheboundl1 *11≤11*11
:

^
_

* ITIP =동XP1 동XvmXw ) =MaoXw ) =m(
IF]≤ 다.

→ 오용(금 + (하더 .넓] =봅 + (있더
. ,

Upshoto no matter how F is selected , we can
"

escape
"
F wohop .

Dinur 's PCP Proof
queries

lengthofproof

Recall . PCP Theorem⇒ NPEPCP (q ,
;

L5 야K

tsvariables
Pef] 2CSP : Given by G (V .E ) , a constraint graph , a constant sTzeL .constraintsd

Aset of aullowed config of edga e .

An assignment Ts o : →Ʃ. Constraints areECe× 도I eEE 3
.

o satis fTes edge e = (u ,
v ) if (o(u) , ocu )) ECe . The value of o ,

Val(o) = fraction of constraints satisfied = 다 . (# of edges satisfred byo) .
OPTCG ) = MoVal co )3 .gap)=1 - OPT( G) .

MAX -2CSP : Given G(V ,E) , compute OPT(G) .

. @)

Proof of PCP Theorem: 3SAT (some NP-eproblem)→ 2CSP preserving

completeness [ $ [s satisfiable ⇒ OPT(G)=1 )andsoundness(l is



unsatisfiable⇒OPT (G)< 0 .9
, gap> o . 1 ) .

Idea. Pick 3 -Coloring for d , which is already a 2-(sP.

3COL ε NP-C
.

⇒ Complefeness . gap ( G) = 6 .

Soundness . fcoloring
→ how to make this

of graph G ,
Fa violated edge ⇒ gap(G)고급의 a constant?

.

Idea: Perform a series of reductions to amplify the gap to , say , O. l .

ΔThe Reductionsaec
)nap

(anTG γ.2.'saeca)=

ocnsapla=2r . 2
. FG"

b repeatthis reduction θ(logn) times , starting from 3-CoL (G) . Then ,
sTze(G*) = Clogon = poly(n) , while gap is amplified .

cM

esDaphltpDAducton nE4 Inhirze,ZCSPalphabet로
gap(G= degree 2dgap= rko

^

「

2CSP ce )

「
size G( 4)= C . sTze(G 3] gap amplification

「

「

C)□Jiphabet reduction alphabetI dt (Parameter t)
gap=통도←→ degree

gap(G4) = top ( high- level diagram)
_

DegreeA
)Reduction:deg(G) =D . Produce a reductTon to G' s.t . deg(G) = 4 .

Suppose JV with 24 constraints . Make D copies of [f , V1 ,
V 2 ,
…

, VD . Assign



a single edge to each of them . Then , connect .. ,Vo with a degree3

expander of equality constraints . " # of verticesin G= # ofedges inG 1 ,
and deg(G) = 3 +1 (3 for expander , I for singleedge) .
Soundness: Suppose gap(G)≥γ ⇒ gap ( G

' )2 040
.
Call the

set EU
, . ,Vb3 Cloud(u ) . FTx any assignment o: V (G') → 2for

G

.

Define 0 : U(G)→도 where o(u)= PluralityEo(U(" ) / v ("ε cloud(v )3
.

smost[ popwhar>

Pefine Badv= V| '(V") Fo(v )3
,
the vertices inconsistentwith equality .

Proof of Soundness: θ original edge (u
("
, V

(τ) ] ε constraints in i' from G
,

if o VTolates (u("→ V" )
,
then either 1) σ

'

also violates that constraint
,

or 2) σ(u)# o(u" ) or 3) σ(v )Fo(v" )
. Then

,
# of edges

violated by o ≤ # of original edges urolated by o <+동 Badof (union)
.

Also
,
# of edges uTolated byo2 γ이티 .

⇒ # of origrnal edges Vrolated by o:IBad이≥ γ .El
.

α

CaseL) α2 %이티그 8. 이 EY since /E1 = 5blEl (some constant mult )

Case2)동 (Badl 202(E
1
,total #ofmnorfy rertices2차이티 . By

expansion of degree -3 graphs, in cloudψ ) , at least Badi 1/5 eguality
constraints are uTolated(someconstantfraction

)

. s Fofvolated constraints

그롱 ( Badvl/52%이티 20%이데에



Expanderzing
)

: deg(G ) = 4 ,
but not an expander . gap(a)= γ/40 .

G ' = GOH where H .= some degree-4 expander . V(G)= VCG) , but
→ all possible pairs

ECG ) =ECG] UECH )

.Constraintson HaretrivialCe ×I veEl .

gap (G
' ) = gap(G)/2 .

Ea )

Gap Amplification : G is a ( nid ,
λ) - spectral expander → G .

Idea : V '=V
.

For assignment in G ,
0 : U →2

,
in G, σ (i ) β =

"

opTnion of V on all vertices upto distance t
"

,
?
.
e
.

θ w s
.t
.
distcviw) ≤ t

,

' u(, ).ε L , whichis"
U

's opinion on value on value to be assigned tow
"

.

Io'(uil < Itdtdttdt.Thus ,0:
V→IHded

.

