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Convex Hulls

Let P be a set of points in a plane .
Def ) Convexity : p,gEP.thelinesegmentpqEP. ex) ;:?…,

Def ) Convex Hull : H = conuP
, multiple definifions : ex )."."""""

- linformal) stretch an elastic band around P
.

His bandtall inside
.

→ no convex strict subset

- (formal⑤) the
"smallest " convex set that includesP

.

- (formal②) intersection of all convex sets that incdude P
.

- (formal③) the set of all points that are convexcombinations of points in P.

Defl Affine Combination : any poin+,wiP, where P : εP,몸w=Y .

bexlt. sexso-

Def)ConvexCombination: affinecomb.- where every W:2① .

Vis a vof convex hull H iff u4 conV (HIEV 3
)

.ex )
M

,

e

.

..

2D CH Algorithms (in caworder)

Input : fin?te point set P. Oatput : linesegments on boundaries of conup .
We need one geometric predicate . signedareaof p1111g

→ parallelogram
Orient2D(p.q .r ) = 값밤고수v .y/>①⇒ Ccω, =① ⇒ colinear,<①⇒ Cw.



cow (p ,gir) returnOrTent2D(Piqir ] >0 .

Graham's Scan (Andrew's Mod:fication] : Constructs the lower boundary .

Q pointsinP sortedin lexicographiconder. ex)
.
"
:
: :TTMM .

"
…
.
.
.
.
?

∆

S ← empty stack

while Q is not empty :

1
remove point from front of Q ; push it to S .

while Is /23 and top 3 stack items p .qir (ris top)

do not satisfy cow(pigir) : remove . from S , leaving ron top .

output segment pgforeachadjacentpairPig on S .

runs in O(n) time Cexcept sorting) since removal is at most ①(n) times .
* Upper boundary : invert Q Creverse lex - order) , then run the algorithm .

Obs) Firste last points in Q must be vertices of H
.

Obs2) 3 consecutive points survive only if they are cow .

Runtme: Pominatedbysorting. O (n)withradixsort. O (nlogn)withcomparson.

Jarvis
'

March (gift -wrapping
)

:
assume no 3 points are colinear (for now) .

Idea : start at leftmost point . Walk around hull , identify each segment.



U으
¤ sNs N. f

□

u ← lexicographically minimum point of P .

pel .
"

pTvoting
"

step

repeat :

g← any point in P IEP3 . find the
most cw point

for each rEPlEp ,93 , if cow(pir,g
)

. gar . fromp
'

s vrew[ output pg . } onJmpeg .

untilp = U .
O(h) times

Runtime : O(nh ) where ho= fHl
.

- output sensitive !

Lsgoodwhen hissmall ,butworstcaseisO(z) .

Shattering Algorithm [Tim Chan] : O( nlog h) time , comparison - based

Suppose we know the output sTze h of convP.

Partitlon P nto nsubsetsS .. … .
Snofh pointseach .

θ T ε [ n(π
, compute H.← conV s. with any O(nlogn) algorithm .

비 :
, q: ← minimum point of ST .

Gnow in O(hlogh) !

.≈.



U← minimumofall gr .

pall .

repeat :

for ies
…
M : I Ocns callssinceeachg ;walks around Hs once .

q: ← cw -mostpointofH :from
p
' sViewex ).lIge aw - most point ofall gr .

output pg .

pago
antil P =f#ots"1subroatine on

h points

Runtime . 금 . ⑥(hlogh) = O(nlogh) .

. .

but we don't know h
.

a Guess h
, say h

*
=3

.
Find first htedges of H by shattering .

If h*' I h ,wearedone .Ifh* <
h
,startoverwithh *h.

Frnal iteration : h*< h
2

.

stimeε O(nlogh
*
)EO(nlogh)=O (nlogh) .

Sum of all [terations = ①(nlog 3 + nlog 32 t … + nlogh* )
= O(nlog3 +2ndog 3 +<nlog3 + nlogh* ) =O(2nlog h*)=O(nlogh).



Line Segment Intersection

Input : linesegmentontheplane
"

Output : planar straighflinegraph (PSLG)

Def ) PSLG :setofvertices Isegmentswheresegmentsintersecton
at shared endpoints .

→ input to triangulation algorithm Ccovered next week! )

A geometric constr:
saffine !

Intersecton of 2 lines ab
,
"
.

...%p= ata( b-a)= ( +β( d-c) .

⇒ (
*

-ay dxeayy][.] = [답압!
Cramer

'
s Rule : a = agayabray

da -
ctdpreyla-cayecyl

ct-
axda

-ara,I =
OrientzD(

aidli,a ! →①iff tic
.

□

if nsmerartor is also ① ,

two lines are identisal
.Take α

,
substitute back to P = a+α(b-a) to get P . else

, they are different lines .

What about inesegments?Doa 5, cdintersest?( predicate)

. Iff α
.βε [① ,

13
. oppoositesidess signs differ !

. Iff Oriet2D(, d
.

a
).Orien(2b(cid .b) ≤① & Or2D(a .b .c) . Or2D(a .bid)≤① .

* Second test is slightly easier to make robust .

* Second test doesn4 handle the parallel edge case ,
exercise to make ifwork

.

Now consider n segments .



Worst Case : θ (2]intersectionpoints.

s Worst aseoptimal algorithm : test every pair . Not interesting .
→ what about output - sensitive ?

Plane Sweep Algorithm
. Vertical sweep ine moves leff to right.
. Keep track of segments that currentlyI intersect the sweep line .
. Output intersection point when the sweep line crosses it. !cntriguroas! ) ,

→ Points swept in lexicographical order for y-axis thinkofslightlytilted line)

Pata structures□
Status : list of allsegmentsthatintersectthesweepline,orndered .

Event Queue :

① leftevent sadd segment to status . ‰
② right event → remove segment from status . ‰

③ intersect event s swap order of segments , also reportit . :

* EQdoes not record types of events ! It
'
sjust a priority queue of points .

This is because a single point can be multiple event types .



Ideas/I I biy
time save !

. Only adjacent segments on status are checked for intersection .

. Every change to status requires new intersection tests .

ex )
DetailsofEQQT
- Dequeue(Q) gives lexico. minimum key .
- Each key/item is just a point .
- Implemented as a balanced tree / heap for O( lognl operations I lookup .

petals ofstaus
- Implemented as a balanced tree .
- keys are segments , not numbers .
- Segments are ordered according to intersections with the sweepline .
- Can also use point as search key to find segments immediately
above I below i* . (uses Or2D for comparison , O(logn) time ! )
- Each segment in the tree remembers its endpoints ( for Or2D]

Each input point maintains a inked) list ofall segments for which it is the

left endpoint . ↑



Algorithm? Input : lists of n segments of fwo endpoints each .

_ 째
Sort endpoints inS ,

remove duplicates & build segments .

Insert allendpoints into Q .

Create empty status TreeT .

while Q is not empty :

P ← Dequeue(Q)
if pis new :

Handle(p)

Handle( p) :

Find set Z of segments in Tthat containp . ( they shoud be adj. inT )
Resegments inI whose righfendpoint is p .
C ← other segments in Z , Pis in the center.

L← segments inp
'

s list ( leffendpoint is P )

TFIUCOIR > L :

reportpas intersection of QCuL .

else f reportpas a lone endpoint of UR .

Delete segments in OR from T.



Insert segments Cinto T ,
ordered asif the sweep line

were to the right of p . 보
sb

,
sa ← segments below Iabove p inT .

sa

if LUC =%
b
_

NewEvent (sb ,saip ]

.으else : _

s
'
← lowest segment of LUCinT NewEvent(sysaip) :

s
"
← highest " T= S

. D S. (oia constructor]

NewErent(sb ,
s' ,p if 「46 and : > p :

NewEvent (sais" , P) Enqueue (Q :)

Runtime: O( hlogn) ,
where h .= outputsize = # of segment/eventpoint pairs .

why? Each status operation is O(logn] time .
Eachevent Involuing ; segments does O(j) status operations . vemsj

= h
.

EachQoperations take O( logn) time ,
QIEO( ≈)Ceverypair),

Atmost hevents
,
≤3 Qoperations per event .

Better bound : O((n←I] logn) , where I .= #of Tntersections .

why? In final PSLG ,
|12꽃

,
(V / ≤2ntI

. Forplanar graphs IE 1≤3N 1
.

hs12ntbI
에



Overlay of Subdivisions outsideface
"

Def) Planar subdivision : A set of segments (andfor curves) , vertices , &

the decomposition of the plane into faces induced by them (.e. PSLGtfaces)

Data tructureforsubdivisionsgenerally store adjacency info for V/E/F .
Deff Doubly- Connected Edge list (PCEL) :
. Each edge represented by two half-edges ,called"twins"
. Each half-edgehasanvertex &destnvertex oo

decgt

. Each face has boundary of half-edges incowaroundface.

lolesinfaceshavehalf- edges in cw order .

DCEL structures (objects] :

. A half - edge e has fields :

Twin (e )
, Origin(e ) [Dest(e)= Origin(Twin(e]) , notusually stored]

Next(e)
,
Prev (e) Chalf - edge around face]

IncidentFace (e ) [to the left of e]
. A vertex hasfields:

Coordinates(√ )
, IncidentEdge (v) [ on사ㆍwhoseoriginTsVJ

Call edges can be accessed through
. A face f has fields : repeated calls to Twin( Prev (e ) ] ]



Outercomponenf(fl [ one A-Eof outer boundary of f ]

Innercomponents(f ) [clinked) list of one 사E for each hole inf ]
∞

㉚̂
_

!"…-
Hou focompurtetheoverlayoftosubdvistrs S

,S..
?

" ":
_

Like a PSLG
,
all intersections must be segment endpoints .

Also
,
label each face of D with thenames of its faces in S (& S2 .

* Assume no overlapping parallelsegments(fornow ).

Algorthm□
1) Copyall vertices& he structures from S .& S2 intoDCELD .

2) Run sweep
- line segment intersection algorithm (with modification ! )

. Each event may trigger modificafions to D .

3) Compate face topologTes .
4) Compute face identifies .

Cverticese he only )

step 2) Maintain Tnvariant that all of D to leftof the sweepline is correct .



Ent "sagment"datastrusturefponterstobothhaf- edge,

the

status
Case L . ,". [spit two edges into four]
Case 2:*"[ nexf/prevwiastatusbeforelaftsr]
Case 30 .⒗←→ 여Cagain,look af the status tree , delete dupu]
Runtime to process anevent increases only by a constant factor .

Step 3) Face topologies? Problem is that faces can have holef .
How to matchup innerI outer boundaries ?

Solution ::1Duringsweep,notethehalf-edgebeloweachvertex(Oent ) .
: :) Identify half-edge cylestath are inner boundaries .II! ! !mem
!

...

Aftersweep. findthebottomvertexofenchtecyele.
( break ties to the left for equaly - coordinatel

If the cycle makes a right turn at this verfex , Tt
'

san Tnner boundary .

Cuse DrzB) Chole ! )
Match inner boundary cycle to the cycle containing성 the half -edge below the vertex .

-① ④ ⑤
⑥-0 ⑩⑨⑪π띠 Construct a cyclegraph:임 .."
!

…
?

.⑫
.-0



* Part ::& ::: take OCh) time
. Bnn

Step 4) Face labeling ...n [ labels might not beunigue ! ]
Problem . nested holes? ase DFS

.

If a face has a rededge ,⑭
we know its real label

. Propagate red labels by DFS of black A

edgesofoutputofDCEL .
Starfwith known red label

,
backtrack olw

.

otalT Runtime : O(hlogh) where ho=#of vertices of overlay .

Polygon Triangulations TMs Triangles?
Idea : find a diagonal - Iine segment inPonly intersectiong P at its endpoints,
which are vertices of P

.

* for today 's polygon , multiple colinear vertices are allowed .

Thm) Every polygon wTth n73 vertices has a diagonal .

Proof : u a lex . minimum vertex . ."
.

!
Let u ,

w e neigh bors of V . If n is adiagonal , we are done .

Check this by testing whether no vertex of P intersects Duvw (ear) .
If not

,
let g be the vertex Tn wuvw farthest from πw . "인

Then
, Vqis a valid diagonalo ,



Thm) Every polygon has a triangulation .

Proofo nduct on # of vertces . Adiagonal splits P into two polygons
with fewer vertices

.

Base Case =3)
.

Runtime is θ (2).

Thm) Every triangulation Tof P has (n-2) triangles .

