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Cenvex Hulls

lek Pheasel of pONTS T & Plcme.

Det) Convedity: wp.geP, the fine eqnent 34CP. <) @ %, B

Dqu) Comvex Hulll H = ol PJ N\uljc"\\)(e deforiong ex)
~(trdormal) strekch an elastic band acaund P, H i bandtall eide .

> 1o convex strct whset
— (formal @) the “smallest” convex zet that indudes P
~ (formal @) Tnterseckion of oll convex seks thak Tndude. P
~ (formal ®) the et of ol POTS Ehat are coiex commnadont of fo“mks wP

D@@ MQ e Combitnadion - m\a fou& Zw ? where Ps el Zu) 1

T
De@) Convex ComSnation C&Q“me conlo, where Query W=@).

Yes
VRTY \ler%ex mﬂ coiey. b\u —\ l?\ﬂ \Ié COW\\!(H\%VE ex) N,%

D CH A\%OV?QMS o]
Toput fiftte. point seb P Outpud line seqments on boundaries of conu ©.
We need o " wcafs Syned awven

need, one geomet &d” ©. m M‘s @1
Oc\m@b(ﬁﬁ “} %1 [=

Bt fy
wlb@ =ccw =0 > wdinear <O =cw.




ccw (P@lﬂ = certuny, DF\QV\AVQD(W‘\V\ >0.

Grobows Scan (Ardreds Medificatlon) Constrocks Che [wer boundary.
Q < ponks P sorked T \afcogroptiic ender, =) “'\/\/ \/\/
S« emply stack
while. Q e ot ety °
I cemoe poit from front of Q] push tt to R.
uile [S1=3 ond top 3 stack Thems pic (r s fop)
do b s&ﬁ&?& cchM\r\'. renae %{me e lew”m% r ol ‘mi)

kgt seyvent 57 for cadh adgocent- pdte pg o S,
cuns T O fine. (Qxcept su‘%iv\%) Shee cemoval Ts af most O Gives
* Upper boundary & thvert Q) (reterse [x. ender), Ghen run Che algortEhm.
Chs) Fird @ last péints T Q musk be verfices of H.
Obs2) 3 comecufive. points sunive. only U they ore caw.

Rinime - Dominated ba gorﬁt\é, Ocn) uikh codix sort. Otl\ﬁoan\ wikth @ﬁ\\hﬁ&d\

Thodiel-Mardh 0 81{{— mef&\g): assuie, 10 3 points e colinear Cor now),
Tdeo" start of efmest ?&&, Walk avound hull, "\AQ“W\QL eoch SQ&W\%JL



< —~al- - <]

U< leXTcO%mﬁT\cou% NG Po?ﬁ of P.

p< W \\(JH\"“F“QU s‘RE
1% Q?m—\— =
[ U< ay Poﬁu\% m P\i?z i:;&c S\Qg&ﬁ
%v eo\ch\ CEP\E{’@%) 1? CC‘_UQCP,C lop = % = (. | fon Q‘s vew
i Do) Cines
Du’cf(ﬁ e
P
kl\l‘kh\\ ? = (. QL) €mes

Runbine . Onh) where f=lR |, < odbpd seidive !
Ls %OOA when b is small, bk wiorek case @ OGP,

SR\M‘% Algorttun CTan Chan . Oln Jog b Gine , compatisen- based
SU\)PC&E we know e ou‘rM sz b of conv P.

Puelen P who Vi stbsets o, Sy of }\POTW\‘S eadh.

Y1e i%] Conplte H- < cony & wikh any O(nﬂoam\ 8“&{\\«\

\ oW W\ l. »\ f
1) 9 < minmnem Pomlc oQ* N ’ Ok gl

=% 6‘&”)



U< vantmum of all 9z .
P <.
re:?errh
foe 1=4 . N [0 ol since e o wals oroud W ence.
[11 < Cw- most poTw\Js of Hx from P’s e\ e»<)1\_®\
4 < cw-most pant ofall 4.
Slkout -
peq.
! P=U. Si/&uhmﬁm on h ks
Runtime % OCh Qog h)= Q) Qo& M,
bk we don't know by,
> Guss b, say K=3, Tind Fiest b edges of H by shatterfrg.
T B2, o ore dore, T8 K<y, stost arer o3t B (@Y,
Fool enebions 1< 1 = inee Ol K2 Olodoy )= Oln log b).
Sum ef oll Terations = Opleg 3+ ndyg RS (\ﬂogh*)
= C)Q\QCS?) Jsi(\&og 3+ 40 Shoa?; + n&og k*):@@(\ 908 Q\*)*—Qﬁ\ﬂg )



Live Seg(\\enJr T dersection

Loputs lie ey mext on the Plcu\e = Oudput: ploas ghroigit (ive 8\"0(3% (PSl4)
Det) PSLA&: sef of verkices & segients where Segments Tritersect: o_n(%t
of shored el\ciPdw{rS.

—fipuek o triongulation algoribhw (cotered next week!)

A %eow&ﬂc conghructor . Q{‘
Trersection of 9 [nes ah s \\-7(/:\) (H—o((l: )= c+p(d~<)

bx~ 0% dx- —Cx X Cx -0y
-
by- 0y d\a ey [}, Q\a 0‘%
u \ ( Y T QW @/ ﬁ.

C.
Cromer'’s Rde b w= ;‘“ dy
W aumeratar Te olso Q.

Take o, subsfitute back to p=arulb—a) o get p. g i s

l i [ l Ofiet2D(cdia)
il

What obouk line SQ%N\QK\ISI Do ok, od infersectl (prediecke )

+TH w,pe 01, \‘%\ cppostte Sdes =» s ifer,

+ TH OrientaDic, d,0)-Diert2D(ed 6) £ @ Y OrD(akc)-D ANk L0,
S st ¢ sfitly enior 4o nake. robusk
% Second *est doesilk handle €he parallel odge coxe, exerdir fo make T work.

Now consider n SQ%HEN&.



Worsk Cage B(IM) Trfermcfion péits.
= Wersk Cose ogﬁmof\ qiaoﬁ%\w\: fest cvery o, Not- Er\‘(em&?m%.
— What abouct ouﬁm& -gensvive 1

Plare Smeeﬁ) A(aoﬂit\\m

+ \lerfical Sweep e moves (eft o r’(g\\Jt.
. Keezf krack of SQSMS thatt (curreku%\ Irtersect the SWeeP e,

° O&E& Tifersection ot when Ehe. sweep (e crosses T /\{(M‘ﬂ%orm'.)
- Touts W m lef\cogmﬁ\kof\ erdeyr for Yraxis (6 of S\Igw% fittd (e

(D Shruchures
Stectus & (et of all &gﬂeﬁk& Bt currently Tterset- the sueep i, ondered.
Frert Quege :
O left euert = odd segnert fo stefus. ™~
@ right event - remove Segrent fron shatus. /t
® Tnfertect ewent — Swop onder of ée%me,wlvs, alsd reporf . >’<
* EQ dess ot ecard, fypes off events! THsjusk o priority queue of PSS,
Ths s tecouse o Siigle Pt can be mulple event fypes.




\I&QQS / LT&‘LLH\‘F\\O(\[ ‘[,L"ta €ne save ¢
. Dn\% a&gucev\% seamexx&s on shatus are dhecked for trtersection.

+ Brery change fo stafus reyalres new rtersection tests.
ex) \t>< S§>< ;T
[Detlls of EQ G
T De%ueue(@ aee [exico. mirfmum key.
= Foch keyfitem T Just o pelrt.
— Im?\emeﬂce& as o bolanced fvee / heap for O(Qoa o) operations % \ook\x?.

| Oetatls of Stofus |

T IMPle\\\eNke& al a B@ﬂm\ceci &Tee,

- Keas are g_e%m, not Aumbers .
— Seame\x%& are ordered Qccorcﬁ\a fo Trtersectiony with Qe SRR (he.
— Gon abso use point as search ey to find segrerts vnedictely
aove & telow . ’j{f (uses Or1D For comgarison, OJegn) Gme!)
— Fach Se%we\\% n khe tree remembers s edpdims (for Oe2D)
Bach T“]b\ﬁ ?oh\ﬁ maintong o (Gnked) [t of ol segw\amjcs B wileh & T{s\ the

bt endpt. <= \



M\gorﬂ\ld\m J L\?\Hc‘. [t Q ot n S%N\Q\\Jts ot b ené\?ommjrs cacl,. J
Sort et\(\@?ﬁg 0 S, remove duplicates build SQameYﬁ‘s o
Insert all e(\c\fom\&s Tito Q.