Constraints are :
random

E
'

= Eallt -stepwalksin G로
,

i
.
e . (a ,blEE

'

dibl are endpoints of a
δ
'
Ea) oacb)

t - stepwalk in G . . o o o 0 0 0 0.앰
t- step walk in E

O
'

Ca) holds opinion on all verfices on the path , as well as olcb ) .

Check if they are consistent along all vertices on the path AND

that they satisfy the constraints on each edges on the path .

Completeness : If 7 0 satisfying G ,
then let o ' be constructed by τt , ,

Soundness Goal : If gap (G)=γ , then we want gap(G
' )≥ tr

.

L .
σ
'isanyassignment ,andifwillviolatetr/Ell ormoreedge



Proof Strategy : Ise ' to define an assignment o : U→2 .
Define

δ(u3= Plurality⑥ ' (v) ]ul VE N +( u)3( *N +cu)meanst -distance neighbors oful

Since gap(G)≥γ , 0 Violates γ
- fraction of edges . Let F .= Eedges

Uiolated byo3 ε E . Consider a t-step walk inG (anedge in G' ) . If
the walk contains an edge in F, say (u ,

v)
,
(σ(u)

,
o(vs) violates it

.

Since o is a majority Vote ,'(ar) u ≈ β(u) , and (o
'
(비).≈ o (v),

and the " average
"

opTnion of a and b also vTolates (u ,v )
,
thus

(σ '(a)
,
σ
'
(∞) ) vTolates the t- step walls . ⇒ When a t- step walk

contains an edge inF, the t-step walk is Violated . ( W . c . p . , intuitively ]

In an expander graph , every step of a walk is a
" random edge

"

.

AgapofoGi
b PrChitan edge inF in a t- stepwalk ] = 1 - ( 1-r)←= tr .

Formalisms : FTrst
,
we concretely define

"

t-stepwalks .

Def) After Stopping Random Walk (ASRW) :
1I pick vEV uarr. 2) Take a random step to a neighbor.

3) stop w .p .
Y*.

4
)E (se,gotostep2 . → EC lengthofwalk ]=1+t .

Def) Before Stopping RandomWalk ( BS RWJ: Interchange steps 2and3

from ASRW
. EClength of walk] = t .



(∞ In both cases
, EClength of walk] ≈ t , mimicking a t- step walk .yθusvik

Lemmal Fix a KEN ,
G(U ,

E )
.
ConsTder ASRWI exactly kstepsonedge

Caiγ ) .

uum
a ‰

.

.
. immme
wowb

1) Distribution of b in θv.≡ BSRW starting atu w .p. Yt .

2] Pistribution of a in며ASRWstartingatu w . p .yL .
3) a and b are independent .

Consider θ uv,ak .=AISRWI at least k steps on (u .v )3 . If satisfies the

above 1
,
2

,
3
. θuv,

=
k:
θ usv, 21- Qu-v ,2t) wTth abuse of notation ,

and the "subtraction" of fwo distributions still preserves properties . .
of< olthƩ ste) βs)

Now
,
we formally define E

'
=allASRWs inG 3,

i

.
e .ca, b)EE'*

sw.= prfwaallshaappens]

C ,
b) are endpoints of an AsRW .

Then
,
G
'

is a weighted mulfigraph .
We can normalize allweights into infegers , then replace them with multiedges .

For θ edge usr inwalk s.f . dist(au)≤tANDdist(biv)≤t , check whether

((δ'(a))u , (6
'
(∞))r) satisfy the constraint on (Uir) .

1t ….+a

Formal Proof . Start with δ : V→ Ʃ in G
'
.Defineo( V 3=

PluralfyEO'(b) ). I bis an endpoint of BSRW startingatu Λ dist(biv)≤t로

o must violate the set of edges F where /F /≥r (
. : gap(a)zr) .



pef) Faulty Step : In an ASRW asb ,
an edge usv is a faully step if .

±)θ '(a)]u=σ(u) 2) (o'(b) ] v = σ(V ) 3)⑥(u) , σ(u)) violate
constraint
(u , v ) .

Obs) If an ASRW a sphasa faulty step , constraint a, b
)isuiolatedbyo1 .

I
→ E띠

Pr ( AsRW asb isviolated by 0
' ]2Pr [Ffaultystep usreaubl .

Pefine S =# ofstepsofa walk,NF # ofstepsthatarefauttly edges
N . = # of faully steps (n ASRW .

N
*
= N . AES ∠ B3

.

β=θ (tnƩ ))

s Pr [Ja faulty step usrEasb] = Pr [ N*> ①] . Cobserve N*≤ N ∠ NFJ

Goal : Pr[ N*①]2)ebonbound2tr . (second moment)
ECS] =ELN1S = l] =. E( l일thstepEF]3 =은 . VEFEL-thstepthE= (U ,vB]
=옳.maqPr[tthstep=(Uv)]= v다습=l 1 답 .ECN]=업 V다EIE (t- thstep is a

_

faulty step on l1B]않 t- thPrfstepis( usv) and 4xls ]faulty=vEE ((# of (u→ v )

steps) × 1④→u)「 sa faultystep3] = 다솥
k
. Pr[#of( uovysteps= kJoPr[ cusv) is a faubly
_

stepl # ofcususstepβ Pr[ocal) u= o (u),
[
α'(b)). = 6 (v1/ # (uouosteps =k]

=Pr [C(O'(a) ) a=6( u )/#(uw , ]Pr.steps[(δ()] v = o(V) /# (usv) steps=k]

=Paskwfromu[& '(a) ]u =σ(ul ]Pmr.m.[(
σ
'(b)) . =σ(v) ] ≥( 1)() =θltr게

→> 금지다옳k .Pr[#of( usv) steps = k] =. E( NF]2 (t+π )이"
ECNA] = ECN. IES ≤B 3 ]22p (without proof) .