Proof) nduct. Clear when =3
.
Assume every polygon of man

vertices has m-21 triangles . Let e be an interior edge ofT .

e divides P into polygons with m,
Ima triangles ,

which have

m-2 & ma-2 triangles .⇒T has mitm2 -4 = n+2 -4 = n-2 trigsy

O(nlog n) Triangulation
ID Partition P into monofone polygons . O(nlog n) time]
2□ Triangulatethem .O(n) time]

Def)* monotone Polygon : Made of 2 chains ,
each with vertices

Tn lexicographic order . ex) oN?LMchame none×)2
- chain2

stepD : sweep-kne .L
: I merge upper I lower vertices into one sorted ITst . ( like mergesort , O(n)) .



I π ) Push U
, lU 2Tntostack

S .*
"

iiil for j + 3 . n . process ( j) .

process().

1ifu ,Itopls) awreondifferentchdins:
f
FD "

" "
: onres-opop allvertices .

create diagonal uzuk for all poppeduk , except for bottommost one .

pushU 5t, lUs .

clifU ; &top(s )are onthesamechain:!
,4

Eorzp test !

whilesecond(sJissfromu . S □ 54321

1 create diagonal 45 , second(S) .

Ga21

Pop top (s ) . "

□

push Us .

Cr: 1 :fj = n : TX ,Soaons
create diagonals to every vertex onstack except top & botfom .

Obs) No vertex is pushed more than twice .
⇒ No vertexismorethan twice !⇒ O(n) runtime .

stepD : Vertex isIfithasleft& right edges . 6.



Otherwise
,
if is a turn vertex

. ∞ L
.

categorize by
¢ Or2□ 밍

Typeso .DIstart
)
, (end)

,
* .(merge

)

,← (splt)

ex) Obs) Polygon with no splitor merge vertices is
X- monotone

.

Goal : regularize split Imerge vertices by adding diagonals .

Assume vertices are given in cow order around polygon .
- Determine all vertex types in O(n) time .

Sweep - ITne algorithm :
- Each vertex is an event . [no heap , just sort] 'above

"
polygonis

- status tree T only stores edges with polygon
'

s interior abo.

-hese edges have
"

helpers
"
.

Helper : Hes , helperce;) 8= rightmost vertex to left of sweeplkne
that is between or on ej&ekaboreeson sweep line

(changes as sweepline moves)

π
"

"*'Tm
"*

표
*

,
,

"

YY
.

- helper ces) is visible from allpoints on the

sweepline between es &ek . ← Invariant !

Regularizingsplitvertces : lookupejbelowVinT
."

Add diagonal V , helper(ej) .



Regularizingmergevertices':whensomehelperce←

es

is about to change from u to w
,
check whether Vis a menge verfex .

If so
,
add diagonal ow .

_
When es is removed fromT,

check whether Vhelperle,)_→
ej

is a merge Vertex . If so, connect u to endpoint of es .
Event handling for K : [ In Dutch Book , omitted here.]
Runtime : O(nlogn ) ,

n verfices
, sorting ,

each event is O(logn) .

Delanuay Triangulation

Def ) Triangular complex : A set Tof trTangles , edges ,
&vertices s

.
t
.

. T contains every edge I vertex of every triangle Iedge inT.

. fs
.tET,

sot is empty or anedgevertexof both s&t .

sdisallows ssntfs

Vertex set V .= EU, … ,
UnZ

.

A trTangular complex T is a triangulation of V if .

. V is the setof vertices in T
,

and

. T covers conV(V )
,
T. e .

.
t = ConV (V )

.



bevery edge of conV( U )is aunionofsomeedgesinT .

Thm) If V is nondegenerate ( notall vertces are colinear) ,
T has 2n -2- un trianglesJ 3n -3-Unedges ,
where Un =# ofverticesofVontheboundaryofconv(V).

Proof . e .= # edgesinτ ,
f =# facesinT CoutsidefaceI f - 1 triangles) .

Euler' s planar graph formala is n - exf =2
.

Eachtrianglehas 3edgessutside face has Un edgess

eachedge is shared by 2 faces .
⇒ e =

35ah(faeedge-edgepairs
)oountedtwice)⇒
f = 2 n-Vn-1

⇒ # triangles = 2n- V. -2 . ⇒ e = 3 n -Vn - 3 . ,

Def ) Circumcircle . circumscribing circle of a triangle .
.

?
Istriatly inside

bempty if it encloses no point in point set U .

- A triangle is Delaunay if its circumcirle is empty .
-AnedgeisPelaunay if Tthas an empty circumcirle . ?
- A triangulation of Uis Delaunay ifall of its triangles are Delaunay .
Ls Tis a Delaunay Triangulation of V if itis Delaunay IfrTangulation of V .



Noeboundaryedgee hasa containingquadrilatenal Qe .
∞

e is locally Delaunay if 「F has a circumcircle thatenlosesnoverlexofQe.
⑬

Thm) Every tET is Delaunay3 Everyedge of T 「s Delaunay
⑫

s Every edge of Tis locally belaunay .

Proof :A⇒B : considertheemptycircumcirde.trivial . .
B→□. : <@considertheemptycircumcircle. trivTal . ,

□→A (" Delaunay Lemma
" ) : Sps for contradiction that some tεT

not Delaunays has vertex vEV is in t
'
s circumcircle

.

아 Induction on sequence of edges es, es .

tyex ㉔ Inductive step: Circumcincle of ta, encloses

a3 V I er is locally Delaunay
디

2 훙 z

s circumcinde of trendosesv.JT-"
:

e

t=to s circumcirde of ts encloses Va intersectV .

Contradiction
"

The flip algorithm (uIJ . construct any triangulation of U .
Clocally Belaumay]

whilesomeedge eisnotLD ,fipe .! s *grerotrelparywore !Lskeap a listof non LD edges)



Note : an unfippable edge is alwaysLD.

Lemma. Aflipped edge never reappears . 본)
Proof : Union of circumdisks of triangles adjoining a vertex Ts

monofonically shrinking . ,
Thm) Fip algorithm terminates after Oo2) flips .
Proof :OnlyOcna)edgesdefinedonn vertices ."
Thm) Every point setV has a DT .

Proof : Every V has a triangulationT .τ
'

flrp algorithm (T) . Ifferminates .
Alledges are LD⇒T

'
is a DJ of V . ,

Optimality of DT ? X 237γ θ+4=180
.

Angles: ∞ :
α

β : 늡

Thales' Theorem )
≠

Lemma: Flipping an edgee that is not LD increases smallestangle in two
∅

θ+4> 1800affected triangles .

급 X+ 4< 1800

Proofo : ) eforeflip,smallest angle is not opposite of e .
o
.

∅

a
0⇒α< θ .

"

⑧

i:] For anyedgess of Qe , the angle opposite ofs
×

e 「

더

increases after the flkp s even the smallest anglely os .



bef) Angle-Vector : A (T)= sorted list of the 3.# triangles) angles inT ,

sorted smallest to largest .

Corollary : Flipping an edge not LD lexicographically increases A(r) .

Corollary : If a point set has only one DT, that DT maximizes A(T) ,
compared to all other triangulation of V .
proof : Every triangulation of Vexcept DTof V can be improved.

* if points are not cocircular , DT is unigue . [explanation in Dutch Book]

Incremental Insertion Algorithm for DT

Lef 1 .=U….Vn3. V = EU)…,V.B 드 Vfori ≤ n

.=DT(Vi)
.

Incremental insertion transforms1 toT, by inseVr .

×xKXJIA- KX]J*
Lstriangleswhosecircumcirclesencloses are nolonger Delaunay + must change !

Lo but all others can stay .

Lemmal If tstops being Delanuay when V, is inserted ,
for every vertex wof t ,

isDelanuay.



Proof : t was Delanuay before . ④
'

relimay
!

Bowyer- Watson Insertion :
: I Find one triangle whose circumcircle enclosesV .
: : ) Find the m others by DFS in Ocm) time . AT-T
iπ:] Pelete all of their edges , except the boundary .
Ir) Draw new edges from V, to all vertices that ::: deleted their edges .

Runtime : One ?nsertion can fake θ (n) time .TrghtexampleI시 -*
LsWorstcasecouldbeθ() tocomputeDT(V).

Randomized Incremetal Insertion:

. nuffs le vertices in random permutation .

. Insert vertices in that onder
.

* Each permutation is equally likely .⇒ O (nlogn) expected time .

Lemmal EC# of structural changes (not counting step : ]] EO(n) .

Proof Cassume nondegenerate case for now] : All π. … ,Tn are unigue .

Structural changes (trrangle deletions/creatTons) to transform1→ F,

are O(degres(v:) ) ,thedegreeofviin π .<II←
[
더<**

*

.deg= b]



Big Idea: Backward Analysis . Analyze a randomized algorthm as if if
α

were running backward in time .!
_

Given π
,
delete a random V. to delefe

, yieldingT1 .
What is the # of structural changes! ⇒Whatis the average degree inπ ?

L,Fπ has ≤ 3 :- 6 edges , each with 2 endpoints .
→E[degree(K)]≤를 = 6-

.

→ Onaverage ,
wedelete < 6 edges .

Forward in time : On average , inserting V. creates < Gedges→< 6 triangles ,
and deletes < 4 triangles . ,

Step (τ) , Point location ,
is the hand part . To simpify , put V in a

C

huge bounding box .

.
DT.. . π : DT (Ea , b . c .Vs- ,V:3) .

Data Structures :

. Each aninsertedverthas a pointertoa trianglethatcurrenflycontainsi1 .
. Each triangle has a list of uninserfedverfices that point to it .
* Ifavertex kes on an edge , just choose one to point to .

Each insertion redistributes some lists..*-
slow to do this guickly?

One way : Lawson
'
s Insertion Alg . ( flip rersion of B-Walg . )



a) Lazy insertion of vertex .LLTXIS<IIX .< * →*
b) Flip algorithm . <]]… -L*- ***
E [# of flips] ≤ 4 due to the analysis above .

← alreahy acsounted fon

Cost per flipis O( I + # of vertices redistributed ) O( c ) time .
"

Vertex Move
"

: transfer of one aninserted vertex from one listto another
.

Thm) EC# of Vertex Moves to build Tn] εO(nlogn) A
"

Proof (nondegenerate case) : A co< V;
, t
)isa vertsx- triangle pair

with Us in t
'

s circumcircle with tεT. for some : ( learly j>: ) .
* a triangle created Ideleted during one inserfion (transient) doesn

'f count
.

fotal # of conflicts created during the algorithm .

= " eliminated "
∅

= " Ecreatedeliminated3whenrunningthealgorithmbackwa .

Lemma : Total vertex moves≤C
.

Proof.LI.I toreach vertex move , a conflict with t is
elrminated ..….

→

v
.K*. "

,

aconflicfwith t→ is eliminated
.

"

Backward Analysis : GTvenπ ,
delete a random V, yieldingT더 .

RV : X+ (foreach tεF : ] . = IEtεF . isdeleted
3 . ☆(for:≤jEn )= # of

deleted triangles of Tπ that V; conflicts with .



( box)1
-aasountingforbounding

E[X+] 스 9 because thas 3 vertices ; tdeleted if Vi is one of them .

Y
,
is sum of expected <4 of the Xe Variables→ E[☆]<.

Consider all vertex insertions … backward
,
Tn→

…

→To
.

# of conflicts eliminated = C =×E[Y,]스' =12HnEO( nlogn).,
* Lower bound -2(nlogn)D

. . . …

.!> reduction from sorting !

Worono: verfex

Vorono: Diagrams o

V . set of point sites . .

'

1. fvoronoisite
θ

Vor (w ) . Vorono; cell of site WEV =EPEE지 Ipwl ≤ lpul HVEV 3 .
Losomeofthecellswill beunbounded . :*↑ :
Vor (V ) : Vorono: Diagram ofU , planar subdivision formed by Vorono; cells

Evorcwil wEV3
, plus their edges & vertices .

Planar Duals

Let X be a planar subdivision . 업
Let G(witJ where Wcontains one node for each face of X .

(uiw) EE if the corresponding faces share an edge .

It no 4 points of a point set V are cocircular ,



∞t
∅DTCI is the planar dual of Vor(u ) , and .인

.

Vor(u ) " DTCVI if we include in Vor (u ) a

"

vertex at infinity
"

where all the infinite rays ferminate .

why. ?
. If Vorcus & Vorcws share edge e , letp be a point on e .

Closest sites to p are
UIw

.

s Vn is Delanuay . .
(, Converse argument works too. →Voronoledge

nd

Delanuay edge .
. If Voreu)

,
Vorcol ,Vorcalsharevertexy,losestsites.⑤to yare V ,
w
.x

.

s DUWX is Delanuay .