Creote empty Stodus Tree [,
whlle (2 T oot emp*a :

P< De(k;keuei@
+ P = new’

Handle (p)

Handle (p)-
Fid seb Z ot Seame\%s i T Ghaf contadn p. (they shoddbe odgiin T)
R < Segm n Z whose r%M end FoTn% © P
C < ofer Seam\‘f& W, P& tn the ceNTR,
| < Seaments T p's [t bk Q\\&g{\v\* ® ?)
HLOCOR|> 1.
feport P ag ttersection o RUCUL .
else? mfb\% Pasa lone G\C\P&Y\\‘ o LUR.
Delete Seame\ﬁs M COR From T.



[nsert se%melﬁs LUC ko T, ordered asid €he Sweep RS
were, ‘o Be F\abr& ot P. S
Sb,Sa < SQ%W\QX\\?‘S below X above D m.

HLuc=g: e

Newtyent (6 Sa )

else’, 3%
s < lowest segment o LUC T New Bvert (S S )
& < Bahest 74 1= 5,08, (Via castruce)
NewFvent Css &', 3) F 14 ad i>p
NewFient (sa,s", P) Enqueve B

Runtine’, OChJogn)  where. bi= output Sire= 4of sgrrtfest ot pis.
U)‘\g\- Foch stotus Ofem‘ﬁoﬂ s OQogn) Eime.

Fody <vent Im;ol\ﬁ“% 3 5e3me1\+s does DC:Q hadus @Pemﬁoh % Zﬁj:h,
Each Qo?emﬁd\g take d&oal\\ Gine |Qle OCR) (every poir).

A otk heverts, K2 B operation pef evert.
Better bourd t (YcoeT) S ), hese. o= 4ot Trherseellons.

hg® T ool PSLE, (B12:, (VI ST For planar qeughs, ([ <311,
=L <12n4hT.
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D\ter\aa of Sulbdingions $oce”

Def) Planar subduision: A set o seameh (ond/or curven ) verkices, &
the decom?os?ﬂon of Ele ﬁaﬂe o faces nduced b% chepn G PY_G-hua)

Dofa etrycture for subdivisions %ex\ewll& store @d&acel\cké o b \/E/E.
Def) Dou&s\&— Conrecked. Eo\ae |[7st CDCELY-.
* Foch edge FQRD(QSEW{‘Q& oy tuo hai%-ecl%eg, called, "ty se——0
> Each L\ol@~ed%e hos an oclgn verfex deskination vertex i R
+ Bnch fuce hes boundory oft - edges in ccw around face, 12
* Holes in foces have holf -edges in cw erder.
DCEL structures (objedts)
- A ha‘@—e&%e & hos Prelds?
Twin (&), 0rgin(&) [Dest(€)=0Rgn Tuin(&)), nek usuelly stored |
Next(E), Preu(€) [half -edge acound face |
Tnddentface (8) [to he left of €]
+ h vertex v has Jelds:

CoordinatesCy) Tnddent E&%e (V) [one H-E whote oxigin s v ]
. Lol edges can be accessed Chrough
T A ‘Y’QQQ JQ hQS J;IGHS . Rgcorhd calls 4o Twinl Rrev(@)) ]



Du%e{mweoﬁeﬁk (F) Lo H-E of oufer bom\cw‘% of {1
TnterConponent(F) (linked) fist of one H-E for cach hde il

S S

Y,
How fo cowﬁe the O\IQJrRQEE of fwo subdiigns §,Sa !

Like o FRLG, all tntersedtions musk be Segmeﬁ ond Eo?&&
Also, lakel eadh face of D with bhe names of s faces 1n S Sa.
¥ fssume no o\l@rkogp“m% ?am(le\ segmeﬁg (for now)

MOVT‘H\W\
1) Co% all vertieesLhe structures from SQ S ko DCELD.

2) Kun Swesp - (e &egmenir Tkersection oﬁaoﬁ@\m (wich modifTeakion )
- Boch tent oy £rigaer modifications +o D.

2) Comfujre foce ‘m@loaie&,

4} Comgu\‘re foce {dentities,

Cuerfies & he onl%)
Step D) Mdnkain invocTont Gt all of D to leHd the sueep fiv & corvect.



~och” Seamen‘v" dota structure T Ehe. status, tree hag
paiters to beth f\aH—ed%es o the DCELD.

- >\< [S?["\Jr two e&%es ko Pouc |
‘3}/{@ [ﬂex*/ﬂev e, afus BQGOVE/O\(:{'Q‘(‘]
el

Case 2+ ;;Z-§ —_— ff /\\‘ [ogqm look o te status tree ddlete Aui) \J]

Rurtve +o POGESS 01 event Thereases onl% &)% o constant Jacker.

SJFEQ 2) Tace Jco?le%IQQ Probem s Gt facex can hate heles.
Hew to madehy up Taner 3 outer boundaries ¢
Selution? © Durm% Sweep, Note khe half - edae below ach vertex (Qeﬁ\%})
7) T&q\h% holf- ~edge cydes Hot are e boundaris.
Ater surep, {ind the bottom vertex of cadh he yele,
(Chreok ties to Ghe lef for eiml %—aoorcﬁno\*e]
T4 bhe cyle makes a F%}f\ie?ﬁ@ ab s vertey, san \me\;&éw\éa il
1 Motch tner boundany c%cle to e c\éc&e ce\\Jmmu\%
the half- ed%e below the \Ier‘re_x

1) Construct o cycle %mtsk s @~. @ @)@
o:’
®—©®




xFack WA take OCR) Eie. @

Step 4) Foce labelig %ﬂ <7 Llobds ik ok be gy | T
Problem: nested holex! use DFY, Th o face hag o ved odge,

we know s real label, P«‘O?ogﬂ'e red labels by DRS of black ZAA
edge& of @\ﬁflﬁr ot DCEL. Start wikh known red label, backtrads o/,
Total Rurame S OO(\ QO% h) where hie4of vericet of o\ierlcx&.

Folygon Teangulations W = Trargles!

Teo.: 1nd o Jlagonal - fine segent wP oy iitersedting P ot ths endeoity

wWiich are verfices of P

% Joc Jcoc\ma‘s pelugel, m\drﬁfle cdlinear vertices are allowed .

Thn) E\fe\‘% o %%on wtkh >3 erfices hos o cl«xsm\cﬁ

(P(\Og’g V< lex. ofifimun yertex. W

Let ywe ne%\\ bore of V. TF G T o\ct\cxgomﬂ, we are done.
Check B b\c)) J(Q%Fu\% whekher no wertex of P rtersects Auvw (eixﬂ_
IF nok, let 2 be the terkex Tn AUIW Tuckhest from . “%ﬁ
Then, Vg, T valid d\“\o\%m\o&n —



Thoo) E\revxé fo\%%oﬂ has & Jrr“\cu\%mlﬂm\,

Proot s Tnduck o % of verfices. A c\”\oao(\ﬂ Sf\“\*& P Tnto twe 9&%891\8
wikh Fewer verfices. Base Cose (1=3). Runkime e OG2),

Thw) Every vian 3“&&6\0'\ Tof P has (2) triangles.

Prock) Tnduck, Clear when n=3, Assume very go\g%cn of <N
verdiees hag (2) triangles. et & be an Tterlor edge of T.

e dudes P o pAy gons wikh mSma trlangles , which have
M2 & MamD Wrlangles, = T has MekMo -4 = 2 A= 0 frigs,

OCn Qoa n) Trﬂkomgu\ﬂoﬁo(\
(4] Farfition P into monctone polyaons. {O(nﬂlo% n) Ene |
@ Tr’[a“guiofte them. EOU\\ {UY\Q}

Det) X-monotone, Polysen: Made of O chatng, each witth verfces

-~ - CM\
n leXIcoamiJ}\ lc ordep,  ex) m\ e :; 00N-<X) @
31:&{3@2, SWQQP—UV\Q, %{i

) merge. UppRe 9. [owexr verfiees o one socted (k. (e n\eraesm%, Oy ).