EEN*23 ≤ E [ N
2

] ≤ ECN]= E [온÷]whereλ= IE - th stepEF 3
.

→ 옳 E (x:3 +2:E [ x:x;]= E [NF]+ 2 ×Pr[:- thEF]: Pr[5thEFl-thεF]
.

Reminder: Gis a (nid λ
)- expander , FCE . Then ,

Pr[(ttl)- thstepEFlt- thstepEF ]S | ,+[ 승
]

β(1-e
)
:<+(슬!
1

밑
→ ≤E [ NF]+2Pr[.Pr[#. fextrasteps> 5- :3-Pr[5thEF
≤ t 이( = (tr)2

.

⇒ Pr[ N×>0] 2→(
tz)≥
t γ.

"θler)

Alphabet
"'

Reduction : G(U .
ㆍ )

,
2 = (293

.

constraint Cun ≤ E ×5
.

U ,
N ε El- bit strings3 . we want a constant # of bits . Consider the PCP

verifier that reads (Ur) EE and verifies (o(u) , o(v)] satisfies constraints._
cuv

sThis reads 2l bits now ,
but can we reduce # of bts read ?

Howtocheckif( o(u), o(V )) satisfies Cur by reading ≤ 2l bits ?

Ls Solve by recursion , or, an exponential -sized PCP ! (proof composition)
OCK의

Recall .For acircut Cwith K bit input , Fa pcP of size 2 s
.
t
. by

reading 20 bts of the proof , we can check that 72 st. c(z)= 1 .
∞Our Circu:t is CCo(u)

,
δ(v )] = IEo(u) , ocV) satisfies Cur3

.

s prover gives exp - sized proof that
"

CircuTf Cur is satisfiable"
.

But is

ocu) ,
σcu)) satisfTable

,
?
.e . Cu. (o(u) , ocu )) = 1 ? ?



Digression: Assignment Testers ( PCP Proximity Test )

Def ) Reduction Algorithm : A q- query fester AT ( γ>① ,
2? is a RA P ,

P . 온Boolean Circu:f (3 →ConsfrayE system ? of sJ Boolean variablest
,

2) Auxtllary Variables Y 3 . δ satisfies properties :

1) If C(X)1
,
then 7y s.t . (XiY ) satisfy allconstraintsof .

21 If Xis 8 - far from any satisfying assignmenfs, then gap/M )≥γ. 8 .

* Y,
(
X.

*
)Violates 5 . 8 constraints .

sChecksifXisclose to a real satisfying solution to C .

⇒ Now
,
verifier can checkif Carissatisfiedbysomethingcloseto

Hamming

Let E
,
an error correcting code , 돈① .13β

-
→ E0. !300

µ
s
.
t
.
dist(E(α3

,
E ( β))

20 . 3
.

Then
,
use ECo(ur) and E (o(v )) Cof each length (ool ) and some
so'Eus so'Eu)

modified constraint Car that checks I) o'cus&o'cus are ralid codewords

and 2]터(σ'(u)& 터(o '(v)) satisfies Cur . A proximity tester for

C
' will then give whether (o

'
(u)

,
σ
'
(v)) [s close to satisfying C1 . But in

the codomain of E
, being close is equivalent to being equal since every

point Ts sparse . Thus , proximity testing suffices for testing Cur .

FT× σ : V '
→ EO , 13000. If gap(G)2ε ⇒ AT rejects w . p. Eho0 .



DefineoCu) =nearestcodeworddecodingofo 'cu) EEO , 130
.

We know

that o(u) violates gap (
G ) constraints

. Suppose edge ( uv) isviolated

by o. Then , nedrest codewords to o
'
(u) & o'(v ) violate Cuv .

s o
'
cus, oEvilisfarfromsatisfyingCir( byvirtueofbeingclose to a wrongone).

1 g
-query PaP 1

1-gquery PCP

Reduction from Q-(sP→2- (SP . Let Q- CSP = 3-SAT . C.… , Cm

are clauses
, X, Anarevariables.Forclause-variable) edge , constraint

is consistency between CGCavbuc)and ; = port .Ifap( 3 SAT -

instanceJ ) =γ ,gap (graph)≥55 . ⇒ATcanbereducedto2 -queries

Recall : For Exp-sizedPCPfor Ciruf-SAT, tocheckJ ×s .t. C (x)=1 ,
we

constructed a reduction to a system of guadratic equations . The

prover wrote down a Hadamard encoding of I and ZZT, where they
daim that 2 satisfies all of the quad eqs . → constructs ATas desired .