LsConverseargumentworkstoo .( yisthecenterofcircumcirde .)

→ Vorono; vertex nad Delanuay triangle .

. Oburous property of Vor(r ) :Vorono ?face
m

vertex of V

AllpointsonVoronoTedgee =VorxPVors are equidistant from u&w .
s Vorono; edge e I dual Delanuay edge vw . .oostuse
LG But e might not infersect vw ,

be cause the circumcenter y might be outside .

What if 4tvertices are cocircular? (The "degenerate case
"

)

∞ The natural dual of the UD is the Delanuay subdiv.



The Pelanuay subdivision of I is unique . .DTmight not be , but we can triangulate each non-triangles .

A triangleledge is Stronglyif it has a circumcirle with no

vertex of inside or on the circle except Tts own vertices .
every edge on the boundary of conolㅿ요

.

..
.

..은 is strongly Pelanuay .

Cx ) Trrangles
]
cr , θ x

nearest neigh bor edge created by Bowger-Watson

s Every new edge created by inserting V: is strongly Pelanuay in VK .

Thm) Every DT contains every strongly Pelaunay simplex . [ Proof omifled]
⇒ Delanuay subdivision contains all stronglyDelanuay edges , no others .

Algorithm to compute Vor(u) :
T←DTCU ) CO (nlogny exp. time]

I point
at
"

infinity
"

O(n) time
W ← Ecircumcenter (t) ltεT 3 UEw ∞로

Merge identical circumcenters .

↳ ] ¤
compute DCEL dual to T , using Was vertices . ‰

.

다?.

.

Use Incirde [aib,icsd )
=

없.
많,
없더" (
axtay , 홀

=

9 '용합
.
.nt

.
boㅣ

℃



Guibas& Stolf: :
"

Quad- edge
"

data structure represents graph and its

planar dual simultaneously . Variation of DCE∠
.

J 00
pelvertex,VorfaceAllows us to skip dualization step !

Dovor vertex,Del face

Planar Point Location

Input : Planar sabdivision S (D(EL) , query pointes) .

Output: Face(s) containing thequery Poinf(s) .

Algorithm 1 : Check every face (
"

Point in Polygon
"

)
,

θ(n) time .

&
some search structure

Goal :PreS (expensive) so online queries take o(n) time .

Slab method . Partition S into slabs
.

Endclnlesoderedstotcormt. lllll"Query : Binary search on y- coordinates ,

brnary search on the slab .

Time : O( logn] (2 binary searches)

Storage: Up to θ(a
)!Preprocessingisalsostow!mmmIIIl

- IlI



Befter idea : Trapezoidal Map TCS) Cor
"

Vertical decomposition
"

)

and two non- vertical side
.
II D*조…

-

?nhtopesoidhecoportocverkicdiatr.
.
있지세") .:

Patastructure for a trapezoid stores these 8 things . T(S] is nota DCEL !

Note :∞희동씨≈ll,crl Lexicographical removal of degeneracy .
Each segment endpointgenerates 3 verfices .
T(SJ is a planar graph ,

so lknear size
.

oatrmost 3 chasrages교 δ
leftmost

nsegments → ≤ 3nt ) trapezoids .!! ! 큼(""

Preprocessing : Random incremental insertion of segments .

- Maintain history DAG .
→ X-nodes : lexico

. comparison with segment endpoint

by- nodes : above/ below segment sleaves . trapezoids



⑬
⑫ ⑬^A=". ↑ : :! 문

뜻

" "⑬~< 업연1 Y.

Poitlocationinplanar subdivision :

- Find trapezoid 4 contaTning quia history DAG .

. D
'

s top edge has a pointer to the face in the input subdivision .

Inserting segments. :

DLafp
, :

left

endpoint
,dreadyinP암AG?

.
'

⑫
*

- Go right at x- node with same coordinates .

- Aty- node with same left endpoints ,
"

compare slopes
"

② Tracetrapezvids Dn .Daplercedbyl! !
-.
.

.
.10.mOck
) time

:
③ Insert St

.

×*6÷←+!! : / .β ;÷"
changes to map :

ω ww

→⑬ - .'며
. inifialize 4 new trapezoids .

'

쉼김⑬ - updatetrapsneighboringA & B.←
Changes to DAG : update w

'

s treenode to this
.



exa)π! "!no
newp:orA !

ex3) ^↑

!.
..
.

.'XN.
④ G 업,
"
1

엄⑫
-Ifp :isnew ,create &A .

- If q: is new , create @: &B . ⇒ O(k) time
.

- For each Do
;
.Dk ,create<> .

- reatenewleaves, merging trapezoids where verticalexfensions

are blocked by St .
Backward analysis:

④ Query time for point q?

Depth of trap containing q is at most 3 .(# of changes to q
'
s trapezoid)

Lef α be a trapcontaining q isT(S:) . RTp out a segment si U .dor.
a disappears only if top(α) , botfom(α) , leff(α ) .or

right(4) is removed .



→Pr [Ddisappears] ≤ 1 .
s Edepth ofqinDAG] <꽃무 12Hn EO ( logn) . "

② Size of DAG?

EC #oftrapsrippedoutfromS .] ≤( 3:←+1 )
4: ≤ 16

⇒E[ szeofDAG]≤O ( (6 ] EO ( n).[Worstcaseisstill θ(n)]
③ Preprocessing time? Itind p: supdate DAG&map

Inserting s. takes expected O( log:) +O(16 ) time .
⇒ E[time to buildT(Sn) +DAG]= :O( log:) = O (nlogn )

Duality

Point p .= ( Px . Py) line p
*
. =Y = P×X - Py )

Primal

' ㅣ
pual

line l = ( y= m×+b) Pointl* . = (M ;

- b)

* no vertical lines !

Incidence : lpasses 1 Incidence . pa passes l
*

* Py = MP× tb * -b = PxM-py

Orientation : pis abovel Orientation: lt is above p
*

* PY > MPXtb * - b > PaM - Py



.

"마에서
"

U
다

*!
*

*

,

: hnde"? ..

X-*
Application : Intersection of half- planes ㅣDef ) Half - plane : a line U setof points on one side .

√

Intersection 'IHEh .b. 3ofhyperplanes .∞ find the infersection(feasible region)

Partition H int아= L Ψ U Ψ V
.

L= lower bounding HPs .-
. U .= upper " _

o V . = vertical IPs
.

(special case treatment) I /
Compate underside first .X. .

.

.



We want each point o where : 2 lines in L infersectv , and no inein

Lis above V
.

s Dualize : we want each line V* where 2 vertices in L
* intersectu*

,

and u* is above no vertex in LA
. 있

s Lower portion of conVL
* ! (Graham scan in O (n ) )

s Dual ize the lower hull to gef Mnacht connectivity information .

Compute the apper - bounding half - spaces seperately , then merge .

XiopevrrensMrogesuerpsliffturight .
_ Linear fime implementation .

Can be infeasible, Inn 3 = 1. Can be unbounded .
L

'_
__

u

Fnonytseraporatelfnctormr. ..
*.

Arrangements of Lines darrangement
L . set of n lines inplane .→ A ( L) . planar subdivision defined by L .



*.MosmanyInludeahuboundedfocetpointatintinity .

ACL] is simple if : no parallel lines I no 3 points intersect at a point .
Thm) Complexity of A (L) :
- A (L] has ≤을 Vertices

.
(+L at ∞ ) equality iff

- ACL )has ≤ edges . } ACL) Ts simple .

- A(L) has ≤및+ + f faces .

Proof:
. There are (2) pairs of lines , each generating at most one vertex .
Parallel knes or triple intersectionsreduced # of vertices .
. A knelwithV vertices「 sdividedintoC +1) edges .
Atmost( n-1) vertices on line sat most nedges on one lTne

Parallel or triples s some inehas< ( n-1 ) vertices
.

- Faces = edges - verticest2 f we count vertex at o .

0
. simple case → f = 2+ f +t faces.
Parallel s one vertex fewer

,
two edges fewer → one face fewer

k-way infersestion
→쁠 vertices fewer

,

k2-2k edges fewer



, 를- 2 tfacesfewer,> ① K23
. %

Compating A (L) 쁠- Use DCEL
.

- Idea 1 : lane sweep line intersection .

. Lines initially ordered on status tree by decreasing slope .

Break ties (parallel lines) by increasing y- intercept .
. Run as usual

,
then tie loose ends to vertex at ∞ .

→ O( logn) time.
- Idea 2 : Incremetal sertion .

. Insert l. . . In in order .

. To insert li :

va -vertexat
D

do : Flater
determine face tosice , call iff .

determine edge e or vertex w where v. leavesf
.

chop facef in two (modify DCEL) {7.
어

.

.
Va vertex where l . leavesf .



while V Fvertex at D .

Determining face to slice :

. Walk lifrom leff to right ( bottom to top if l: is vertical ) ∅

Fromanynoalm point ( not at: .
Look for two consecutive edges efe ' s.t . l. has slope >e&se

'

.

. From point at ∞ ,
use slope to determine face .

Counter dockwise → decreasing .slope !(counterintuifive ,think3D ?
Break ties (parallel lines) by y- intercepf ( ccw → increasing y -Tntercept)

,, ( rertical lines) by × - coordinates(ccw → decreasing X-coordinafes)

Time to inserf l, ≤ total complexity of all faces that de intersects .
- I, generally intersects θ (: ) faces . 쏀Onefacecanhaveuptoθ C :)edges.

G Quadratic time to inserf one line ? The following thm shows :f 's bettev
.

Thm) Zone Theorem:Letthe of a line l in arrangementA(L) be

the set of faces of A( L) that intersectl
. Complexity of the zone is

the total # of vertices
, edges , and faces in the zone ,

which 「s O (n )
.

Def) Pavenport- Schinzel Sequence : DS(n .s) is a string of an alphabet



of n characters such that :

II no consecufive characters
,

2 )noalternatingsequence oftheformdbabof lengthst (2).
eg] 123242Iㆍ DS (4

,
2)

,

bt 1231-4 DS( 12)4
.

Lemma: Every DS(n ,
2) sequence has ≤

2n- 1) characters .

Proof . Lets be a c - char DS(n ,2) sequence . Each consecutive pair (a ,
b )

(A)

is either the lastoccurence of a,orthe ocurence ofb .( b .a …a)
_

It former
, charge $1 to a . If latten , charge $1 to b . Also , charge $L each

to the firstI last chars ins
.

No char is charged more than $2 since

Itgets charged only for its firstIlast occurunce in s .
→ Total charge is at least더 ) pairs +$2 = $ (+1) ≤ 2n$ " C ≤ 2n이.
Proof of ZoneThm : Change the coordinates s.t. l is the X- axis .

Leff boundingedge ( LBE) of a face =edgewitha facetotheright .

FICveWalkdongtHif
I

,istingall
LBEs Tnl ' s zoneabored .

e 13231454161 → DS(n ,2) sequence !

slength <2 nbythelemma .Why?apetore
nosafter

Intersecting below/on l
Cor parallel)

Xnosrctorolatts2. 2
.

I
.
I
.

1…
2
.
2ispossible, butnot2 (21 . ⇒ This safisfies PS(n ,2).



→ [LBE ←RBE) × ( above l + belowl) < 8 n for IE 1
. "

Corollary :IncrementalInserfionrunsinO(2) time .

Numeric Integration , Ray Tracing ,
& Discrepancy

What points should we select to supersample?

CGNOTNely,St Igrid sourds god .

bla

T1I .scanseiscontinuity!
☆

Wewant" Yow-discrepancysequence,
"

,
e .g . Sobol sequence .

Discrepancy
Let U . = (④ , 13 × [p , 1J , untsquare , represent a pixel .
Let S = set of sample points in U .

Let H =setofafhalf-planes. ∴
Pu..

.

'P ….
_

For any
hEt

,
continuousu (h ) anddiscreteus(h)

is ideally equal , but we have the discrepancy in(s) =lµ(사-µs(h) l .
→ Discrepancyof H : DH(s) .= (PDn (s).

AWhy sup , not max? Dncslapproaches O.8 , butdrops to 0 .8-0 .5)
.

sConsider the greater of closed and open half -plane .



Computing the discrepancy of so. Leth be a half -plane Copen on closed)
that maximizes IH(s)

.

Let l be the boundary of h .

Lemma : lpasses through apointinS.fleatonedirection increases anls.)
Lemma : For some maximizer

,
either :

. d passes through 2 points ,
or

. ID(1 ]isspktinto two equal segments by a point inS .
Proof . Let h be a maximTzen through some sεS . Rotate h about pivots .