) Pish Wl o stock 8. w2 7

) for 3 <31 process (Up).

frocesgﬁm; ‘ .
(0 T Uy % top(S) are on diFferent chamg” D, 2
pop all vertices, S EBnS43) |37
creafe dlagenal Uz for all popped i except for bottommost ane.
fosh Uy Uy s
G o U39>JCDF(33 are of) ﬂ\ﬁoﬁ“&ﬁ sd(\cfu\ \ NED .
while second(S) is disible from . S TAZT =]
Create d”\aaoi\d Us, econd(S). =ICESEl
pop top(s).

ush Us. "
i =, STRTET - &
G W §=0° m

create cﬁo\é}ol\&k to Q,\IQ‘(‘\éY vertey on stack QXQQF* &tf 9. botrom,
Obs) No verkex & Pu&hm\ rore Ghan fuites .
- No verkex gojaagi more than e L= () ) cunfne.

S‘refl \erkex 1s (‘egkkldv % has e ﬁa\\jr QA%QS, S\



Otherwie, vk {w o turn vertex. S>> < /‘Wégf‘;gzb%
T%FQS.. C§<(3JVOW‘H)>@ CQY\C\\ 1 >> CW\QY%Q) : <CSP\T‘H

ex) Qg‘ Obs) PO\ES%Q‘\ witkth no sy\"& of trerge vertiees T
X~ monotone.

Gool s re%\dmﬂze SEWV 8 SN vertices b% aold’(v% oﬁcxaaml&_
Asaue vertices are gien i ccw ondex around PO -
—Deterniine oll vertex types w QW) £une.

Smeeg -[e alg@ﬁft\(\m £

— Fach vertex s an yent. Lho heap, just sect] % Pelygens

“above !

— Stoctus tree [ 00\8 stofes eciaeg Weth Eo\a aor\'s terior above.
— These edges hawe “helpers”.
HekFew L \eg, helper Cep) 1= rightmost verteX to lebk of Sm&ghﬁ@

_ R efmed"}x&elg [~ —
H\Gd— (S \)QJNJQQ(\ O O0 %\S&QE §\°:w€eegj[-\m: ek '\}k

Qd\cm%es a8 sweePﬁr\e N\CNQS} =5

w

Y

¥
)
S5

Ly

— helger (&) s visTble from all itk on khe
Swesp e between & ke, < Tnarlant
Regtdoﬁzfﬁa &PWV veriiees  losk up &7 below vin T, \MEL\VLILZ
?‘__

Add oﬁmgor\d \, l\e\\:erCe\\").




I'Qeé\dar\zma N\eﬁ(lre erflces s when same hel EerCe) >?F/
s abouk to d\cmge Feom v %o ®, chedk whether Vi o «eﬂda verfex,

Tfs0, odd o\m\aov\c& .

When &3 s removed, from T, check whekher V=felper(e;) SN
% a merge ertey, If so, conedt v o enépo?x\* of e;.

Fuert handling for~ v [ o Dutch Book, enftted fere. |

Rurime * Olndegn) , n vertices, corfing, each event is O(Qﬂ% Ny

Delcmuo& Tﬁanéuloﬁoﬂ

DQH T\{madar Comglex ‘A st Tof JtrTaw\ém)kez, eo\ge& Q.verfiees gt
| cortamng every eci%e % vertex of every trange Q&cﬂ%e nT.
~yskel g0k empty oc an e&%e/\[er%ex of both s§k .

b disallows @ — (L &S

Nertex set \J+= V..., Usg

A trlangulor complex T Ts a. triangulation ok \ if:
+ \| s the set of verfices ™ T, and
+ T eoters o), e, Y & = cony(\l).




- every edge of comi() is a uriton of some edges n T, @

Th) TRV e nu\c\e%ej\emlﬁ (nokall verfices ave cdinear),

T hoae 20-2-v, Jcrﬂm\%\e&& 3023\ QJ%QS,

where V=4 of vertices of \l on e boun&ar% o com(\Y.
froot: €:=4 ec\%e&”m T, f+= % faces n T Cotside face % £- ‘vr"mgj\es\ﬂ
Euler's plonar %mEk formala 18 n-ef=2 .
Foch Ldangle has 3 QA%QS) etside Tace has \, *dges |
eoch eclge © shared oy 0 foces.

2% -2 4\, (& face- ws)
= &= 2 ;@m\l\eéae :j%T:tdEmce) ’gl 2“ \fh \

= 4 Jw”\cn\geszz\—\[‘pl° 0=\ iy

Dot ) Cireumdincle w‘kﬁi&?ﬁ“ﬁf‘““% dircle of ckfrﬁomale,, @
> empty. if ft endoses no poink ™ point set V.

— A Jcﬂa!\(%le ® DM% U e Srawndinde © QNDJY%‘ i

— b ec\ge N M'J it has an em?‘% Sranncrde. ‘

— A Eangulation of U T Delaunay @ all of &= %ﬂm\%\es are Ddavnay.

LTk e Delcx\m&% Telanguoion of \ i it De\cx\mo\a % &F\axgt}\loxﬁoi\ &\




Noo - bmm&au‘a eciae e fas a cow\‘m”m'(ﬂ% aym&ri loteral Qe .
e s locally Ddaunay T  has & Giramdinde khat
endoses no vertex eof Me.

&
Th) E\rené tel g De\ouno% <> fery ec\%e o T Te De\cmma

(@
= E\rera c\%e of T Te lecal a Decmm%

Preot s l—ﬂ—>. @ consider the enpty diraimdirde. triy fal.
B>k consider Hhe Ql«\iftg Srewmdinele . Evial. ,

@ (" De\cm\ag |Lenma’) 5 s for confrodicklon thaf some €T
not Bekunay — has vertex ve\ T n £'s clreundicle.

Tnduction on sequence of cloes €, 0.

. Toduckie s&epl Cireumcindle of €., e/nglg&\es
VO e Ts locally Ddauy. AN
. — GreumGrde DQ% & eﬂc\oig \
s => Crcumdirde of £ encloses V and Trrtersect .

ContmdictTon. »
The 18 \{3 al%omjt}\m (vi) s condbruck oy Jmmguloew{\ of V.

Clooal\\a Delouna ay)

while ome e&ge e Tt nt D, %{s e. (@ &%)

(kee? o (st of non LD dges) gt netbe LD ‘\gN\O‘Q\



Noke: an unffpalie edge is olunys LD.

\emma AHTPtaed eo\ge IRVRX" (RAPPULS. @ »@
Proeft > (iton of Circun disks of friangles adjsining o vertex 1s
monchofically shrinkdg. ,

U\W\) F\"\P al%ov?tkm Ferinates atker OGR) H’\PS.

Proet D(\% Oce) =dges defined on n werfices.,

Thw) E\Ieﬂd piiek ek V- has o O

Preot * Fregy \/ has o triangultion T, Te %P QQ%GVI'G’\M(T\, Tt ferminotes.
Al 2dges are [ D=>Ta DT ot V.,

OPF\MHV% ot DT ! XSRS Br=\Q0

A‘\akes‘l ‘ﬁ’ (Thales' Theorem )

| emmoes Fhﬁ)?ﬁ% an eci%e & fhet 13 not LD Tncrenses smallest cm&le n fwo

O:q: QC&Q& JC\:LOJ\%[QS . 6:; Z:;gg
P(‘Oogl DRefore gTP, sial|est &%\e T aot oﬂ)@i{%@ Qlc e. \v’} Pure.,

W) For any eci%es s of Qe, he a\\%Ke oﬂaos?ce or S (m
Teceases affer Ge HTP = even the Smallest cm%\ela 7 A



Det) ngleVector : ACTY= sorted sk of Che 36k triangles) angles T T,
orted smallest 4o \ou\%eilr.