SDP - Based Algorithms

MAX(UT . G(V .E)→ (S ,5 ) s .t. IE (S ,
51//E1 is maximized .

o can be thought of as a (SPthat assigns E④ ,
13 membership to S .

⇒ NP- Hard to solve exactly ,
how well can we approximate π?



PCP says that aslong as PFNP ,
FE씨st.fa ( 1-ε) - approx . factor .
( G) ( H)

50 . we proved a reduction of ( NP-C)→ (Gap 2-(sP] s.t . :
[3-col)

:f 3-CoL is safisfiable
, gap(H ]=①, and :fnot , gap (H )>ε , say 10

- 6

.

If we have a more fine-grained approx . facfor α , say (O
- 2

,
then we have

a decrsion oracle for an NP-Cproblem, so we cannot have to ,
대3

We can also reduce Gap2 -(sPI→ MAXCUT( 대
",

whereval (!)며

⇒ Val (H]=β , Val(H]< 1 -(
0-
0 ⇒val(H ) < (H 0-

0) . β ( 1-γ) .

Def ) Positive Semi- Definiteness : symmetric M 2① iff
,

1) λ
, (M120 θ:ε ( n] , 2) M

= VVTwhere µ ,, Un ε lR"
s
.
t
.
< V;,V;> = Mis .

3) V,VTMv21
.

Fact: PSD in (Rnan forms a convex cone, and fa seperation orale s .t . if

M
'PSD(IRn

×n)

, wecanfinda seperatingbyperplanebetweenPSD&M1.

LsM'hasanegatived:( MY/ V
,SOUTM' U< O→ƩM;YV; < O .

Then
,
since HMEPSD

,
VMV2④

,
ƩM;V:;2①, sof (MI=ƩMzVKV; is a

seperating oracle . ,

Naive Rand
. Algo . : E [# cuts]=I1 .

( not useful
,
a crude lower bound )



ConsTder a degreeD= IOO random graph and a bipartite graph of

degree D
'
= (Lε)D

.
LPcannof distinguish between these , so if is

no better than YLIE 1
.

[Goeman-W?lliamson]

SDP - based MAXCUT : X
. . …
,Anarevariables .X ; =온부 합s

.

Obj: Vala(y) =다문st .( ×-X,)'
=
4iff: ,j are seperated.

XE울4.13
m

Relaxation: X: εE±13 ⇒ V: EIRd .LetOPTa =MaXEIR,지끓IIVK -SIR .
At=n

,
OPTn is actually a convex program (solvable in P) !

L. OPTn: Max
VKEIRMIN다
(( 도11 분

"=MaXK티
R ,K이며 쳐옳

,(V=-☆
4

sub. to
= M상급,

(V ..⇒MaX 급꽃다이지보상-그보s VK아는리
.

Now consider an LP defnedVGV := M,: , Z; = MS ,; ,
V +o ; =4 .

Then
,

M =(Mz )is apSD ,andwecanrewritetoman급도(M+M;3-2 )

subject to M:= 1 and M 20
.
Optimize over M to get V = (U. , … , un ) . "

* SPP ≈ LPover innerproducts of vectors .… ,UNEIRµ≈ Opt. over PSD cone .

So OPTn(a)= SDP(G) ≥ MAXCUT(G=OPz(G). Ina lR
"

un?t

ball
,
the graph will now be embedded on the surface . Take a random

hyperplane cuf through the origin , Hr= ExEIRYr . x=⑩3 .
....4

×

*!!! 애puts =E:l (r243, 5

= E :( VK. r <43
.

0.898와 나hl



Consider agan maeet3"Vala (X) . How do we
"

Convexify
"

Tf? The most

convenient way is to optimize over probability distributions .
5 m*u[Vala(×]] =*13µ(X)

.Uala(X) whereu(×)= Pr [y is selected)
.

Now
,
the set of allu is convex . However , u=2

n
.

Can we do better?

pef) Moments ofu :Mis a prob. disto over EE,13
n

. degree f moments

are hu(X,?… . hu[Xn] , degree 2 : s .u[X:X;] . …
and so on

.

E [Vala(×I] =E [체.에며합. 다(*리+ E[;7~-2E[:☆]114
µXµ

→ this Tsa inearfunctionoveralldeg.2momentsofU. !

s ( lossy step)Maxegamoments3습,
E[x:]+E(*

,)-2
. letX ☆=E[X:X;] .

→ 1 Ma☆3;,X: +X ; ;
-2Xis sub . to X= 1 ,

and X *6
.

Thisis
_

because moment matrices are PSD
,
and Xis a deg .2 momentmatrix .

Then
,
thisis a SDPproblem .

Infact
,
we can impose adegod

moment matrix for a finer resolution of the constraint .

Current knowledge : for MAXCur , deg2 (sos-SPP) → 0 .878 factor is the

best known
,
and deg 4 - sunknown?? However , under UniqueGamesCon-

jecture Can unproven hardness assumption) , deg2 soS 「s indeed optimalinP ,



? .e
.
:π is NP- Hard to beat τπ (when the instance is not satisfiable)

.