How do uch) ,µsch ) vary? µs( h ) : changes when I hTts a second point .

µlhlovarlescontinnously.? .:#

Algorithm :
O(n3]

foreach SES : ㉒
Oc에Ileoptind " TnethroughsCconstrutinell tocomertrrangle )for each h with boundary l , open closed ,

above/below
, compufe Ds(h ) .

for each s'ESㆍEs3 :ㅣ { I e line through sIs'Ocn의

for each h with boundary l , open closed ,
above/below

, compufe Ds(h ) .

Runt?me : ①(n3] time since each Ds(h) compufation takes OCn) .



Can we do the lastpart beffer? → Use dulity !

Goal : tsis' ES ,count #pointsin Sabovefbelowss

Dualize : θ pair of lines l . l
'

e SA
,

count lines in st below labove IolA
.

Level of a vertex w in ACLI = # Tnes above V
.A (sXs wrsarn?- 11 facef " 11 f
.

Let f
, f
'

be faces sharinganedgee,withfabovef.
∞ level (f

'

) = level(f ) t 1 by definition . s Compute all levelsby FSD .

Lower vertices of f have the same level as f (except left/rightmost)
.↑

.

?"

≈...
.
.

"

.

. .

:"
Buteveryvertexhasa faceontopof「 t.→ computable !

New Algorithm(second half) .

Construct A(S* )
.

]compute level(f) for some facef ( brute force)

compute levels of all faces by DFSacross edges
all Oan2 )

Label vertices with their levels

Repeat with
"

upside - down
"

levels (# lines below v )

for each s .s
'ES : O( 1 ) ! ! . OLP)

↓

for each h
, open /closed ,abore/belows, compute D.(s) }

⇒ Overallruntimeimprovedto Ocn) !



Higher Dimensions
Coordinate axes : X,

,
X2
.
…

,
Xd

.

In E9
,
a k- is like a k-dimensional subspace , but need nof contain the origin .

(a.k . a . affine subspace)

① . flat : point Crertex)

1 - flat . line

2- flat : plane Inormal vector
constant

dfflat : hyperplane , set of y s.t. n . x= α←
variable point

d - flaf : space ( E
α )

Def) Affine Hull (affs ) . fwo eouivalenf definifions ,

⑤thelowestdimensional flat that incdudes
S

② the set of all affine combinations ofpoints in set S .
b The dimension of Sis the dimension of aff S

.

Def) Halfspace : one side of a hyperplane Copen or closed )

(Convex) Polyfopes : pnone
is an affine combination of the others

_

Def) k- simplex : convex hull of kt4 ) affinely independent points P.
4 - 1 -simplex : φ ,① -simplex :Vertex ,1 -simplex :edge ,2 -simplex:triangle ,



3- simplex . fefrabedron
.

.

…

,(d
-

2)-simpex.ridge,( d

-1 )- simplex : facet .
I
vertices of simplex

of ak - simplexis conuP' foranyP' ≥
P

, incdudingthek - simplex itself .

A d-simplexhas
() k - faces

.

sNote that # of k - faces = # of (d-k -1) - faces
.

e
. g . vertices) = f facets$ ( thinkoftetrahedron),

(
9kf- faces dominafe

,
:2
「

맘+Ldk」 )s97

General Polytopes : 빠
A supportinghyperp (ntersects the polyfope but nof its (relative) inferior .

Def) Proper Face : intersection of a polyfope with a supporting hyperplane .
(d-2) - fase Ch-i3 face

Lo Vertex
, edge , 2- face , . , idge ,

facet

Def ) Face : P ,
,
or a proper face .

ad halfspaces

exlHypercube :IntersectionofhalfspacesX* ≤ 1,*
「utaets

G point , edge , square ,
cube

,
4- cube

, . .

Verfices are (+ 1
,±

1
…

,
±1 )

,
2
d
vertices in fotal !

2d verficas
_

ex)Cross -polyfope :ConVEe , - e. : : ε[d]] where e: is a unifrecfor along axis X1 .
Faces are conr E ±,±ey … ,

±ea3
,

fotd 20 facets.
. ! ::∴………



Def) U- polytope : The convex bull of a finife point sef (simplex , cross- polyfope,…]
Det)H -polytope :Thebounded intersection of a finife halfspace set (hypercube)

Thm) Main Theorem of PolytopeTheory: Every *: polyfope is a 상 polytope .
Conversion Algorithms : VH

"

Convexhull
"

,
H→V

"

halfspace infersection
"

Def)H -polyhedron : Like Hpolytope , but can be unbounded ( from Malousek)
Det) Simple polytope : every vertex has degreed (simplex , hypercube)

Def) Simplicial polytope: every facet is a simplex (s?mplex , cross- polyfope)

Convex polyhedra in 3D: 습죠… →밋
Edges form a planar graph . Pick some

"

outer face" and project .

s Ocvertices) complexity , can apply Euler
'
s formula !

Thm)Steinit2 Theorem . A graph the edge graph of some convex polyhedron iff

it is planar and 3- connected (delefingany 2 vertices doesnitdisconnefG)

Representations of polyfopes , triangulations ,
convex subdivisions :

Double description : biparttlegraphconnectingverticeswithfattpe
'

If-faranguatrouyomv
-andir

.
Facef graph : Doubledescripfion fedges connecfing any two facets /d- faces that

PT
share a ridge/fasef

.

'규→ □□맘"



Face laffice : A Hasse diagram ,
a DAG connecfing each k- face with adjoining

(K- 1 ] and ( k← 1 ) - faces
.
(complexity is likely exploding )Λ

Allof these can be triangulated ; divide each □ D DD D

face into simplices representing them .
"" "*
*…*쌍~ "'

Warnings :

⑤ If not triangulated ,
double descriptionI facetgphra are nof complete

representations ; may need convex hull alg to reconstruct shape of a facet .
② Size of triangulated representation may be superpolynomial in size

{ㆁf DD of facetgraph asd increases ! e. g . hypercubes③ Size of face lattice may be superpolynomTal compared toDDor facetgraph ,l even if they are triangulated , e. g .simpliceshave 22k( d/25-faces .
Not an issue for d =2~5

.

Polarify (Anotherbuality)

Primal pual

Pointp Hyperplane PA =EXEEdYXop =1normalveton

Corigin has no dual ) itChyperplanethrough originhas nodual ]



Point pE hyperplane h h* E pPA ( preserves incidence)

Pisonsideofhasoriginh * isonside of p
*
as origin

Copposite] copposita)
Cpreserves orientation]

k - flat (d- l- k) - flat
points or flats
_

. aff (Pa , Po . … ) Pat ?P
* ?.

hporflats
_

obalho ? . .
. aff ( hta

,
h
*…>

k-flaff intersects (d- 1 -k) flatg kflat g
*
n(d -1- k)- flat f *

_

Coverlaps from origin
'
s viewpoint] [ 11□ ( incidence

,
orientation)

V - polytope with origin inside ㅣ H
- polytope with origin inside

. face laffice . same lattice upside -down

Cross- polyfope (2d V , 2dF ) Hypercube (2dV ,
2dF )

Convex hull from halfspace Tntersection alg
.

:

. (← Centroid(U )

. Translate V s
.
t
.
cis af origin

f ← dual (V) with all half spaces containing origin

oPaEnh ( halfspace intersection black box alg)
. return P*



Halfspae intersestion from convex hull alg :
0 Let p be a point inside yh .

( Find via LP)

. Translate H s
.
t. p is af origin

. Va dual(H) .

.

.

;...
. P ← conv(U )

. Delete facets of P facing origin

. return P *

Triangulations of point set VεE
.

Asimplicial complex T s.t.
.. t = ConVV ,

and

o Vis the set of vertices inT
.

A tetrahedralization of n points can have - I() tetrahedra .

Each additional 2 dimensions → one more line s.t. orthogonal I offset from others

→2 ( no
?)d

- simplices .

Delaunay Triangulation : AVEV , tEDTV , uis not inside the hypersphere
↑

that circumscribes t
.

d-simpices

The arabolicp lifting map . Liffs points in Ed onto paraboloid in Ed
"

,



Po< pillplp> =pt
Thm) If conv V+ is simpkcial , the projection of 분있
itsundto Ed is DTV .

Proof . Lef t ε Ed be a d- simplex with vertices EU , cirmumcenterC , radius r.

tis Delaunay iff HVEV ,
Ψ -CIR 2r

2
⇒ (NIP 22cortratllCdp

.

For each vertex w of t
,
w=( lw /β= 2c.rfr- llClp

.

Lef h be the hyperplane Xd(= 2c . (X×… , Xa) tr-l1Clp .명
s each vertex of ttis on h .

tt kes on the underside of conuVt iff u +EV+,utis not below h .

⇒ Vd+y ≥ 2C .U + r
2
- 1IC /R

.

But Va= llulP
,
so t is Delaunay iff tt is an underside . ,

Note: If ($+2) points in V ke on a common empty hypersphere, convVt is

not simplicial , and DTTs not unique . TrTangulate facets any old way .

Corollary : Every finite poinfset has a DT .

Corollary : Every convex hull alg . for Edis a DTalg . for En .

Corollary :TheI(,DTinE 3 impkesexistenceofI (n'
)

- facet

polyfopes in E4.



Upper - Bound Theorem for Triangulations (asympfotic)
An nvertextriangulationT in Edhas O

(n7] simpices .

Proof . Rotate Tsto no facet is vertical .

For each d- simplexs : D-face rfae
"

!"a ,",
fface

intersection of k facets of s is a (dk)- face
.

shas (dti) facets
.

At least f( d+l)/27 of them either face upor face down .
(pick majority]

Leff be the intersection of f(dl2] of them that face upCor downl
→ f has dimension ≤ d - /( +12) = fdk7- 1

. 서
sis the unique simplex directly below Cor abovel f .
.
. # of d- simplices in T ≤ 2(# of (「9k7 - 1) - simplicesofT)
≤ 2.() εO ( n이미 )

Number of k-simplices ≤ { 2( . I nSkn for [dal ≤ k ≤ dn
kty for O≤ k≤ Fak]

Upper Bound Theorem for Polytopes (asympfoficl : an n-Vertex polytope
PCEd has O(nla

」) facets. 쌌면
Proof . projecf facets to 2 subdivisionsofE .Triangulate_
inner faces (doesn4 decrease complexity) . Apply O( nkdk

7)triangulation
bound

.

Observe that 「)k7= Ldk). "



Exact Version [McMullen] : An n-facetpolytope PCEd has
f
.(P ] ≤.
(

i

] ( n -
1-max( ; id-

:min( j ,d-)

1 ) I - faces .

By polarity ,
an n- vertex polytope has

f.(P] ≤.
(

다)(n -1-max( j, d-;)min (; , d- 3 ,
J i - faces .

Small Dimension LP teractonint
Application: " Intersection "ofplanesthatdon'f quite intersect.
Normal equations of planes : M: . X = CG , ≤T- P

, n: is the unit normal vector
.

Ideasminimizedistanceofu fromfarthestplane, d =mae/ i .V - Cil .
' Rewr?te as : mind sst inear constraints

dE=. V-G
,

d2G-V 로 θ :ε [P] . This is an LP in4D
.

V has 3dimensions
,
and d is a constraint varlable

.

Pef) Linear Program : X .= (X,… ,
Xd ) Variables

,
C =(C… ,

Cd) objective vector .

The goal is to maximize X - C = GX,t- + CaXd
,

the objective function .

There are n constraints of the form drox≤b: where di = (a,…,dia) ,b:ElR.
y

' Each constraint defines a half. exs
(- 1-33 .x≤

- 6

2
.

The intersection of all halfspacesis the 6

feasi,a convexH- polyhedron .
@ > x



Visxindirectionc . X
It nf hufoporcecsgomply ,the

LPr
e

ensihk
.

FeasiblebutunbouLPis feasible but has no

upper bound on c.y . Note that the LPcan be×bounded even if the feasible region is unbounded . ↓

There can exist multiple optima if Ja constraint I to C .

o We will seels the lexicographically maximum solution . ⇐
LP Algorithms:
- Pantzig

'

s
"

Simplex
"

: works good in practice for larged ,n , O (exp(n)) .
- Kachiyan ,

Karmarkar : polytime in bitcompf inputcoefficTents .
- Megiddof other (GGers: algorithms in O(fedin) where fed) is

exponential , but obliuious to bit complexity .

Lemma : Let H be a setof halfspaces .

Let cbe the objective vector.

Let V be the solution to LP(C
,
H )

,

the lex. maximum optima of coVinanh .

Let h' be another halfspace . [assume adding HUEh
'

s is feasible , fornow]

ca) if uEh, thenV solvesLP(c ,HUEh
' 3)

.