Coro\\d\\r% ’ F[TPPTV\& af ecx%e not |-D \Qxico%mg\«\“\cm\l% Tneresss AD)
Ceroum“a "o E@M =t ho] 0!\\% one DT, Ehat DT maxiimizes ACD),
compowed {0 all other Jchm%\AlO\H@f\ ot \.

Proot: Rrery ﬁﬂcu\auﬂ ofon of \-except DTof V can be proved..,

%W paints are rof codiraular, DT & umquee. Cexplonofion tn Dutch Rook |

Tacementdl Tasertion A\%aﬂﬂr\m foc OT
Lot V=0, N2, Vr=Tu, RSV e 1<, Trs=DTOK).
Tneremental nserfion +ranshomms Toy 1o T2 ba inserking Ve

" U —4

Ls Jcﬂcu\%\as whose creumerrcles enelose  are o lor\ger Delmnaa = must chom%re\

bs bt oll ofbers can thg

Lemwa) TF € sters being De\a(ww\% whe Vs s fserted, for QURry Verfex W of ¢,
VW s Delonuay.



Poet: £ was FDJMM\% L e @ @i::il

Bow er- Wakson Tnseckion ;
) Fd ene Jtﬂm\%le whose Ciraumciecle encloser s
W) Find £he M others \D% DES ™ Qamy Eime. %W
i) Delete. all of £heie e&geg ,Qxeept €he beyndar .
) Draw tew edges Feom Ui fo all verRces Hhok W delebed £heie ec\%e_g_

Runtine » One Tnserfion can fake HemyEine . Tight emmﬁe A—7 A
L \j\]@f&‘\' case C.OL}J.O\ bQ 6U\2) to COWQ DT(\”

Randamized Tncremental Tnserfion
- Shubfle verfices Tn candom permutocion.
+ Tnserf verfices T Ghat order,
*Foch permuttion T equaly ftkely. = 00 logn) @pected Gine.

LQW\W\O\,\ Els of Sructural C&\CM\gQS (ot coun‘ﬁv\g S{'ef T)] eQuny.

Root (assume nendegenerate cae for now): All T, To are Urigue.

Structural chages (trlagle delefions/creations) to transform =T

are O(degre_e ), Ehe clea\‘ee ok win Ty {@kf % olegﬁr.\%}




#BTg) Tdea: Backward Analudis Anai%ze a. candomized, algortthm os Tf T
were (unntng backwaed T time!

Gien T, delete o candom v to delete, %k\&'iv% T

What s €he 4 of structural changes? = Whet is €he averoge degree Tt
T Ras € Ri-6 e&%es, each uitkh 2 end g&mj&

T degreelin)] éﬁ‘:‘ﬁ =6 —L.\l— = On SLE we delete < GQA%QS,

forword, w £ime - Dy overuaR, Ingerﬁ\% Vi creates < GQA%QS - <61WHLN\8LQS,
and delefes < 4 triongles. ,

Step @, gt [ocation, T e hard. part. To sTmP‘th%) put \ i o
huge boundivg box. /Z\C | T DI (Tobievy ),
Toka Struchures .
+ Fach uinserted verkex hac o potnter 4o 0 trlongle ehod cuweh\'lg contours
- Boch trlongle hos alist of urinserted vertices thak gx?mjv ot
% Thogertex fies o an edge, Just choak on o edint to.
Fach trserfon redisfibukes cone ffs, E]% X
b How fo do Hits quickly !

Oe. woy | Lawssen's Treerfion Ala C%? terson of B-W) aﬁg.)



o) ch_g Tnserkon of vertex, @ - % or ® — @
b) F (“\P algoﬂjd\m. g@} ., @—%@
El#of g\”\gﬂ < 4 dueul%o ’c}\i gﬁt\aﬁé&?& above.
o alreody axourte

Corf per ]C[”P s OC+ % of verkices redistbuted ) e
(O Tme.
"Vertex Mo+ trassfer of one urirserted vertex from one tisk o anokher.

_ﬂwﬂ E [ 4 of Vertex Mowes £ bidld Tale Oﬁl\ﬂogns %)
Proot ((\omc\egehevcﬂte case) A confhict %, isa \IQNEX“JYF\QX\akQ potr

wikh \fj in t's Craumdinde witth £€T; for come 7 (deardy 5>1)

% o triangle crested Ldeleted during one Tnserfion Ctranient) doesn't court.
C=tot % of conflicks created duﬁf\% S c&%oﬂ%l/\m.

= 4 o % ‘

= Z E&tﬁm 4§ when runing £he aloorithm badwneds
Lemma” Total verkex moves <C.
Prosk A—— A for each vertex Mo, a contlict with € Tg

eltminadted ‘"‘ —> V% 7 acoffich with 2 is € fminoted..

Bockuord F\(\oﬂamg Given T, delete o random v, i \dg T,

RV X Cor each keT) o= {7 €T fs deleted?. Y (for igian) =4 of
deleted trangles of T7 thet V; contlicks with.




uwh v for bourding box)

ELX] § because € has D verfies ) € ddeted i 1 isone of Ehem.,
\(3 (& sum of e\(ge&ecq <A of Hhe X Varohls - EE\Q]<% _

Congder all vestex tnserfions - backward, Ta>_. T

teof confichs ehimted = 0 = 2 2 EDGIC 3 20 = <Ol

# Lower bound: () (1 9081\3 //A\ reduction trom SOVEV\%.{.

Varonot Vevter

Uoconel DTo%mN\S v,

o Voron stte
\/2 set of (Do(vﬁ stfes. 1 @ 4
Noe(w): Yorost cell of site we\] =3 peE*] (pwl < lpul vyl

Ls <ome of £he cells will be unbounded.. D Y
Vor (V) Vorond D“o\é\vam ot \/, platar cubdivicion Tormed hé Veronol cells

§ Vortw) | we\fg, plus Ehelr eclges % Vertices .

Planar Duals %
Lot X be a P\am\“ sulbdiviion . ‘“‘

let GWE) where W contains one nede for cach face of X.
welk i de mrresfoxdm% faces share gn e&%e,

o ‘\*E»&v&s of a Pdv\% st \l are o ciradar,



DTQ) Ts the plonar dudd of Uor(\1), and "3\\>—J<

loc (V) %% DT F we telude ™ Vor (V) o
“ertex ot In?In"\ch" where all the Tnfwite (ays fermunate.
\Uk%q.?
+ T Vorcwy © Uoew) shove edge e, letp be a patnt on Q.
Closest sites fo p are ukeo — Vo & Ddanuay. Y w

dual

> Converse agarent works too. = \loronsi <dge <> Deanuay ed%e
+ T Vortw), Vorw), Vore) share werkex y, d closest gites
to RTINS S AJWX & DQW\\A@%, ’ [
> Congesse. angument works too, (4 Ts bhe cerbee of cireumdrde.)
— \orongt werkex <5 Delanuay +riange.
+ Obvtous Erogevjt% of Uor(\) > Voronar fuce p vertey of \l
All pais on Voront edge €= Vor@(l Nortw are egiidistunt from uluw.

5 oronst edgee L duol Pdanuay <dae . V‘K%‘w
L Bt < niiat not itersedt T, because dhe clrumeenter Y wight be axtside.

Whek 1F 4+ verfices are coctradar? (The “c\e%enembe case”)
» The naturdl duad ot €he UD is €he De\oma% Qb dRisTon .




The Delal\ua% zabdivigion 0? \ T LM\T%[AQ1 7 / W
DT m”\gH not e, But we con "’(ﬁm\%ul&m coch t\w\JcFm\aleg. \ = AN

A Jcﬂm\ale/ edae i 8‘(_@%\% Delatay i1 it has @ circamdirde wikh no

vertex of 10side or on e cirde exceifv U own verties.,

° QuRry eo\ae o Ehe bQL\N{N‘a ot con V
\8 S‘\Tehal% Delm\u\aa,

) ['_T("m\g\es] V) N

\_/
earest (\Q—\a‘\hx odge crasted. by 'Buu%er'—\khﬂsor\

- E\)e\rxé new) ec\%e created, b\a “mser‘:"ma ;T ijtm!\g\% DQLO\I\W(\ i \5.