The Whole Point : this scheme yields amore general way to SDP- fy

any reasonable NP
-Complete problem , say3

-SAT
. And again ,

UGC says that deg . 2 SOS will be optimal ( basic SpPrelaxafion) .

Hastad's 3 Query PCP
PCP(3 bits

, Poly (n) )→ Completeness l -E ( ) ,Soundness[ 호 +E
Thegroal

Fourier Analysis of the Boolean Cube : E. (3" 프π2
"

.

X
,YEE① , (3

"
⇒ X θy ,

which is just xty (mod 2) forms a group .

Def ] Character: 7.E0 , (3µ→ (R s.t. λ(aob) = x(al .x(b)
.

XiθY(
e×) X

.
: E0

,
13
"
-→ (R

.

λ .(×)= (- 1]
×

,

xKXθy )= ( -1)= ( - 1)
"
. (- 1)

x.

x: (X) = G]
×
arecharacters.

The kst of all characters. FSE [n]
,
xs (X) 8= (->

6×
:=E,: (S) .

Inner Product on functions on E① ,.
(
3 " : f. g.:0 .(

3
" →(R, < f, g>=글 옷 f(x)g(×) =

.
[

f(×1 g(×)] . This behares well ; <λ, ! >=, [-+)
↑
. ( ] =①⇒<xs ,I>=⑥ + S41

.

Xs(× ) .λe (×) = (+)
××
: (-
(] +=(-HJE :←s=×:= Xsor(X)

.
⇒<Xs

,
λ+)=① unlessS=t

.

Sλs ,xs>= f [xs(×pJ= t . 6 . As is$ 3 an orthonormal basis of setofallf : Ep, 13 n

a we can wrile AN* function in the basis of As !
IR

.



Suppose foE① . 13
"
→IR .Then , f=If , xsy . xs 29 fsxswheref ;=

토 [ f(×) . xs(×1]
.

Thus
,
Ef(×IIXEEQ . 133*E 8Psls ≤[n]로

.

Theorem) Parseral 's Identity : GTven f .E, 13"
-
1 R, 1/ f6β=옷f(×x=-

Proof.llfl β=< f. f )=<sfs
λs , 97 =동 f, +2fsf

응

. "

Linearity Test : Given f .[0 , 13" → [0 , 13 ,
test if f is close to linear , i.e .

fcx) 29 biX, for most X .

TheTest. Pick × .YEE0 .
(3

n

.

Test :f f(x) tfcy) = f(×ty) .

Analysis. Pr [ f(x)+ fcy) - f (×ty) = ④] ? Define F(×) =( - 1)
f*'

={! 다싸요
.Xiy

☆ [(-
1] . (-
l)
fey) .(

-1) ty = 1 ] = y [1+F
. Observe thatIEa=①3 = +을.IEf(×)tf (y)-f(×ty) =① Z

≡ ITFC×F
→ ***,[F(×)F(y,F(×+y )] =보+보톱[E ,Fsxs(× ))[동(((y1)[동차Xu(yey]]]
= *보v,EEF.y(xs(×)x(y,[ xs(×)x+(y/ xu(×)Xu(y)]
= 탓 [λs(×) xu(×1] 통 [x←(y )Xu(y )] = <xs ,

Xu) <π← ,
n>= IES=F=UZ

.

→한 +보vFE,EEIE=F= U3 =최 +보동F ,β .
^

⇒If 호+보Fsβ ≥호+8 , thenSFs
β

228.Weknowthat동참=1 .

2S동F .3
≤ 동 π,

2
.F5 5 동조2 .m수E (F주 ) ≤ma수도



F= 토[ f(x)x((×)]= 토[ G)×
).

( -1)←] = P *[f (×)=×.]-1 .

s maximum alignment is bounded by below ! ,

Recall: MAX 3-SAT is hard to approximate better than 1- (O
-6

.

In general , NP→ 3SAT $ ⇒ if NPis ansat , gap (① )2 (0
- β
.

There is also a reduction of 3 SATφ→2-(SP (⇒ gap($) agap(a에

blow would we increase the gap? ㆀ
Idea .ParallelRepetition. Le*시 =" (UOV ,

E ) where Uo= k- tuples of
Eoll AE라

clauses from f
,
V =k -tuples of variables from % (Cπ s …

,Gx) (+π…Xik)

:ff (,εC.] Λ (XGεG) … Λ (Xn εC.) . Let an assignmentt :
U→ E0133k

V → E013k . →
stated w 1o proof here .

Theorem) Val(d )=1⇒val(시" )=
1

.Val( / ) 1-ε ⇒Val(
H"

)=e
이냐

.

salphabet
Label Cover (2-(SP ) . 사. =(U=

0. E ,

[R ]
,ET

π
uv:[ R)→[R]/ (UNIEE3 )

.

O.... An assignmentA :OUV →[R ]satisfiesanedge01 if
Tπuv(A(ull = A(u )

.

∞ Freduction NP→ Label Cover s.t . Val(NP)< 1⇒ val(H)< *×이
.

ne
. Xty+2= :0. 13

Proof Idea. label Cover→3 - LIN ( lin .eg . mod2 w/ 3 variables) .