(::) if v/h, then solution to LP(C,HUEh3) ies on the boundary of hs .

Proofsketch:<" X%→1 "없.hebest*
.
lutons
0
않다
.

,

Ciπ) Suppose new optimum U
' isnon the boundary of h.

-*etg
=

vthercou,
bundary

(tov'

,soc .l .

gtpc

.v .

"

4
.

OR
,
Cor = Cv ' andUEV' , so Coq= Cov

' and qeV
'

,
so vis not optimal .A

,

⇐
Sidel 's LPAlg : SolveLP(d . c,H ) .

."1 lj
-00

If = f :

heminEb/ al (ab "E ,
a>①}

l ← maxEblal (aib)ㆍH
,
a<①로

Z ← min Ebla , b) H, a=①3 [①≤ b]

:f ( h< l ) or (<①) , output INFEASIBLEand ferminate .

else if c20
,
return h

.
Calsoincludes c=)

.
then find [ex . max

,
h]

else
, return l .

ELSE
,
d1 :

if IHFd
,
return Tntersection of bounding hyperplanes in H .



in[ otherwords , solve Ax = b where A=[.
.
=] and b= [.

.
3 .]

else
,
choose random hEH

.

V ← SolvelP( d . c ,H1 h3) .

if Veh
,
refurn V

.
[ Lemma

,
case ca]]

else , 옆
(
'
← orthogonal projection of c onto boundary (h) .

H' ← Eh ' nboundarych ) /h 'Hㆍ Eh33
return SolueLP(d-1 , c' , 시

" )
. [ Lemma , case Ci: ]]

Warning : Alg only works if no subproblem is unboud, veryunlikely.
e

(OK) cunoh)↑ ×*
×

*
-

Big Idea : Most constraints don
'4 affect the final answer ; typically onlyd

constraints are actively involved .
Backward analysis : Lef m=1 H

1
.Let w ←LP(, H

)
.V←LP( C,HㆍE3) ,

with h chosen randomly . Pr[v4h3 ?

Fact . 7 subsetIEH with /I=d s.t. w solves LP(C ,
I)

.

Such Iis called the
"

bas?s" for w
. **→×(

3(Cis a linear combination of normal vestors of IJ
of nonneg. aoeffichents



If hEI
, removing h from H cannot improve the optimum ,

so w= V
.

If hE I
, removingh improve the maximum .

⇒Pr[v4 h] = Pr[v *w ]원
.

Expected runtime for SolveLP(d ,
C

,
H) :

Ocm) if d1

TCd . m) ≤ O(d3) it mad{T(값+없게+ 음(OtiHsndomer.TT(otherwise
resursive cull

Verify by substifution that T(d .m)≤2d6 m늙). works .
The summation converges , soTCd ,m)εO(d !m) , linear in M .

.

Unbounded LPS

- Addextra constraints -λ≤X+≤λ iE[d3
.

- λ is a
"

symbolkc constant
" (i

.e. unknown value) ,someverylarge→

-Constraintsarepresentineverysubpro
- Solutions canbe of the form ut $w .

Exix7

'
T

":
ovtsho

(- ilsλ)



- Solution
"

V+ /w
"

means that for some λo , the ray Ev + dwl λ21.3 is in the

feasible region of the original LP ( without the box) .
- Solution utlw is " in

"

halfspace b with normal a if
…

. w . a <) ⇒ ω
"

shoots into
"

the halfspace, good . 화
_

0 wod = ① s also requires that VEh as well . π
- Lexicographic comparison : ptlgVtlw 5 q a ω ,

or

q = w and p < V . [ For this and above , assume λ7) . If (=① ,
resort to original .]

Define minn
,
maxn lexicographically .

- Constraints : a.X ≤( bitloe, where d: ε (Rd , ba ,e: IR .

All input constraints have e:=θ , but subproblems…?

I
not the bounding box!

SolweLP(d
.
c
,
H) :

8+ 0.81

If1 .Base Case] .-ㅢ
hth 'λ ←minnEEblatl/al*

*

EH
,
asㆍ3 UE ①+ 1 .233

.

l+ l
'

λ ← maxn[ Ebla + le/ alcaibielH ,
a<①BUE① - 10233

.

2 +2
'λ ← min . Ebtlel( aibie)태 ,

a=①}

if (2+2' λ<a ①+ 0 .λ) or (hth' <nltl
'

d)
, oufput INFEASIBLE and ferminate .

else if c2① return hth' λ
,
else return lil ' h

.



cxidg

If d2L . [GGeneral Case] d

네높
tim

if H =‰

v + fd , w ←(witwherewi !0returnvtdw.
else

,
choose a random hEH

.

V +λw ← SolvehP( d
.

c ,HEh3)
.

Express h as dox≤btde .

If dout ddow Eubtle
,

return utdw
.
[ if vedwEh]

Else ,ifa⑤
, report INFEASIBLEand ferminate .

Else
,
solution kes on boundary(h)… *"Reduce the dimension/Gaussian Elimination :

. Project h orthogonally onto hyperplane defined by (d-yl axes ;ㅣ i . e. just drop one coordinate somehow .

[for lex. ordering , bat robustness…?]

□ Let a be normal tohs let kbe the largest index st. wla.4O .

. prop coordinate k .

ka makkE I w/a. F13 . 섶
H ← ECa-. a with k- th coordinate removed ,b-@ b

,
e
'

-@ e) /

caibie)EllEh3 where h=(e3 .
[
GaussianElimination]



ε← C-oa with k. th coordinate removed .

EIncorporafe constraints -λ≤λ 3⇒ d =(①…고β
…

①

],
b
=①

,
e=±1

.

HHOE(파a with kthcoordinateremoved, -값
,

!±윱 ]3
.

Itdv ← SolveLP(d -
Y
,

ε ,T ) .

Eliftsolution3

Vet with zero insertedas k-th coordinate .

waiv "
σ

저1n
"

Vk ← x
(
b- dou)

. ㅣ
_

Wa← *(e - dov ) . *형
return VtXw

.

"

Projecting own
"

d parallel planes: 매
A
←

projects t.
could make trivial constraints or conclude "

①≤3"

5>← Projectsto
_ "

①∠. 5
"infeasability , depending on direction .

→ in feasible !

For numerical stability :

- Choose least distorting projectlon , k← argma* lail
- Toresolve multiple solutions , use auxilliary objective rectors ,
C =( 1 ,①…①

)
.a= (6 ,

1
, ①… ,

①]
.

and map them down too . Use in BC .



High Dimensional Convex Hull

Lef V . = EV∞… .
Un3

,

. =EU ,… .V: 3
,

P: 8 = conv (V:)
.

Suppose no dtl vertices are coplanaryper⇒ P . is simplisial .

Each P: is represented by a facet graph .

Algorithm:ComputePa,= conV( Vai)[ l-simplex, ①
(1) time]

for ; ← d+2 …7
, compute P: = ConV (P, UEV :3) [Verfex insertion]

obscured{[] 다,[ .
""-
/

X"
,""용a
&Knayes

Computing conv (P, UEV: 3) :
ca) -indonefacetofP ,visible from Vs .(IfViEP

,
we are done)

cb) -indT all facets visible from Vs by DFS in facetgraph .

} O(# deleted facets)candentify horizon ridges .

cdsDelete all visible facets .
node in facet graph

ces For each horizon ridge r , create facet conm( ruEu,3 OC# new
facets

ct Generate new edges of facetgraph Cridges of P: ) . } reated ]conv ( rusu ,3) hasd ridges , one shared with an obscured facet .

The other1 ) ridges are matched withother new facet ridges
using a hash fable . ( Hasheach widge by ifsverfices)



Over all iterations : # facets deleted ≤ #facets created
.

Step ca) : Use conflictgraph .
. Each aninserted vertex has a pointer to a visible facet .

. Each facet has alistof vertices that point to it .

. When a facet is deleted
,
redistribute its vertices to new facets .

s If vertex w can see a new facet , w can see its old ridge .

[X함-[F
. To redistribute w

,
DFS facets visible from boVi&w .

Find a horizon ridge whose new facet is visible from w .

If noneexists
,
wEP
, so throw w away . D:

→ timeEO (# of ws Visibilities deleted ]

Def) Visibility :<w , f ) pair with faceffuisible from uninserted w .

Over all Tterations : time E O(total # of visibilities deleted )

=이 " created )

Def) 5 -facet : orrented facef whose vertices are in V that has ; verfices

of Von ifs
" front " side .

.
iotaet



o All facets of conv (V) are ① - facets
.

. Whena 5 - facetis deleted , ; visibilities are deleted .

. The d vertices of a j- facet are its
"

friggers
"

.

. The J vertices in fronfare its
"

stoppers
"

→

< stopper, 5 - facet> is a visibil?fy .

0 Appears during incremental insertion iff all triggers inserted

before any stoppers .

. If <VI
. . .
Uny is a random permutation of U ,

it a ppears wop .P ;=급용 )< .

Def) ≤5 - facet : facet that has ≤j vertices on its front side .

Lef f; .= fotal # of 5 -facefs ,F , = fotal #of≤5facets=. f .
f
.
=F

= fconv (U ] / EO( n
이」
)
.

Lemma: F; EO(;
?n
」
)forj 21 .

Proof . Choose random subset REV . Each vertex chosen w.p . Y5 .

Lef r =fR / Crandom variable nB:(n. ))
.

Prfparticular k -facetappearsinconVR(I ] =qk =(승
)이 ( 1 -noosedngsersolkstoppers

If K≤] , q×2(화)
이(1-화] = (; )de.derrata

?

E[size(conV(R]]]=옳q.f.≥g다×= ()이동고f = (비일Fs
.

Butalso ,εO(ELrs ] )=O(ECr
]s ) =O( %

k」 )⇒ F; εO(;
µ'
n
') 1
"



→E[runtime] ε O(ECtotal # facets created] +E[ fotal# visibilifies created] )

= ①(.
.

.P,f ;+ 옴 :JP, f ; ]≤ O
(n
이' + P,f; ) . [separating j=① case]

닭 jP,f; <없(F.-,= d ! [웨서,+ 더-옮"-F.] (업)
↓

= d ! [됐
(

좋-에!+몸 1+F.]EO (,",
"

()[( 5+π)-"
이

'+ n )[Fnt
= ①(웨
;

없
s

; +n ]= O ( n」)=운앙 ( ):nlogn)fd22
:fd= 2.3.

*Worst - case optimal for fixed dimensiond ! … but exponential ind .

Special case : suppose θREV
,
conv(R) has O((R1) facefs

.
[ common inpractice )

Then
,
F
,
EO (;

다"
n)

,
so exp . runtime εO ( n합) = O(nlogn) tdimension !

3D Orientation

Two ways to orient tetrahedron vertex labels
:

Positive negativeorrentationa..
.

orientation
c
" batter mumericaully

{
al

Orientation tesf : Orient3Dla .b ,.d ) = det 값[ 밤 밤 !J = det* !마 ?약]
→ f sign⇒ Pos . orientation , - sign⇒ neg. orientation

dx dy d2 1

s ① ⇒ points are coplanar .

pos . or; . s facet 4 bed is visible from a ,
where bed are in cow order

to observer outside the polyhedron .



(resall =< a, Klalp>)InCirde (aibicid ) = Orient3D ( ar ,b , ct ,d
× )
→ extra column transmormation

‰ ax- dx ay-dy [ ax- d×)
)
+ [ay-dy]

? for better accuracy

= det byrdx by-dy [ b × - d×)
z t [ by-dy]

고

℃ [ ]d
cx - dx cy - dy [cx- lxP + Lay-dyp

㉚ *a ,bic) must be in cow order , else sign is reversed !

tsign ⇒ d inside ,
- signsd outside , ① s d on circle .

Vorono: Diagrams in Ed
length of line segment

Vorono; Cells : VOrW = EPEEd IptI pul vEVZ . Each cell is convex .
Vorono: Piagram : VorV is a polybedron complex in Ed(aka convex subdivision of Ed)

confaining every Vorw and all of its faces .

Constructing VorV :

. Construcf DTCU )
.

. For each d-simplexSEDTCV)ompuleTfscircumcenter.
.

.

.

the center of ts circumscribing hypersphere .
. Construct face lattice of DTCU ) ; turn itupside down .
s d- simplex dualizes to circumcenter = vertex of Vorl .
s facet of DT(V ) dualizes to edge .

Lb edge " facet
.

bvertex " cell Vor(u )
.