V\W\) E\fer\é DT contding &Y gmgl\é Demm\é sImPlQX. [ Brool emitted
= De\cmucx% subdisTon containg all ﬁm«g\% De\cmu&a ec}%es, no okhers.

A\%oﬁ{l{\m to CON\WJre Vorl\)
G e b S el
W < % crcumeenter (B | €T T 05 Wey Ocp e

N\evge "\cleﬁcqﬂ drc&m\ceﬁk(\& J @

Cou\?&rﬁ DCE\_ ol\m& To T, Uﬁﬂ% W as verfiess. o

ox Oy (o&'&a&‘) 1 >0 "‘cd'('\@ 2
by C(bx+b} -

t: Q: é:}:\?;) i =X<® tdotd @ :

dn dy (aira)) £ | (FOHd o @ L

Use TpCiede (abcd) =




Guibog @ Stolfi:  Qued- eci%e" data structure Rpresents %mPh and g
planae dud sTmuﬂ‘cm\emx \adiotion of DCEL.
m vo DRl verkex, Voo face  Allows e to &k"\F dualizatin SJ(QP[

C_/'{Flj = or verter, Del Qace

Planar Foint Locodion

Iv\Pqu‘, Planac subdiagion S (XE LY, Guery Eo'tw&su ]
DU&F@L Tacecs) cuﬁcﬁvﬁﬂg the query QOMCS\,

A‘%oﬂ!tlr\m 1t Chedk cvery face (' Bt i Po\%aon")’ By Cime.

J’—some search Stucture

Goal: Pre process S (exPe(\sTue\ so onfine queries take o) Ewe .

Slals method: chf‘ﬂjﬂon S Tnto slobs.
Fach slab has ordered it of sub SRQMRALS.
&U&r% ; BTmr% sedrch on X-coordinates.

E?mr% search on he slab,
Tive™. O(JQOa n) (2 b?ncu‘% searchey )

Sto CQ%QZ U{J to By, P(‘efr‘oceSSTV\% T8 aso sloy) | ,H%w




BQ’HQC \deca Tra9e20\dol M“P TCSY (o “verkical &ecompo%tjﬁof\")

verttc o) extensdion

. Foch trapezdid has ofe or two verfial Sides,
(( and two non- verfical Side. Xj >

| ﬂ\e& are detired b% Jcot:/ batton geamer\JtS
m\d +the (of€/ rLg]LH Pomk and has up to 4 neghbors,

%o th\
(b (o %
botto,, @ —>

—0

Dodto skruckure for a me'\?ezowl s%ores these B Jc\\m%s. T(S) e oot o DCEL
NOJYQ'. .——%‘r{;—/ﬁﬂ y ) LGXTCO SWPKMQ remenad O'E CQQ%@\QW%.
Fadh seameﬁ QI\C\PON 8ewem+es 2 verticey.

_\_,—_—""\_

T(S)1s o Pcmor 8raFk so [ineae Size.

ook Sharges g efmont —

N seguents — <(Bnt) er?ezm(k ‘-‘r«”{cu

el {1

F(‘@-(JFOCQ&%TY\%: Rcmc&om Increm&]\’hi insecfion O‘F Se%mev\l(g_
— Mounkoin H&Jror% DAG:.
Ls x-nedes; lexico. cow\P(xﬁsor\ wikh Seamew& eﬂclg&mjr

b U nodes: abowe / below Seamehjv b [eaves ‘tropeoncﬁs



B l‘1>( /\

= ®
A1 | \ 8 & oM
C p S, @/ @\ o
K\FT . & @@\Eﬁ
Rt lecation in ?[omr subdinsion ;

~Tind Jthezo”d A conjrcfm“m% A Vi \\T&\‘ora DAG:.
— A's top edge has a FOT(\J(QF to Ehe face Tn the mnpit SihdWision .

Iﬁsev‘ﬁ(\% segw\ewjv St

O Lecafe letk emdgomjv Pi o oSk ' < >
T pris already in DAG: ILJ s R,
~ Go right of ¥ nede with same coordinakes.
= A& y-nede with same ek QX\A?OTf\JVS compare Sopes”

® Troce Jwa?ezo&cﬁa Do, -, A plenced b% St OCK) Eine.

Do

® Inserk 3¢,

exi g A a ,ﬁ-‘ B T
= % + Dl <}/ d\cu\ges fo W\QP:
o
\ﬁ AR (> ® - nhilize 4 new Hueezo?cﬁ&
S
B o - Uupdate trops eighboring AORB.

Chorges to DAG upo\cxh A'ttreenode £5 Hs |



ex2) I\’"\ = l no new (P oc TA] !

i Bl i@ﬂl

-4 pr TS MRW, Creste (& LA

- TIf % s hew, create (o) Q. (8] = OCk) tine.

~Tor each A, A, Creote <>,

— Create new [eaves, erging JcmPeoncls where verfical extengens

are Hocked by ;.
Rackward m\@ﬁas'(&l
D Quevg e foc po?ﬁ\ C},?

De{)ﬁh of Jcmp CO(\JR{(r\”n\% 9,18 at most (4 of charges to 4 JmFeoncU
Lot A be a‘mP cotho\TvT\h% q s TSN, RTP out a segw\ew% St WALY,

A &\SOFPQG\TS oc\ W toplA), botfom(A), leHCAY, or —J( A %h
rta\\JrCA\ s cemoled.,




SRLA dsappeas] < £

- E[&QP’&\ oﬁj\ DAGL K ; 2N, eO(ﬂog n).,
@ Ste ot DAG?

El#%of trops ripped ot from S 1< (Zit) % < 16

>l e of DAGTL 2 006)€ O, [(orst case s sll &Y
® Freproresting e ! Chn ke Do
Tnserting & takes expected (g 1) +O((6) time.
> Eltine o bd TCDAG T= 200 = Onlegn)

Dualt
Piimak Duak
potrt 2= (Pr, Py) [ Tne P*:=(LA:PXX~(33§
(e L:=(y=mx+b) powt LFi= (M,-b)

% o Vegtica) 1Tnes!

Tndidence . | passes p Tndidencet P* passes )
* Py= mhtb % —b=pxh—Py

Detentackion | ple abone 1 OcerdsBon: 1* is above (J*
* Py > P h ¥ ~b > pan-Py




1 \\a P* ‘&'—: ’x%_ \ N ‘(9['—: X%
_l'l'
P

S e
A

APF\TQQJYTOW\Z Titersection of hald- anes ]

Def) Had$-Plane & o lire U setoF peirts on offe Sde.

Trerseckion . —\_=><_ H:%P\\)._.)MWS of hyperplanes.
/% b Find he Ttecseetion (frosthle fegion)

Poekrton H wto H=L WU WV,

b | = lower bom\e\"m% Hbs. &=

L ()= upper o

b 2= verfical HPy, (spedial case #redinent) S k

Comwise underside fvet. } /




We want each Po“\hjr v where T 2 Vines Tn L Trbersect v, and mo finein

| i obove V.
b Dualize t we wont each e V¥ where 2 verflees Tn |} tnbersect V*,
. i N /
OY\A \)* (8 Q‘DO\IQ NO \JQ\(JVQX mn L*. °\ I+ /
L

= |_ower pordion of cony[* | (@rohaw Scan i Ocny)
b Dual 1ze he lower hull to Sej( (o bt cOnnech?tg infocmodion .

Compute Hie tAﬂ:evbom\dIna k\alntstmes Set)amjv%l&, Ehen werge .
/ Y

N\wae SuRRpS M r'faVﬂLa

[inear Aine TW\\: lemevrtocton.

L
Can be nfeosible, (\yesh= & CQ[\ be unbounded.
L U=
. X >§ N
U

Fim\\%. Treat \ %QEIWJV&\@
s Dn\é need D [ines from .

Avm\aemev\irs of Lines gt

Lo =t ol n fines in Plcme.ﬂ ACLY: plavar cubdividion defined by L.