OO -→ .iniy fccink-ckin
IfA(u)= ; ε E ! … , R3, wewantfa(×)= X ;( diclaforfunctTon) . Also,
A(u) = lE! ….R3 ,wewantfoy) = Yo .Thisthemostredundant

Consider an inefficient test . Test inearity on faI fr . Test consistency
mrn mmm

to the map by πuv ,
:e

. if fa(×)= X; , then fucy)= Yπuu(;) , or ,

if fu(×)≡ ; thdictator⇒ f .( y)=Tπuv (J ) - th dictator .
a" pullbackl" g

For a random X
,
checkfu(Tuvox)= fu ( x)whereuvod Xluv(s) .

S But this only checksfor linearity . πn *! 인복극용] ×

NoiseTenst . Pick ×EE④, (37. LetX *. =ε -noisy X
,*도상,

ω

.p
.올

.

Test if fu(×= fu (x )
.
Observe that foradictator, fa(X)= X: ,

Pr ( fu(x ) = fu(* ]] = 1- ε
.
For lKnear functTons not a dictafor , say ,

a parity function fa(x) =X :( mod),Pr (fa (×l=fa (*l]= 한+ ()을 .

⇒ Dictators are robust
,
others are not .

* Hastad '

s 3 bit PCP wraps allof these tests into one 3
-bit query !



L) Pick (uv)ε Ea .a . r.fu, f.. E.1 },E①. 13
.

small noise2) pick × . Yε E① ,
(3R U

.
dor . _

31Test if frlxl = fu (uwrx+ y ) -fnerenwherenc
=온오옮는

Lsnoise

consistency

Caveat. O (X)isasolution, soweinsistthatf .(×)= 1 - fu(-×1 , same for v .

⇒ The equation is a linear equation of 3 variables ! →3LIN

Recall that the goal is to get completeness f-E ) and soundness ( 2to(l))
.

s Completeness naturally follows from the true drctator , which is robust .

Soundness Analysis: We shallprove that Val(3LIN]고
'k+δ⇒Val( labelCover)2 δ

'

.

Proof . F.(×) =Fn(π. yoyθµ ) -F(Y) Fr (×)θFu(π . ×ty+u)θFu(y) =① .

Pefine fu(x) = (-1
JFu*

.

Then
,
⇒ ( + K (×) . fu(π.xty + u) . fa(y)

2
∅

Pr [F. (×)= Fu(π .xtytu)-Fu(y)] = 호+싶다
…

[fu(π .xtytu) . fu(y) .f. (×]]2호+8.
UNIXiY'µ

Let A=fu, B
. = f .. Then, E

[Ayn
(π
.x←y +u]A(y).B(×)]≥28 . Expanding ,

톱
..

[EL ,AsXs(π.x+ytull( 9 AX( y))( 동Ban(×))]
= vAs "BAnE [Xs(π . x) xs (y] Xs(u)X+(y) xu(×l

XcY ,µ

= uA ;A .B.토(x,(π.×)Xu(×)] ,(X+(y )x,(y )]
투SS=T].E(*네 스다"?

*

_

Lemmal Xs(π0×= X (X)s where π(s).= {3 ljappears odd # of times in
πxsJ}



Proof. SE E 1
…R
3.

π
(s)isa multiset ≤! …

, R
3.

λ

s(다.×=&,
λ
:( π.× )

=윱s☆π()(X] = uedodd#XπEI(X ).ulederenXπ IX) = X
πa(s,
(X)

. "

→
* E[ xs(π.×]Xu(×)] = , [X(s ,(X )xu(×] ] =IEπz(s)
-X

sSimplifiesto EA
,

"Bπ(2
S

Parseval' sIdentty , I ,Ap = 1

.Sample
somesNormp
.es

Decoding Procedure. Pick E N .

II For each vertex U
, sample Sun ( fia.s.β SuE [R] , Svu ( fi , s. ]

"

,

where Sul. ISul ≤ I Conlypretersmall subsets) .
2) Assign Acus5 random label from Su →

282

⇒. .( IA
"

Bs
(1
- 2E]"]≤ E . .

.(
.A, "[ 동A ;지없. [ 1-2E)

2$

]
-

bC-S

→ . .[ .A
βB쯤다, ] 2810 (l←log )

→ For a random edge , Pr [πa(sul = Sv32 %.
→ Pr[πur(A(u)) = A (vi] 2 81o . Yβ = 8'(8 .ε)

- 1"

Unigue Games

Recall that 3LINp is a system of inegos mod Ip with 3 variables each .
(∞ It is NP- Hard to distinguish Val(3LINp)라ε) ~← Val(3LINp)< Ypt ε



What about 2LINp?? This seems easier than 3LINp .

Con; ) Unique Games Conjecture : θε , Jp s.t. 「FTs NP- Hard to distingaish
Val (2LINp]- εVal(2LINp) <ε .

[o3 Khot]

Def) Unigue Games : a generalization of 2 LINp , which is Label Cover
where all πn. . [R] → (R] are bijections .
Remark: F algorithm A s

.
t
.
on input UG instance of value (rε)

, Aoutputs
an assignment with value Ype( )

.