(sortof
,
need cleanup)



. Merge equal Vorono; vertices . Creally use InSphere to fest]

. Merge any two faces if the faces of same dimension ( 1 …d) )

if they are faces of exactly the same subset of Delaayncells .

나다.
/

급!:.인이
.

Vorono: Diagrams& The Lifting Map
GTven vertex setU

,
let U+ be the vertices liffed onto paraboloid V=보1I1.

Duality
:vertexω=( ω',

, Wk
)dualizesto hyperplaneXk =ω, Xit…. fwk,Xhan -Wke

LefH %= Ew+ * / wEV3
. A y=

x를

¤... ②

d e

Let the upperlofH bethefacesofarrangement ACH) of
level ① (i .t . no hyperplane above them) . ( φprojecteddowntoEd →VorV

Connections between objects :



Lower convexhull s
uppeof envelopevt*ofut

"

standard duality"

Iprojection Iprogection
DTCU ) I

"face dualily
"

, Vor(u )
( subdivision)

Point in Polygon
Point location without preprocessing ?

Query : Is point p in polygon G? [ inside , outside , on boundary]
shoot ray to rigt . TU…
. Odd # crossings ⇒ inside , Eren#⇒ outside (if not on boundary)

Linear time (check every edge) … but degeneracy ?

*it, tf strategy : Symbolic Perturbation .

Shoot ray to the right of (Pa , PytE) where ε>① and infinitesimally small .
Ls for a sufficiently small ε, the combinaforial value doesn

't change !

→* 1ttiyee Then
,
the ray never passes a vertex .

Requires modification to the intersection test :

any vertex with y
- coordinate py are now

"

below
" .

sdegenerate cases go away . * If pis on boundary , report itehalt .



Query : Is point p inside polyhedron H ?
shoot ray tothe right of q .= ( P× ,y +E, PtE)
Idea : break ties between competing coordinates through powers of E .

Numerical Robustness

2Types of geometric computations .

① Predicates . discrefe outputs . usually amenable to exact arithmetic .

bexlcow ,incirle
a

. b

② Constructors . create geometric objects . bit complexity may grow wlo bounds

G exJ compute intersections
0

⑩smayneedrationalsfradicals
s products are cusually) ased in predicates ,

so precision may matter !

Two paths to robustness :

① Exact arithmetic libraries : can be slow ,
not always applicable .

②Algorithmdesignfor" lying,
"

o hard
, very dependent on context , not general .

Path 1 : discipline I exactarithmefic .

Slow down a program by a factor of 1
.
① 1
…

~ o
.

Integers us FloatingPoints ? Integer operations are easy ,
and there



are varlous bignum packages . Floats have many software for t ; we can
retroft

. Ifcan also be scaledI converfed to Ints
, using full bitrange !

ex) Bailey
'

s MPFUN (Fortran)
,

Shewchuk 's predicates (C)

Floating-point filters :
. compute predicate in FPll with roundoff . :; cr )
. compate error bound using forward error analysis . .

fcx )
. If lerror boundIresulfl ,resorftoexactarithmetic.

LNexpression compiler [ Forfune & Von Wyk ,
93;96] :

polynomialDN
-

fvandysiscbound
Ibustredcarkcodk

Peferminanf fricks : [Clarkson 92], exactGram-Schmidt, thendef(A)= ±1 .

Radicals : Ee expression using ts -
,

x
,

1
.

.

V = exactvalue of t
.

ompute approximation t , error bound b .
If lil≤ b

,
increase precision , repeat.

LsIssue: what if V=① ?

A seperation bound sep(EJ is a positive real #s .t. if UF6 , (N12 sep(E) .
Such bound can always be produced!←더

에지임에
,

↑



→ If b< se별,thesigncannofbeambiguous.

Fancier methods for roots of polynomials , efc : algebraic geometry .

∞ Resulfants
,
mulfivariate Sturm sequences , Sylvesterdeterminants , Grobner ..

Constructors :

. Stored as expression trees ,

evaluated lazily to precision needed .

. Cascading constructors → increasing bit complexity andfor cascading trees .

Path 2 : derate lies
.

Failures occur because geometris predicates refurn mutually contradictory
results

.

s there is no input s.t. Tf generates the predicates' results .

Parsimony 3 .Algorithmisparsmif it never performs tests whose

resulf is a formal consequence of previous tests.

Can we design a parsimonyengine"
? Followingsaysit

's very hard .

Arrangement realizabilily problem : Given combinatorial Iine arrangement
(such as D(EL wlo coordinates)

,
do lines exisftthatrealizeπ ?

L
, Mnev

'

88 . As hard as existential theory of reals≥NP- Hard .

.
. .

. . .

.
.
.

..PappThmcnutredtzables
Ble

,
points are cokmear. Greduces to parsimony

engine , so it
'
s also : NP-H .



Tolerences ? Treat result<E as ①
.

Doesn't work
, just changes when itcrashes .

'

"Robust"algorithmsOutputiscorrectforsomeperturbationoftheoutput
[Fortune '89 ] 2D CHcorrect for points perturbed by relative O(EJ error .
"

Quas?-Robust : Output might not be realizable . 나
[Mlenkovic'89 ]Pseudo-inearrangements .
Binary Space Partifions (BSPTrees)

Motivation : Painter 's Algorithm for object -space hidden surface removal .

sHow to draw polygonsin3 Dspace? =A
- Draw them in order farthest to nearest

.

- Issue : Cycles→ no totalordering ! Sply one into fwo pieces .
RIIy:

ΛEs
'

Input : SetS of non- overlapping objects . A
*

*스BSP : Choose a line(in 2D) or plane (in 3D) p .
S
0

.= Allobjects of S included in P.

St .= Allobjects Ifragments
"

leff
"

of p .

S= "
"

right
" of P .

Construct BSP(S+)
,
BSP(5 ) recursirely . Make root node with keyp ,

contents S 0
.

Leffe right childrenare BSP(S+ ) , BSP(5) .



Example:

µ

⑤… "앰이 합*□며
1

* Never choose a p for which one of St, 5 is empty& SoTs empty (noprogress?

Basecase . IS≤ t
.

Make a leaf node
.

Each node of BSP represents a convex cell .

Painter's Algorithm :
. Given a viewpointv , paints Calmost) allobjects in correct order.

P
. Recursively visitsallnodesofBSPtree

.

. Af node with spifting planep : ‰음..
. If ris leftofp , paint S

-

recursively ,
then s

0

,
then St recursively .

. Ifr is right ofp , " St "

}

1"
,

" 5 1"
∞

. If VEP , Paitδ - (buf skips
0)

,
then St

.



Tree sTze& traversal : Timewise
,
if rendering time& fragment sTzeis O(I] ,

knear in # of fragments . Balance of BSP doesn4 matter here though .

How to choose splitting planes? How many fragments created?

Some cases we can analyze :
2D : Sissetofn non-crossing segments .
. Use an duto -partifion : every splitting line is affine hull of some sεS .
. Choose sES U.d . r.

,
splywith lo= affs . , Xe

Analysis : Naire bound ,
O(a)fragments. Ψ

비 SεS
,
lef si,Sa ) …besegmentssplitbyray from end of s , inorder:

T 5
.
t ds . 갸

I can spli4s :intofragmentsifs ischosenbeforeSiySa.… ,S.
Cand sometimes noteven then)

. shn .

→ Pr/ rcuts s(]스슈.→E[#s :cufby] ≤룹
슈

=v뉴스 !] d5
→ E[#S: cut by l ] ≤ 2. lnn . → E[cuts generated by all splifs] ≤2nun .

s EE#fragmentsinBSPtree] ≤ N+2

Corollary : Fa BSP tree with E nt2nenn fragments .

Corollary : A randomized auto-partitloned BSP has≤nt4 nenn fragments



w
.p . 2 Y 2

.arkoargument ]

Goal : Construct BSP with ≤ nt4nlnn fragments .
MCalgorithm : Generate randomBSP , 22 success rate .

LV algor?thm : Run MCalgorithm untilsuccess . → Always succeeds w . p . 1 .

sExpected runtime is OC1) Geometric,
E
[#iter]≤1+2+ y4t… ≤ 2]

.

Expected preprocessing time?
. E[# treenodes] εO(nlogn) .
. Fπme per node ε O(n) [ a bitpessimistic view ,

beffer if balanced BSP]

s O( logn)exp.time,asually betterin practice .

An optimization : free spits .
ItsorseghentscompletelycrossafacefofereffIBSP,

choose s for the next spIf (infonly) instead of randomly .

Ls Never cuts other segments because Sis non- crossing .

How to recognze freesplit : maintain two boolean flags for each segment,
indicate whether each endpoint kes on a spifting line .

s Better in practice , no asymptotic improvements .



3

D:Sissetofn non-crossingftriangles (e .g . surface triangulation]
. Auto- partitTon : every splittingplaneis p= aff t for some tε S

.

. Naire bound : If some triangle tis cut ,eachcut is aTne segment .
Cuts form kne arrangemenf with O(nz) faces (fragments)*
n triangles → O(n

3) fragments !
For better bound :

. Initially order Sin random permutation .

꼈다면
. Use permutationineverybranchoftree, evenifafft ,
winds up spitting a BSPcell cthat doesn

'finfersect ti !

. If a free splkfexists ,alwaystake :f( inthecellconly
)

.X

beat2(2) for

-El #

fragmelFO☆D
'
o aufopartition can

wonst - case input .
s )is atightbound.

Quadtrees

니니,GNDEε "

. Every treenode has ① or 4 children .

'김김b . Refine any leaf with > k points .
HDDPD



Advantages (quadtrees us general BSP trees] :
. Compact representation ,

stores no coordinates except root quadrant
. Good where aspect ratto matters :

- k - nearest neighbors
n -body problems

Disadvanlages :

. closepoints sarbitrarydegreeofrefirementI
Shrinking step : If quadrant has a childwith 7 k points and other 3
children together have < k points ,

"

slide
"

the center diagonally until

2 kpoints are not in the interior of the small

square . Then we still have 3 leaves , but the smallquave
hasbefferretiningbetavior.

Let ttotal #treenodes,
:
internal( non-leaves) treenodes

'

= internal treenodes wilh ① or I internal children
,

i2= " Zormore "
σ

Every internal node with ① or L internal children has 2 k points not

inherited by an internal child . ⇒ 7
. ≤문

.



i
.
tiz= ? 2 2:

2
⇒ :z ≤ : ⇒ : ≤ 2 :,≤ 그급

.

t = children + 1 = 4 :+1 ≤ 8습 + 1
.

⇒ O(7) treenodes .
"

In 3D :havewith8 childreneach.

Model for Realistic Input BSPS
scorsup)

ㆁ

PTameter of object : diam(O) .= ma×Elpgl / p .qEO3 어am...
A setSof objects in Ed has density d if every ball BCEd intersects

no more than d objects of diamefer2 diameter(B) .
: aaseparafe po?nts if overlapped

∞ .?

흖 ∞:고
….

.

:

?… ∅

Each object has 2
d

: cornersofifsaxis-aligned boundingbox .
Given n objects , build quadtree on the multiset of 2

'
n guards .

s can be multiple guards af the same posifion .

Lemma: An axis- parallel square/chyper) cube D with kguards in its

interior intersets at most k+2d 1 objects from S ( if d≤4) .

Proof : If an object o intersects D but doesn't have a guard in the interion

of □
,
then diam(o)≥ side()~



Cover □ with 2
d ballsofDintersectsatmost dobjet …했심

d:ameter ≤side()@
perball , plus kobjects ofdiameter < side(미) . "
* For non- square quadrants , make a box covering the larger side .

→ Leaf quadrant interiors intersect at most k+ 2
d
,1 objects .

BSPalgorithm for
" realisfic" inputs :

Choose k
.

Phase L : Build quadtree .

Phase 2:Foreachleafwith>1 fragment , build BSP subtree ,

e
.g . autoparfifion .

→ Total # fragments ? choose k← 24 d

Phase L : O(음 ] O(k +291) Oun )

Phase 2 ,
2D : O(습 ] O ((k+4λ)log(k+411) O (nlog λ )

Phase 2 ,
3D : O(음]O ((k+8 ,1)) OCNN)

Issue : We don'4 know λ
.

Solution [Dutch Book] . k← something small , e .g . 2
d
.

Run Phase t
.

If some

leaf node has 22k fragments , double k , repeat . Then run Phase 2 .



Solution 2: k ← 2d
.

Phasef
,
but don' tsplit aleafwithmoreunguarde

fragthanguThenrunPhase2. (kind of adapts to local densly]

BSPbalance.butletD
:Autopartitionscan

be =diam(rootquadrant )

,eallndbe '* buralyn
d =diam(smallestballinfersectingk +2d

,
1t 1 objects) . → D =a

,

the spreaf .