Has many unbourded faces
~ Tnclude o P&v& ot imfmjta_

<7;
ALY s sim IQ F o paxa el (ines %o 2 Fomjr& irrtergect of o FON
Thw) Compex&& of ACH):

-A) has £ M“Q_ﬂ verfices. (41 of ) equality 1}

_AO—B hae < s ed%es AL T s"lmt:\e.
H sz(L [J\(\S ﬁ I + ’QO\CQS
P(‘ oo% .

~There ace (3] palics of (i, cach %ev\emﬁ\%\ o most ene vertex.
(qu\\e\ [tnes or Jcﬁp(e inersection <% reduced # of erfices.

= A live £ wikh ¢ verfices Ts divided info Q1) edges.
At ot (01) werfices on (ine — ok mogt 1 edges on one (ine
Rirallel or 4riples <> some fine has < (A1) vectices.

— Foces = ec&ges —\Vertices +2 I_1h we Count Gerkex ok oo .
S'Cm]sk coge — 4 = ‘\2/1+ “/Q | faces.
Bhrollel - one vertex feuer, tuo edges fewrr >ene face Tewer

(‘;) Verfices fewer, K-k edges fewer

k—wua Tnfersedion = K(



k?.
=5 ’%\i t| Juces fewer, >0 ¥E23.

Congring, ACH)

- Use DCEL. %

~ Tdeq 1 Plane swesp line Trtersection.
+ Lines inctially ordered on Stafus tree by Aeu*ecxs?vxa SKOFQ,
Break fies Cpmm\\d [ines) 133 Imreqﬂh% g%ﬁevcef&.
- Run ot usual, Eren Fe losye ends 4o vertex of oo,
- O (\"Qo%n) Cime..
— Tdeq 2! Tncremertal ingerfion.
» Tosert 4, Jan order.
« Towgert Ii:
\ <—Vertex ot o0.
do et
deterndine foce fo Sice’; <all 4,

determine edge & or Vertex w where v feaves 10 _

cf\bp ’YECQ’F n o (N\od"\% DCED VQ *VQ
\ < vertex where J le(\\leS]n ' Qw__)\j@w



while V# Verkex ot ™.
De&em\"u\”m% foce o Jice
+ Wakk & from [ebt 4o rght Chstlom 4o op & b s vertiaal)
 Trom any normal pairt (ot at o0): Y
Lok o fuo consectdive ecl%QS ele’ st i hos SloFe >§9, <e’
- Feom poirt of o0, use Slope o determine face .
Courter dack wise — clecrecxiu\% s\ot)e [ (counter tuifive, ink 307)
Break fies (puralle] [ines) 58 u- Tv\JtﬁrceEJ\' (cew - Tere aging wavkvtep%}
s Cvertico] (ines) by X-coordnates (ccw checnacx&“ma y-coordTnactes)
Tive to sert ki < 4otal comtiex?ra of all faces that I Tntersects.
~ %enemll% tkergects B(R) fuces.
~ Ohe Huce can hove upto O¢x) edges. @
& Quodrefic €ime o trsert one {ine! The follouing hm shoss T's better,

The) Zooe Theorem - Let khe zone of o line 4 ovmﬂg)eme& ACE) be
fhe sef of foces of ACL) €hot Trtersect J. Complexity of the zone Ts
the tofol 4 of vertices, edges, and fuces ™ Ehe zane, witch is Oeny.

Del) Povenport ~ Scffnzel Sequence - D3(ns) is o string of an O&E‘(\o\}ﬁ+



of n chacocters such
) no consecutive characters. . S
%) 1o afernating sequence of the form .5 0b_ of lengfh (5+2)
eg) (23242 e DS(4,2) but 122 42 & DAY,

|emma Brery DRCna) ssyuence has < @n-l) choractecs.

Rroot: Let s ke o c-char D0, 2) Sequence. Foch consecudive Ea\r (0\ o)
is etther the last eccurence of o, or &he Sirst ocurence ofb. (b . ak .0
Tf forwer, charge 1 40 o T latter, dm%e $1 bob. Also, d\ow%e $1 eady

£o the fret Y last chars Tn 5. No char Te charged rore $2 since

T 8&8 d\m%eél or\l% for Te Test % (ash eccurunce W <.

- Tokol charge i of leash @) piics +$2 = $(cH) <Fn. > ¢ < Do\

Proof of Zone Thw: Change the ceordiates st | is €he X-oxE.
|eft hmunc\Tng edge (LBE) of o tace = ecﬁge wikh o face 4o Ehe r”\%hjv .
@r :‘:‘ta‘éz walskcalm\g 1, R‘{m% ol | BEs n)'s zone aboe (.

7 41313 45‘%\6] — DS(n,2) seaFuence

3/ ¢

‘-? le(\%@\ <9—¥\ \3% JC\\Q SNMa. | [U‘(\\é A% \W‘ﬁgec{‘:ﬁnafﬂitk})/ on
- wixfmi‘g*“ 2.2 122 8 possible , bt ot 2120, = This saisfies D8G12),




- (LBE +RBE\¥(:A‘00\I€ ) +below 1) < Ay {ur \El. p
Coro\\or%l Tncremental Tasertion vuns T OC®) Gme.

Nuwerdic L&e%mﬂon . Raa Tmc?vxa, ) DT&creEcmc%
] What PSS Should we select 4o &uPersamP]erl
T2, N(fwe SQQCJVW\% %HAS sourds good.

/4 3

» \,\ et

We wart *{ow-dizerepanay ge%uet\ce': 2.y Sobo| RYUeNCe.

\
\\i
YW

> Causes A’\S{oﬂkﬂw\u\\ \‘

i*

D‘(gcm{mméy
Let Ur=[@Tx[D1T ok sppare, re?mex\k o\{?txek
LQJ(S'=SQ—§—0{I‘S(W\ QEOHW\‘STY\U U | /»\ 3

Tor oy he conjrmuou& InROSUre /AU{\\ and Z\m&e meosure ,Ch)

is deally equal, bt we hove 4o discrepancy Ayls) =] uth— (i
- Dl&cretm\c% of H: Ay()= 3“& JATENT

*wh\a Sup, ot fmax L E:} A oppronches 08, birk deops (0 X-05).
L Copsider Ehe grester of losed and open }UH"P‘QV\Q.




Com}?uﬁv\gr e d"&c@gax\c% oS Lehhbe o hdd —P\cme (open o closed )
ok maximizes 24Cs) . Let | be €he Bomk\dar% ok h.
Lemmas L posses ‘ch(\ou%\r\ a F&“E"m Q .@(o& least ene dreckion frcrenses Ay))
Lemma - For some. maximizer, Sther:
' Mms&es Ehro k&%‘\ QEXMS’ or
00007 T Spit into two efpml seamQV\JtS E% a pdint n 3.
Proot > Let b be o waximizer through some seS. Rofate b abort piet s.
How do JChY, lisCh) vyt UsCh: cka(\%es when I Kits a second FOM‘
MY vares Qox\ﬂuous\%. Ea@
é\%oﬁjc‘t\m . |
T for each s€ Q
MEQ < “optinal"[tne through s Ceastrudt (i 7 to comer triargle )
For each h wiih bo&mda% !, open [ clowed, above/ eloto, conpirte Ash),
for each s'eS\is}
e I I H\mu%\\ s &t
\ For each h witth Bom\dma !, open [ closed, above/ beloto, conpiate. As(h).
Ruire & OC?) Gme. Since each Aslh) conp wration takes Oen |




Con we do Hhe last Kam“v befter? = Use duul?r%i
Gool: ¥ ss'eS | count 4 poins Tn S abwwe/below™SY
Dualize: v paie of lines 1, 0'e S count fines i S below /alcave 08
ACSH) Level of o verfex v in ALK = 4 ires alove v.
g pomE 7 e 7 s
Lot 14" be foces sharing an ec\ae e wikh fobove £
s Jevel (4= level(4) + by defiriion. - Conpte all ks by DFS,
[_owqu ver:ﬁce& of £ have Ehe same level as § (exceg% leh/Fghtmost )
?7 But every vertex hos atace entop of .- conpidtable |
New Hgotithm( Second, halt)
Constroct ACTH).
Com])ujre level (8) for 2ot Face & Cbrute force)
C@m?urjre levels oft all fuces bg DES acrs eo\%e& ol O
Label verfices utth €heir levels
RePngr Wk “up&'\\de—dowr\” levels (& fines below v) J
for cach sg'e st 0(\31!\, jom
for each h, opaN /clored, above/ loe\ow%?) compieie Ay(S)
= Otenll purine. mproved to Oy ¢




H“lg\‘er Dimensions

Coordinae QXes X\ X, Y.