[CMM O6
'

]

Remark2: IG on expanders is easy [Oq
'

3

Remark3 : Subexponential time algorithm for UGG : runtime
28
.
[ 1 ! ' ]

Remark4 : deg 8 soS SDPrelaxation solves
"
some important UGq instances

"

[ 12]

[ 1932 - to- I problemisNP-Hard. !

Hardness of MAXCUT
"

Assuming Unique Games Conjecture , 「iSNP-Hardtobeat0 .878factor. "

Recall that MAXCUTCG] = ma3.[|다(X-X,p3 . TheSPPassignsVi
EIR "θ rwhereIWillI

s
.
t

.everyvertexgetsembeddedon aunt sphere

that maximizes distances between connected vertices
.
Then a random



cut through the origin determines the rounded cat→ O .878 factor .
Lo Can we specify a worst case instance where 0.878 is tight?

[Sa)

Consider the
"

Sphere Graph
"

: vertices are all points on Sm , unit sphere on /R
"

.

Edge set is EX ,YIES에 1X- y6 =α3
.

whaf is the sDPVal (sa) ?

All points y are naturally mapped to*E/R
"
s SDPVal(a)= average squared

edge length = 높
.

OPTCut (Sa) = Half -Space Cut (by Borell ) . Then ,

OPTualS) PrChalfspace H cutsXY]= P암시utsX .y | 11*-y11=α ] =(α1
.

Xiy

OPTual(sa)
⇒
BPval(sa)

= 0 .878 .

DictatorshipTesting Gadget : an instance
"

of MAXCUT where its vertices
☆ coBst.

are hypercubes , E±/B
β

.
A cuf is afunction F . E±/ 3β→ (±13

.

We want:

±) Completeness : If f(×)= X; , then Valy(F ) =, [IEF(×) FF(y)3]=쪽
.

↓

2) Soundness : IfFisfarfrom"alldictafors,Valy(F) ≤ OPT(Sa)
.

SPP(Sa)

s What do we mean by
"

far from
"

? → Influen: GivenF : E±13 β, E±1로 , the
[flrpping :th bit]

influence of the i-thcoordinate「s
*3.
[F(×] = FCXθe.)]

.

ex] Suppose F(×) = X 1 .
Then Inf, (F ) =소시려로 .

→ Inf
:
(F ) := , [ (F(×)

- F]
=

: F, 2byFourierExpansion.
* Inf is well defined for non- boolean funcfions , too : F(×)= . [V (F(×)]] .



s Beingfar from
"

a diefator is then having +: , Inf:(F)< F = o( 1) .

ex] Ma;(X ) is far from dictator since Inf .(Ma ; ) =④] 금

Edge set of H is { (xy]ε V/ Ham(x1y)=. R3.Wecansample edges as

follows : pick XεE±1Bβ .andconstruct ys.t . Y : =[
*

.
.

.

where.β= 1-문
.

Then
,
wecan construct a weighfed graph s.t . ω(X(Y]= Pr[x .y] is sampled] .

%)

Lemma) If Fis a dictator, then Valy(F) = δDP(S×) . [Completeness]

Proof . ωLOG . let F(×) = X1 .Valu(F )=태[F(×) FFCy)] =, [X. # Y.] =

문 =SPP(Sa) by construction . ,

Soundness : Suppose ma! Inf:(FI < T = o(1 ) .WewantP [FC×IFF
≤ OPTCS'sphere Graph

"

l .Observethatwecanvew yas a

nosycopyof X .Then,[FCx )FFcy )] isinterpreted asnoisesens
Def) Noise stability : Pr [F(×)= F(y) / y = N.se.(×)]. E [F]= ④ ( balanced).
s Dictators are the most noise stable functions of p !

Theorem) Ma;(X) is the most stable out of functions far from dictators ,

where NS
∞
(F) ∠ NS

∞
(Ma;] +ε(T) .

* Recall Gaussian
,
N(P , !] EIR . N(O, 1)

R
← ( g. …grJeachofU= ,

6:1
.



guN (0 , 1]givesadistributionon( RP. Then $gll -R ,
i
.
e
.
it is

spherically symmetric and almost behaves like a unit vector . Now imagine
(gi ,hi] ←N( ④

.0
) .

[

' ] st . Elg : b :] =22
.

With such correlation
,

we can construct g&h s
.

t
. they have a certain distance apart .

s fourthmonents are bounded by second

*CLT says thaf forF(×)=
금

π
,

fix any
"

nice
"

distribution Dover IR

where n [×=④ , ( ×)= f . Then F(×) / ×~D
.
.. F(g) lg ~ N (. 1)?

Theorem) Invariance Principle : Fis a polynomial of (ay- ,An ) of degreeD
and ma: Inf. (F) < T . Then F(x) ( X ~DR→ Fcglg ~N (a. 1 )R + Or( 1) .

Proof scheme for Soundness . We have H (hypercube) and Sa( sphere graph).
We have F . E±/zβ→E±13 s

.
t
.
ma: Inf:(F) <T (far from dictators)

.