Pepthofquadtree :s O( logD) . Pepthof Py+P2 tree is O(log@) t λ ) .
에

Preprocessing time : 2D ,
O (nln ).3 D,

O
(nlogatnp).

BSPApplications
Solid modeling : Union /Infersection . In 2D , polygonal subdivisions Si ,S2 .

Compute overlay ,
then classify S .AS2 , 7S .AS2 , S .1.52 , TS .D752 .

Merging (deleting edges between) appropriate faces gives the operation .

→ Worst- case runt?me θ ((n+I] logn ) . X0
.

..

.

"

In 3D
, polyhedral subdivisions S.,S 0

.compatesp of facets of 8. Then ,

facets of BSP subdivide facets of S2
.

Eachofthesecells is in one

of S . DS2 , S .
D7S, 78.AS.,

7
S .

Λ 7S2.

Ray tracing : Version t : no reflections/refractions .



. Traverse BSP tree from nearest to farthest
,
ONCE for all rays .

- No need to compute fragmentss
can store entreobjectcinmulpeGkaves o
Version2 : reflections I refractions

.

(3D analogue of DEEL]
- Build aconvexsubdivisionfromtheBSPWinged edge data structure]
-UseVersion Ifortheoriginalrays ;reflected refracted rays are

traced througb thedata strucfure . [ good inpractice , no asympfot?Js

* having good aspect ratto Is a nice heuristis for performance .

Point location : Preprocess planar/spatial subdivision Sof complexity θ(n)

to find query points .In2D
,traperoidalap takes Ocn) space , OCnlogn)

preprocessing time ,
O( logn ) query time . In 3D , two ways : *

. Randomized autopartifion→ O(=
]

space, O (n3
)pre-time, ①(n) guery time

adansity of s ospreadofs

. Octree BSP realistic"
(

ase→ O (ni λ) space ,O( logo+λ) query time

spreprocessing takes O (niptnlog 6) . Phase f octree has O(수) treenodes
and O(n) fragments , O( logh) depth → O(nloga ) [O(n) per level ]
Pbase 2 autopartition : O(수) leaves × O( X

3 ) pre
- time/leafEO(nR) .



Nearest neighbors problems (aka postoffice problem) : Given n- poinf setu ,

find point pEV nearest to query pointg . In 2D ,
Vorono; trapmapgires

O(n) space , O(nlogn) pre- time , O( log n) query time . spread of Vorl
∝density of Vorl ↓

dD : Vorono: +BSP tree
.

"

Realistic
"

(ase gives O(n(d) space , O( logh+λ)

query time .

'

"Special "cases :query points are EU . →DelaunayTri .connectsevery
vertex to its nearest neighbor. Worst case O( n

(ak'

tnlogn) time , but in
"

realistic
"

case
,
①(nlogn ) with appropriate incremental algorithm .

k-d trees :
⑥
droot represents (R

2

⑩!! - ' ④ ⑦ ㆀ8! ! " ⑬ ⑨ ⑪

Goal : given a querypointq . , find pointp s.t. 1%pl≤ ( (HEJlgsl where sis the true

nearest neighbor to q . ε=① → exact , ε>①→ approximate n . n .

Maintain :
(goes down

)

.NearestneighborfoundsofarCor knedrest )%.
gBasog dit=O :5

gEB .

. Heap of unexploredsabtrees ,keyedbydistancefrom g .tgoes up)



Qt heap containing root node with key ① .

ra ∞

while Q notempty & (lfE) .minkey(Q)< r :

B ← remOvemin(Q)

P ← B
'
s point

if I9pl < r , then Ew ← p ; relgplz
B '

,
B
"
← child boxes of B Cignore if null )

:f ((Hε ) .dist( r,
B ')< r ,theninsert( Q

:
B

,
dist(giB

'
) )

if " B
" ] " B

"

B
"lJ

ㅇ
s ∞

return ω □
%

Query time : Let O be a cinde of radius Igs / centered at q .

. Algo . checks no box strictly outside O .

. Every box strictly inside O is empty . qP내이

. No box B of diagonal< Eodist(q .B) is expanded .

. By a packing argument, O()such Bexists
Ifor octree , loge

, spreado=
. # nodesVisitedεO(t farthestosest

pair

⇒ query time O(wlogw) .
= . ω

[ kinchofindependentofntixed i? ]



Robot Motion Planning
Let robot R be a simple polygon /polyhedron. .

.

"1
며

>If navigates in a workspace ( typically E
'

or E
β

)
. X

Λ
②

Translating 2D robot : √
RE3-2 ,4503

RCxiY ) is robot with its reference point translafed to point (XiY ) .
Assume R = R (0, 0) .

Translating/Rotating robot:

RCxiY ,θ) is robot translatedI rotated θ about its reference point .

Confrguration jacess Cis the space of parameters (degree of freedom) that

define a placement of the robot . e . g.trans/rof
:
E γy [

O,360
)pertodcparameter

Lef point setS be polygonal obstade(s) .
Assume Sis losed

,
Ris open .Etonchngsollred!에

Requirement : SDR (X.Y ,θ] = 1
.

conlyRtranslafions ! )
Def) Free space : Ce(R .

S] =[ ( ×.y. θ]]SAR(x1y: θ)=⑥ Z.

Def) Forbidden space : Cforb(R .S]= E ( X.Y.θ] ISAR(×Y ,θ]F13 .

Motion Planning : S .= union of all obstacdes, O(n) complexify .



R .= convex robof
,
O( ( ) complexity . O(nlog?n) time if Risconvex .
→

Forbidden spaceCforb ← S θ (- R)[Sfored asDCELJ(Minkowskiscoveredsum
er ! ]

S

□' " KIYYITI
'

"
↑
"
illii∴:

cforb

Free space Cfree← CICforb J→ om)Ee edges of Cforb

Construct trapezoidal map T(E )→ O(nlogn) time ↑
Remove Corignore) trapezoids included in Cforb

Construct roa: put one node in each trap ,
one on each vertical exfension .

preprocessingPat edges between nodes in traps I nodes on their sides . ↑
]
…

Query
:

navigatefrompointPstarttoPgoal .
Locate trapezoids confaining Pstart, Pgoal . → O(logn )
aIfeither is in Cforb

, report IMPOSSIBLE .
Find path from Pstart to Pgoal in roadmapby BFS→ O(n)
4 If # such path , report IMPOSSIBLE .

Report segence of inesegmentsfromPstarttoPgoal . →O



Runtime: O(nlog'n) preprocessing time ,
①(n) query time .

Fora ranslatingrobofR , forb(R.S]. =: p .Fr εR, s εSs .t . ptr =s}

= Es- r . rER ,
SES 3

. 몸"" 임 . Pθ
Def) Minkowsk: SUm : POQ = EP +qIPEP , gEQ 3 .
→ Cforb is then Sθ(-R )where- R = E-rHrER3

.

1관암=갔,
Thm) Let P,R be convex polygons with nIm edges each . PoRis also convey

with at most (ntm) edges .

Proof Sketch : Convexness . Letq, q . be 2 points in PoR . Let p+ . = q ,

Pi+ 2= g 2, PoP. ε P , 9,q2ε Q .

EP ER

Then aqit(halgr = (tChalpp . +(anEPOR.,
(mtn) edges : let e be edge of PoR .

eis Mink
.
sum of some edgee '

of one of P
,
R
,
and some vertexledgef of the other .

Charge each edge of PoR to an edge .R= 'Eachedge ofP& Rchargedatmostonce.,



Constructing PoR :
Walk around PIR

.
Maintain two parallel supporting lines (I forp, ( fork)

stark with sum of④ R, ↑ Iexico . min points .

→

⑮ *[브 E: DJI!'
Let Pas Po be verfices of P in cow order withp , the lexico . least.
16
Migrm 1 R " n "

t

repeat:

add Pit, as vertex of POB

k ← Orient2D(① ,Pu -( ,* )응다크다
,

:f k 21
,
:tt / /nex *furnhitsP,

ifk ≤0
, j +t

until :=n+y and 5 = nt 1

Minkowsk; sums of nonconvex polygons :
. Partifion R, R into convex Partifions , OP: , ORJ .



. Compute P:oR; ( T, ; ]pairs.

. compute untoun U,( P

: ⑤R,3(byduvide&conguer)과니".0000
o Use overlay of subdivisions algo for pairwise unions .

# of subpolygons ≤ 2)forP ,
≤
( m-2) for R

.

Complexity of POR : 찢
. P ④R is a union of O(nm) hexagons .

LsPOR 1" face of arrangementofO(nm ]lines →OC .

0- 2(
n

'
m

) matching lower bound :

JI에에
↑

"

-β.. 암⑪-Illlllmmgm
Runtime : O(n'mlog(ntmlJiftreeisbalanced" correctly. "

()

Computing PDRm
.

.

ㅣ
complexily

ㅣ
runtime

Oentm)P
, Rconvex OCntm)

om)PiR nonconvex O(βmlog(ntm))
Ponconvey,Rconvex (nmlo O

| < .
(nmlogentm) logn)
_

OEn) feeth scnm) lower bound? subdivision overlay O Clogn) levels
time perlevel of div&cong. tree

Mu
,

(Flatosuggests angle bisector decomposifion]



Shortest Paths for Translating Robots

Roadmaps are not shortest paths .

Let Cfree be polygonal free configuration space .

Lemma: shortest path in Cfree from Pstart to Pgoal is polygonal chain that turns

only at vertices of Cfree .

Proof sketch : Full proof in Dutch Book , Ch . (5 . 1]

②-*
x 1/lllO-xl////l

*

Visibilityraph . G(U ,E] where nodes V =verticesofCfree+ Epstart, Pgoal3 ,

← Eualidean

edges E :ECuiw ) / v and w can see
"

each other 3
,
and WCV, iwjfuwl distanse

* Ambrguity: ΛV
.

.
..anuseew? sdoesnl4matterforlength

X .YEV ,
shortest path between xIy in Cfree is same as shortestpath

→ Find latfer with bijkstra's algorithm : O( ivlloglul←) time,IE≤IN β.
×)

%,오용있째
.

.. 또트탤 How to compute the visibility graph?

VEV, findeveryw )V visiblefromv asfollows . ( noduplicate tests )

Sweepo
Maintayray

rfrowallsegments Uthrough anglethatrintersects1
-90,

9o

.nastatustey홉



Segments in Tareorderedbyintersectionwthr
.

r6%"sor
Wheb r passes over artexer

w

?

- Use first segment in [ to decide whefer (u ,w) εE [visibility]

- Remove fromT segments ending at w . (uvs .t. Or2D(v . u ,ω ) ×① ]]

. Add toT segments beginningatw . ( 1" < ol)

ex ). 서
Algorithm:
. Sort vertices 2V in rotary order aroundv . [O(nlogn ) ]
. Find segments intersecting down ray ar [o (n ) ]

. Add them to T
. [o (nelognl]

. For each w in rotary order , process w as above [o(nlognJ ]
Runtime : O(nlogn) × O (n) verfices → O(n

' logn ) total fime
s This dominates Dijkstra

'

s I computing (free .

Can we do beffer?

An OCr)algorithm : Two reasons for O(nㆍ logn) time .
② n sorts of n ifems each . ② events with logn) statustree updates

Problem 1. solved by duality .
. FormarrangementA of ines dudtoV.v.다



. For each veV
,
read its sorted list from A in O(n) time .

Eachvertexof Aonu *representsaneventfor . [Oc)]

Problem 2.: Don't maintain a status tree .

o We onlyneedtomaintainthesegmentotovon r .

3 situations:

① .
.

..r

.ceasy) ② er':ceasy)③ s
0

nenirChardl ! )
Solution :esewhatever wpointsatforthatangle .f
Question : How do we know which segment w maintains ?

.

s Sweep raysinsynchrony. 음음임 . . 7
n
:

→

Angle of ray corresponds to X- coordinate in dual .
Idea :SweepallverticesofA fromlefftoright . Each vertex is an event .
Problem. Sorting O(]vertices is O(rlogn] time …

Idea : Make A a DAG with all edges directed leff to right. An event can

be performed as long as all events that point to it has been performed .

ffseventpointswats
.

eyevertpontlats ⇒ Topologial sort suffices ! O( na) time .

s Sorts a total order respecting partialorders .

Process events in order of top. sort . Each event is now constant time,
⇒ shorfest translatingPathinO(2) time !