Tn B k~flat s like a k-dinensionad subspace, but fieed ot confisdn €he a7,
(a-k.a. offine subspace)

O ~lot: poirk Certex)

1-Hok: (e

2-Hlod - plane el

0-ll-Hlot. ypertlane sk ofx wku?;&“*

d-Hot . space (F4)

Deb) Affine. Hull (abfS): oo caglilent definttions,
@) the lowest dwensional laf Ehot Thcludes S
® the =t of ol adfine conlinafions of POF(YY\S nset S
% The dimension of S Ts the dimendlon of aff S
Def) chHsPo\cel ore Side of a h%PQF[iO\Y\Q (open or clowd)

(COV\\IQ)(\ PO\%J(OPQS : /,’ noke 18 an Gw'u\e combinakion o‘? £he ofers

Def) k—s?mplexl convey. hull of (k) Zyyjﬂv\e\g It\defe(\dgp (D&VVH P
L | -simglex . g Q-Simplex | vertex , 1- STW\F}QXL dge, 2- Sﬂ“""PLQ)"'JW\“”‘Sle A




A S"(m?lexl tetrabedron Ly ] (d-2)- é\‘mka ! ﬁ&%% -y s"wvxf\ex > facel
o verkieet of sim P\ex

Face of o k-siwplex is conv B Jor ang PSP treluding the k-inpley. e,
A o\~s“\mf>\e>< hag tfl\) k-foces.

> Note £hat 4 of k-faces = of (d-) ~faces |

e verfices| = Facets| (Hik of ketvabedon) , 1% |~ faces doinate Z :(z;‘imm

Gerere Pgopes -

A &E@rﬁng\ h\;\gﬁm\e infersects the po \(ﬁoFe bict ot Ths Ceelative) Trtertor.

Det) Proper Elce intersection of a POK%JWQ with & su PPDFJV\T\% k%FarPaﬂe

(d2)-fae 040 face
b verter, edge, 2-face, .. ¢ dcae,nbacejr

Del) o2 P @, or a Proper Yace

2d halfspaces ‘ A !:]

H\a\sercube Tirtersection of M&Pmeg %<l vie[dTl M ks

G paint, edae, 3quare , cube, 4-cube, ..
Nertices ave (1,41, 1), 2 vesices T otal \

24 vertices

ex) Cross- po %J‘otae SRR e[cﬂ} where &; s a unt wector along oxis i,

Faces are CoNn iireu 1§, .. ieﬁ total (l g‘&ce'%S % ‘




Del) \}‘P&%ﬂ)ﬁe % The covvey bl of a firite paint st (Stmplex, cross- paytope, )
Det) H-pdlyfope & The bounded infersection of a fiitte halfspace st (iypercabe)
Thin) Matn Theorem of Polyfope Theory. Frery o polyfepe o o polytape.
Cenverdlon Algortthms s /= H “convex hall”, H-\ ™ half Spoce Trersection
Def)H-polybedron ke - polytepe, but con be unbownded, Cfrom Matosek )
Def) STW\P\Q Pdg&o?el evRry verkex has &earee d (sImP\ex \ b\geercube)

Def) SIN\FUCIQI PolgcoPel very focek s a sTW\\D\ey (STW\F\QX ) Cross-pdgtope)

Convex Po\%\\e&m 30 \/:TB + E

Fdges form o planar %mﬁ\. Pick sowe “ovker Jace” and project.

~ OCverfices) Complerity , con Qﬂ)\% Fuler's Formula!
Thn) Stttz Theorem & A afoph the edge grach of Some convex goléheclmﬂ e
His planar and 3-connected (de\e‘v“m% any D verfices doesrik discomedt @)

Qeg*eg&\‘(\‘(xﬁohs of PO %Jrofes ‘crmg«&o’nor\s COmeX gumV\SkO“SAe:g iy
Dadble &QSC\“\?JROI\ qu’r\*e am?h cox\(\ec\ma verfices wikh facets / d- ’Fqceg

Facef %m?‘v\ - Double éescm{ajﬂot\ + edges CO!\ne&m% ang two Soctts /d~foces that

Sore o ﬁélge/ facet, — @1



foce lotfice - A Hosse CY\CX%NN, o DAG CO(\necF\na each k-face KDNLJY&\ cxd@dﬂ]!\&

(k1) and Ckl) - Faces . (complertuis ikely exglods
ity idyeig) b
Al of £hese con be ‘wwgd&tﬂ duide each I___] A A N A
o ce g them. / / /
face ko Simplices representing them S //,////
8 J
Worpings N

DTE ot Jcrian%\ﬂalce(ﬂ, double &escﬁpﬁd\% focet 8‘\0@ ore (ot comyh&e
(epresefotions ; ey feed cenvex: hu a(a to reconshruct Shope of o fucet.
@ Stze of triang nloted represetation Moy be Su})erf)ola romial {n Size
(| of DD of Foceh %ka as d Tnereases ! eg: hypercubes
® Size of fuce latfice, may be Superpaynonial cnpared tyMDer fucehgogh
e\ fc\va% are ’cr\m\%\x\o\{ecl g, S\N\F ices have = 0! 144 1-Faces.
LNO\ onissue Jor d=2~S

Po\aﬂjvg (Ar\oﬂ\er Duﬂijcg))
Frimal Pual
Poﬁm*? Ha?QFPCH\Q? iXéE‘le ‘P= %V{w
(origin has 10 dual) _ Chyperplane 4hough oriala
hos fo dual)




FDN\“\_ PE L\%Pev‘flane \

e P* (?ne serves ndidence)

Pis on sore Side of-h ag origin

i s on Same SUde of P’* as orTaTV\

Coppeite) oppetie) C presenes ofienkakion)

k-Hok (d-1-l) ~Hod
poirs or flats

. QF'FC?Q,PM...X . PM\P\N\

hp or £(ate
LA CaB R )
k-Hat § tvtersecks (d-1-) Hok g k-Hof 8* Trdersecks (-1 -flak £

[nvmn's Viewpoint] v/ (Incidence ) orlerfodion)

\l"folgto?e wikh oﬁa?n hede
- face (odfice

H- RDD\%J(DEQ wotch offgin (nsde

- sane e UPST&Q ~dawn

Cross-pdyfope (44 V,2'F)

Ha?evcu\(ﬂ (Pv, 24 F)

Convex. hull From }\(M‘SPGCQ tersection @Q% p

e CQJY\‘K&QKU}

- Translate \| sk e e of OR%“\
+ H < dual (W) with all holf spaces cortaiiing origin
I P ehg h U\algfsEme urereclion black box 0}‘%\

- ceturn P*



Huhcﬁlne Tterseckion Trom convex hul| al%‘;
* letpbea Po“w& wdde QH b (Find via WP)
. Tranglate H st P o oﬁ%ﬂm

-\ < dual(H) ‘
N7,

+ P < conu(\)) \/

o Delete fucets of P ﬁfm& or\\%hu’\

. returg P*

Trlun%mlaﬁof\s of @&\* st Jef*: 4 s"\mp\"tdaﬂ comg\ex T st

'tgjc = conuV | and

- \[ & e set of verfies ™ T
D tetrabedralizaion of fo“\nlvs con have. 1) tetrahedia.
Foch oddional ). dinencions — one mofe fine si. orthogonal % offsek from s
- Q(DMI) d"&TN\F\”\@S.
Delounay Tﬂm\atddﬁomi Yvel, J% eDT\, vis oot tngide Che Q\%\ﬁv&ﬁme
that ciramgerbes £ g