→ELI-F] BELL-F딸3

By Fourler analysis , F is a polynomial . Then Pr[F(×)#F(y) ] =Pr[F(g )FC]4
.

X ~yβ
sbooleans gz? vNL0. 13

By Invarlance Principle , cut ratio in F is preserved to Sa , .e.Valy(F)=Vals.(F) .
≤OP5Csa]

Invariance Principle (Formally] : Let X…Xn vn
:

E±(3
, g… gn ~ N(0 . () . Let

P(2
.… ,
2n) be apolynomial of degree≤) and 버 ,

Inf
:(P) =:P' <T.

Fix any function 4 . (R→ IR where 1143(<B . Then E[4(P(×…Xn))] ≈

E[ψ (P(g… gn)]] terror(D .9) where error (D ,
T) →① as F→ 0

.



0
.878c 3

Theoreml Under (UGC
,
4 is NP-Hard to approximate MAX(UT better than a .

ProofIdea :ReduceUGC →MAXCUTuradctatorship test . (proof omiffed]
기때

Construction of Dictatorship Test : F:X G(U ,E) , an instance of MAXcuT.

FTXxany ksolutTonsX, ….XkEE (30where θα : ,Vala(X)>8 .

Let the

dictatorship testing graph be Ha .

Column wise merge Xi
.… ,
Xe to get n

k- fuples λ
"

…
X
"

.
[ake V(Hal .= E④ . (3

"

,

and r.jε G ⇒ (X
녀

,
X
"
]

ε 6 a
. Suppose f(z)= 2: for some =εE① , (3. Then Valla(f ) =Vala(X:)

since we only observe one specific row of each column . By assumption ,
Vala(Xi)≥C . (Completeness ) Now suppose f is far from dictator.

What is thebest
"

ictatorship test (G .e . what is the smallest aJ?
amaxcar

→ 1dictatorship test with soundnessomp<α .

⇒#f . E. | 30→ [0 . 13 s.f . it is far from drctafor, and θ graph G&* X) … ,λkεE①.Bn

s
.t. Vala(X,) ≥C, Vala( f(X∞…X.5) ≥ α . C . Capproximate polymorphism)

Defl a- Approximate Polymorphism: distribution of/ functions F . E① (B
↓
→ E④ 13S .t .

rs pointwise ewal

G ,
θ
X .
.
,XxwhereVala(xi]2 C

,Valfal X×…(ε ,
Xk)]] 2 α . C .

spictatorsareI -approximate polymorphisms but not interesting .



→ XmAxCurI maXF far from dictators but possible a- approx . poly .

Question: α- Approx. Poly. for MAXCUT⇒ α- ApPprox .Algorthm for MAXCUT?

forsomeKEN, say (00, 5 function F .E 3→E±13 farfromdictators.

Say we have GCU ,
E)

,
UFn

.
If weXiave

…
X* εE±/ 3

"

,
and vala(X:)≥C .

Applying FCX×, Xk)givesVala (F(X,… , X×1]2α.C .Butwedon't have Xis .
, Solve SpP for MAX(UT(G) to get ψ"?…

,Vc 'lRn .Pick Z εN(91)
에

and apply √.2 ,
V
.

2」
… ,

Vim
)
. 2 =. g . Then E[(U

2). ( U(
5).

2)]= VC
"Vs

.

Now
, use gi . . ,gk in the place of X. - , Xe . Apply F(gy… ,gk1 .

→ Since Fis farfrom dictafor
,
it is low influence

,

the invarrance principle

says that z [Vala(F(g" … .gk)]] ≥α . C . 에
⇒ Generally , an a- approxopoly . givesanα - approx. algorithm .

Theorem! Under UGC
,
# a- approx . poly. s 5 a- dictatorshiptests

⇒ MAXCUTis hard to approximate to a .

Upshot : Polymorphisms
"

determine
"

the complexity of a CsP . Th?s ex-

tends to decision and approximation problems .



Counting # of solutions? εFP . Which counting problems are in FP(

poly time solvable) , and which arein #P-Complete?
s A counting CSPEFP iff itadmits a Malfzer Polymorphisms ,
where f(aibib ) =f(bib = a (sach as for 3LIN ,

f(xy.2)= X -y+z ) .

Else
,
itis in #P- Hand .

Two Lines of Work ( related to polymorphisms] :

1) Approximation under Perfect Completeness . given a fully satisfiable
instance

, approximate the value . [ ISM B]
s
to beat randoml

,If3 LIN; s L ε() safisfiable
,
the problem is hard , but if :f is satisfiable,

we canjust use Gaussian Elimination !

(
S Betweenness (SP . For P.

. … ,
Pr

,
find a permutation π subject to constraints

sor flipped

of the form π(P:)<π(P; ]< π(Pk) . Completeness gives =2 instead of B !

2) Promise (SPs : ex) Given a 3-Colorable graph G , color it using as few colors

as possible → JSDP- based algorithm to get a no.9… coloring . Also , [π

is NP- Hard to get a 6- coloring .

One emerging topic : Quantum CSPs Canalog of PCP in quantum? ]