Ruppert 's Triangular Mesh Generation
Δ×

Motivation: We want triangles close to equilaterals . ㅇ
×

Pshs

DT
진..:":*HYuregments

segment( inputeclge)

Input : PSLG Cno acute angles]

Output : TriangularMesh, noangle< 20.070, 2138 .
6.

ciraumradius

∞
Radius-Edgeratio= n=굶θKmake this big !

∞

s minimize ntomaximizesin/omin) , also θmin.
의 to Iemin (shortest
θmin edge oftl Asubsis any input segmentor edge producedEt
'
s smallest angle)

by subdividing a csub) segment. A subsegment is encroached if :
. there is a vertex inside its diametric cirle

,
or @

. it 'smissingfromcurrentDT.! Cedgecase]

Bisect each encroached subsegment , yielding 2 subsegments .
!→∞ . ....* 관⑥

.

→.NC고

Algorithm:PLSGX ,
vertices V

, segmentsS , upper bound Bon radius
-edge ratto

T ← DT(VJ orCDTCV ] [ your choice]



while some sES is encroached or some tET is ba-→radius-edge ratiozB,or
→ user spesified size bound

→
sertnewvertexTntoT atwhile some sεS is encroached .SpS . midpoint ofs .plate S .

if some tεT is bad :

P ← circumcenter of t

if pencroaches upon some subsegments sysay…ES : pitS sySr . . .
else : Inserfp intoT.

Gencroaching Eircumcenters are rejected πl:to avoid creating small features.

Q : What if a circumcenter is outside domain? ←:8.)CA
θ

o we can prove that Jan encroached subsegment → never need to insert it .

Q : How to detect encroackmentsI bad triangles fast?
to keep lists . Check for new ones ( locally] affer each insertion .

* WithCDT
,
sis encroached only by vertices visible from S .

Q. How to defect encroaching circumcenters ?
s One way is to inserf , check for encroachments , canbedone locally .

Local eaturesize. Ifscp)= radiusof smallestdiskcenteredaxp inter-

secting 2 non?ntersecting features (Vertexor segment) InX.

그) Lemma: Ifscul ≤ Ifscultlul.Proof
:⑤



→ / fsc . ) is continuous & I- Lipschit2 .

In Ruppertmeshes , noedge through any PER is shorter than c. lfscp)

for some (= C(B)
,
a funstion of radius- edge ratio bound .

. This gives guarantees of :

. Termination

. Good grading

. Size - optimality [# triangles is within constant factor of bestpossible
mesh ofI safisfying the boand B]

Termination : Let the insertionofa vertexCincluding rejected
cTrcumcenters ) o be the distance to V' snearestvisible) neighbor at the

momentuis created . Theppors of .
0 a subsegment midpointv is the nearest encroaching vertex (might be a reject)
. the circumcenter of t is the most recently inserted endpoint of t 's
shortest edge . ∞. .XTL ..옴XTL."

…

:.

∞ input vertices is None .

Thm) Suppose no 2 segments inX adjoin at an acute angle . LetV be vertex
(in mesh or rejected ) with parent p = pCr ) . Then either :



. γ. ≥ /fs (u)
,
or

paus

12Brpandv isa circumcenter,or
:the

onlyarewhen
recoudbelessthawop. 그 o andv isa subsegmentmidpoint . ∞

Proof Idea : Break into four cases , input , circumcenter , midpoinf (parent rejected/not)

nkmiB
Arrows

"

give birth to
"

child
,
with worst -case insertion

radius multipker. If no cyle has product < f ,

edge lengths cannot diminish . Therefore , set B22 .

Bubseymentmidpoints → θmin= arcsin☆ ≥ 20 .7 .

Thm] If B22
, algorithm terminates with noedge shorter than man / fs(p) .

Proof : By induction .
A We can have acute angles down to 600 for fermination .

Isosurface Stuffing (Tetr hedralMeshGeneration) L?…
Input : Cuffunction f . /R

β
→ 1R (where f(p = ① : s the boundary )

Outpat : fetrahedral mesh representing Ep / f ( p)= 03 .

with all dihedral

anglesbetween( 0.780and164.74.:

Pluses : Fast
, numerically robust , simple .

Minuses : rounds off sharp edges& corners ,
no grading on isosurface .



Background grid 「s body centered cubic (BCC ] lattice : 17조?…". . .

... .
.

. .

.

. .

.

.

.

.

.

cubic latfice + cube centers
,
DT hasidentical tets

,
9009600 dThedral angles .

Algorithm :

④ Compute f af laffice points , signs : + , , or ① .

② For each edge with one tand one - endpoint , compate cufpoint on

edge where f =0 .Tterated bisection in practice]

③ Warp the backgroundgrid .Cutpoint conedgee endpoitu
∅ 1

eofe if lcul ≤ alel
.
.""" "

a te

safe

while some laffice pointp is violated : *. . . → -**
Warp (move) P on to a cufpointthatviolates p . [snaps p onto isosurface]

Change p
'
s sign to ① . [XveO .28511 , α green = 0 . 39882]

Discard catpoints on all edges of background grid adjoining P .
④ Foreach background tet , creafe ① -3 output tets from stencil in

lookup table that maps signs of vertices fo stencils .

*Options for Quadruple -zero background tets :

① No
, always discard them .

② Heuristic : quad-zero becomes oufput tet if its quality is goodenough ,



and Tts barycenter has f70 .

③ Change a values sot. quad- zero tets are always good guality .
sThis weakens angle bounds .

+
*

_

Main Idea : Cufpoints near latfice vertices → arbitrarily bad angles
Choose a big enough to eliminate these ,

small enough to not make

newones .

computer Aided Proof of Angle Bounds : Enumerate all tets on allstencils ,

find worst angles .

어"" "" "
*

"asterisk
" alattceb며

After warping ,
we know that

. A warped vertex kes on its asterisk I its signTs ① .

. +/- vertices weren't warped .

. No cut points on edge adjoining warped vertex .

. No 2 vertices can'4 warp toward each other on same edge .

Treat each asterisk as 7 seperate cases . Tdinedralangleoptimzedwhensafeendpoint,
are extreme

Positlon of warped verticesIcutpoints described by I parameter each
s Af most 2 parameters tooptimize : endpoints of edge of dihedral angle .
Discrete parameter space w/ quadtree . fbondninmasdetedodangleintheboybiingtrterd



Use proof code as inner loop of optimizer to get best a values . ㅁ
Graded Interior Tetrabedra : Use a modified octree thatcan have 58 children

.

Use octree to build a graded background mesh . Balance adjoining octants .

DDR →F
When 2 leaf octants of some size share facet , create 4 BCC tets .

'먼에*… …-CI*…………∴다.
. .

.

℃ Ʃ
Curve Reconstruction ㆁ

ω

⑧

Let P be a finiteset of points sampled from smooth closed curve Ʃ .

sI is also called
"

1-manifold wlo boundary . .
*

!…..
□

For vEP
,
let nncu) be nearest neighbor of u in P , and let hncus be V

'

s

half -neighbor :thenearestneighbor s.t . ∠nncu
)
,

V
,hnousgo

.

Algo : NN - Crust (P)

E ← 1 . for each vEP , y← nncv)
,
2 ← hn (v )

.

E←EOEvy , v23 .

Output E . [
"

Works
"

in any
Ed

,
d22]



When does it work?

Def) Medial Axis of 도 : The closure of the set of points that have

2 or more closest points on Ʃ .

②
"

………다서P높다 B
The local feature size Ifscp) of a point p εZ is distance fromp to

the point nearest top on M .

* not necessarily medial axis point touching P !

to zero af sharp corners , so we excluds this inpul .

lfs ( . ) is continuoas & 1- Lipschit2 .

"

Ʃ is smooth
"

. JC > ① s.t. Ifs (P)2C HPEƩ .

Pis an E- of 2 it every point gEI has a sample pointpEP
within a distance of Elfs(q) .Q대..

..
..

.

"
.

.

.
.!

"

( 0 .5 - sample)
[SOTA]

NN- Crust is guaranteed to work wte ,음 t
!LE<0.

6k20.72

)

임및Nothing "

Analysis : An edge ww (ViwEP ]is if uIw are adzacent on L .

Every vEP adjoins exactly 2 correctedges . w도
.



Lemma : If E≤금
,

correct edges will adjoin at angles >90.
&'- . - - -langestopen disksProof : P tangentto 2 at w &

ㅱ not infersecting 2 .

mu… "없
… 9

<형 - sample s min [ lpul,Pwls
<금

.

But IP니1월
.

If w on / below l ' Ipwl . , so w must be above l .
Likewise for u and l ' ⇒ Luvw >90 :

,

Lemma : Let B bea closeddisk .If B12contains > Lpoint ,either

. B 1E is homeomorphic to a segment ,or
. there is a point of M in B' sinterior.

Proof :supposeBAIisnothomeo. to segment. Then either
. B 1I includes aclosedloops-point of MEB
. B1I has 2tconnected components . sshrink B

poim+ in M

around centerJ →shrink afpointoffangency→/⑧ .

.

.

"

Thm ] If ε≤ 43
, edges (V , nnuyland( u, hncusJ are correct .

Proof : Let uw be any incorrect edge . We shallshow wFnncul , hncu) .



Let uy , √2 be the correct edges . Lef D be aclosed disk wdTam .
Uw .

Case 1 . DDE is topologicalsegment.⑥.,
SIVZKIUWI ' W FNNu) .IFnMCu=2 ,wFhnulbloZw ≤90 :

lemmaI

If nncuy=y , ω 4 hncus because IN21
< lUwland

Case 2 : Otherwise
, by Lemma 2 ,

some point mEM is in D
'
s interior

.
^

Lef ( be cincle ,centerv ,diamefer/uwl.⑥.m
Let pig be points of CAS ,

nearest Valong 2 .

. If P .g don4 exist , y &2 are inside C . ⇒ wFnn(u ) .

Assuming (U.nncV; ) [ scorret→ ω Fhn(u ) .
. Otherwise

,
( PM / ≤ (Pul + INMI ≤뿐 + INwl = 를 INWl

.교

ampsle point y nearestp satisfies IP×n Elfscp) ≤분<쁠
IpulfIpwlmr→×FV ,

×=W
,
and ( N×KIPVl+ IP×<Uwl ⇒ ω FnnCV) .

[Not complete ,
but belleve that w Fhn(ul?

Speed: ( Ise DT(P) to improve from θ(m) to θ (nlogn) time (in 2D) .
Thm) Every correct edge EDTCPJif E≤ 1

.

Surface Reconstruction

Restricted DT . DTa P is a subcomplex of DT(P) containing every simplex



whose Voronol dual face intersects 2 .

Thm) If P is a 0 .
32- sample of 2 . 1DTIsP / is homeomorphic to 2 .

Uses : I) Surface Meshing :도 is known ; place vertices forgood RDT (mesh
2) Surface Reconstruction :Ʃ is unknown ; choose triangles from DT(P) .

4 Let P be a finite set of points sampled from a smooth closed 2-manifold Ʃ .

MedTal axis Mof2 : stilltheclosure of set of points that have non-unigue
"

closestpointonz ".] .* ,
도

Ifscps for pEI : distance fromp to nearest point on M .

1Pl는

Pis E- sample of I it every gε2 has a sample point paP within E
. ffscq) .

Cocone Algorithm :

Foreach tet SEDTCP)
,
let cs be its circumcenter

.

For each tri tEDTCP)
,
its Voronoi dualedge is ee = Cscs' , where sI '

are the fets with face t . <D…?

.
.

For each verteX VEDTCP)
,
「ts pole Pris the circumcenter farthest

from v of all tets adjoining V . /"
.

!
vinzp)

Thelpole urestimates the normal to Lat o .] a

<

π*니
.""

,
The coCvofvis[ q 167 .50

≤

< qupr ≤ 112
.
503

. ⇐



A tri tEDT(P) 「s a coconetrf exintersects the cocones
of all three vertces of t

.

If E ≤ 0 . 05
,

0

every cocone tri t has empty circumsphere of rad?us ≤
.8
봅 lfs(p).

.

every " is nearly orthogonal to the normals of 5 .

. every tri in DTCP ) τ s a cocone tri . [sadly ,
others are cocone as well]

Manifold Extraction : An edge issif 2 successive triangles around it

form angle >270: D>
20.[ include edge with just one tri ]

Label all tets of DT(P) " inside" , all outside tets
"

oufside
"

via DFS
,

never walking through surviving tris .

Output tris where
"

inside
"

tet meets
"

outside
"

tet
.

→ If ε≤ 0
.
①5

,

. triangulation is homeomorphic to5 ,

. every point on tri is within 0 .08 /fs(q) froom nearestpointgεƩ .