The PC\(&‘D@\A\C \"\%\A% W\QP', s F&,{\J‘g -k PQV&BS((;\ d o Ed+l)



P <PJ “ FUQ>:?+ Q g
ﬂ\w\) TE cone It T STW\PM&, the prajection of i

prad

e underside o B s DT VL % 3

Pogh: Lot teF be a & §MP\QX wikh Verfices €, Grmumcenter ¢, radiug .,

{s Delaut\ma W owey AN-ef > & P 22k P el
For each vertex W o{i £, W= (I wl*=2¢e4 - bl

let K be Ehe E\afert:\ahe Xg= DX, Xa) +e=(lel,

- each verkex of £ & on .

el (|
L

£ fies on the underSide of con ' U6F wiie\t i net below b.
S > ey + 2= el
Bt Va=[Ul*, o £ & Delouma Wt 1 an underside. L
Nete: T# (42 pourts n \ fie on o comtren emm l\apet&?bﬁw\@, con\" s
ot &TW\PlTELal, and OT s not uttque, Triangulate facets any old woy.
Coro\Lcwal E\R\{g Tintte foTY\J( set has o DT.
Coro\\c\ra‘, Every convex ) cd%. for F4 0 DT oﬁg\ for B
Corol\mg » The QY DT 0 B mplies exretce of U(R) - facet
Fola'fope& n EY



Upper— Round Theorem for TrTm\gleaJﬁ@ns (&%N\P\”oﬁc)

An tvertex Jtﬁangu(crﬁow\_f  E2 hag O((\Wn“ STW\PKCQS.
Proets Retade T ek no focet & werfical.
for each &&wa()\ex S f@ﬁe @@i 0?%;

tfersechion of k facets of < Te o (k) face. s has (&) fucels.
At least [(dtl)/4 | of Ehem eibher fuce up of face down. e
Lot § be €he Trkersection of [(dk0)/4 | of Ehem Ehat face upCor down)
-4 has dimengion < 4~ R&ﬂ)/ﬂ = Yo\/l"\ — %*
S the uhl%e STMPKX dTve&\% below (or abawe) .
o drsinglices Tn T< 2% of ([451-1)- Sinlies of T)

<2 (i) € O™y
AN e 1<k <

Nw\kﬁr o% k‘SKN\PleQS < E (\kﬂ fgw @ﬁ kﬁ y d/ﬂ

U\)\aer Basnd Theoram for Po\g%o‘:es (038@0\:@1 an f-verkex ?0\5&»9@
P EY has OU\WQJ) facels.

Prook ¢ project Tucets to 2 sukdiiidions of B, Tangulcte

nner faces (dosgpt decreose cm\éeﬁ%\ AP?\% 0@&4%15 JCFW\%\MVTU\
boand, Observe. that [@-)41=[341.



Exoct \leesion | McMallenT & An trfocet POL%J‘QEQ Pc £ bag
TPV E)] i

Win (S ,4-3)

By polartty | an o-vertex pdyfore has
&1 3 =1=max(3,d-;
%\CH < ;(&'\H)(r\“‘\"\“ (s é{’g ‘\W “k”’FO\CQS I

S
Stwall Dimengion 1P e

Aﬂa\'\caﬁo(\l “Tierecon of P\cmes Hhod don'k a?&ﬂjxe infersect

Normal quaions of ?\“ nes L (l-X=Cq [4TEP, M s Khe ustk norndl veckor,
Tdea® nirinize distance of y from furkhest plane, d = mgx( My -Ca)
> Rewdite ag M d st (Tear constratngs
{0\2%\1— & 4> C-tneV § vielpl, Thisieon LP 1n4D .
\ hos 3dmendions, and d is o constraint vaxlakle .

Def) Linear Rb%mwxl X=X, %) Nadables, €=CCy,... ¢y) objeckive vechor.
The 80"& 18 to Makimze X-C = CXit--+CXy  the o(cjedixle Funeon .
There ave N consfraints of £he form Orox <oy where QT:QM)..,)Q“\ \,&3&@.

e R L6

—~Fach angroint defies a holh@s\o_a_ce. -

The Tersedon ot all MH&(XMQ& ® the : \ :

Teosible (Pg?ov\, 0 COTNSY H—Polg hedron. y X




Vs extreme ndiceckion ¢, X e

ﬂ

0ol }\alyrSEnce& s ew%, Bre | P wedye.
FeoSlble bt unbounded 1P ¢ Feadible bud hes no

upper baund o0 cx. Note Ehat the | Paan be /$
bounded. even i €he feaglle regon s anbounded . 7] ><

There can exia N\uiﬁp\e ogﬁ‘mcx ¥ Ao consfraint Lo,
G We will seek the \exico%mPY\chl\é maximun SAwon \0_4

[P Algordhms.

- Dantzig's g\M‘D\QX” - works geod Tn practie oc large dyn, O exptny),

— Kadhlyan, Karmarkar © pdlytine in 5tk compledty. of tnpick cotficientss.

~ Megiddo ather Crerst algortths T OCHfedyn) where Tedy i
exponential bt oblivious to it com Ple»&%&.

Lemma: [et H be o s holf paes . Lot < be Ehe objective vecter,

et v be Ghe solufion to [ P(e,H) e lex. marimum opfina of cu i (Vb

Lot | be another halfspace. [ossame adding HUTHY T Seaible, for now |
@ el en v sdues (e HO B,



@ vl dhen sdution to 1LPCe,HUTHTD [Res on &he bbklhdﬂrg of b,

Do Skeleh €0 Y % Lhaad € (Vb 50 vie s
the ek sdufflon to ¢V,

) Suﬁ:ose New QF‘RW\\N‘{\ ' R Mot on the boundar Y ot h'.

\XYL M$'=WD bo\mdora(h' Opé\ll
55 EWher coy >y, S0 ©9>CNL ZK

OR v =y’ and V', S0 Cq =V anal 9=V, S0 vis not oPJr\mch.%Z;

T8 41 Rt

h< mns % \%GH, 0>Q

) < nox§ % | (el a<Q}

z < win L h|@bel,0=0% [0<L]

§ Ch< D) or (2<0), autput INFEASTRLE and ternfinate.

die 1 €20, return b, (alsotnclides c=0, then Fnd lex. max, b ]

Sidels [P N%i Selve Pl ¢, HY. @ L ®
[
| I

Q[SQ ) Y\Qﬁkﬂ\ ,Q .

EISE, d>(:
i [Hl=d  return Trtersection of bounding hyperplaves T H



| nother words solve. A= b where A{:;j and 52&1.&
e\, choose random helt .

V< Sehel P(de, H\§RR).

W vely, return V. LLemma, case @

elge,

c' 6®ch\(\080 nal pro dec*\oﬂ of ¢ onto b{m&o\ra ),

H

%{h 0\ bomdarg(h\k NeH\ihif ===
refum Sole [ P(d-(, ). Llemmg, case G|

Warning - A\ cmg works f no sulopvo‘oeﬂ\ e unoouwnded Nery unltkely

,l,Q
% W@ 1

Blg Tdea Most congtrotints don't offect the §nol ansuer: typieally only d
nsfralits are ackively volved.

Bockuord anolysis: Lef m=HL. Let w< WP, v <L Ple HNTR),
with h chosen tandemly. Frlveh1?

Yoot 3 subset TCH witkh (TI=d st w solves LPCe T,

eh T s called bhe ks’ for w., —
L(cTla lme(\r iee)smhmo\ﬁoﬂ of normel vedors of 1) S :’




TF heT, remoNng ffrom £ canat improre Ge opfimum, Sow=\.
ThheT, revaning Mgt (mprote e maximum -
>R =RvAT< S
Bo\)eded cunfime for e [P0 e K
Ocmy t d=
Tedmr < | O(d®) i med
T(d,m4)+ Qﬁl + %[Q—%—@ £ TC,m |

1 I
Fest et othecwiise
fecurgve all veh C,H\iKE dowmtohy

4 -
\leﬂ@g b% subsitwkion ot Ted w24, N\ZQ‘_—W works.
The summotion converges, 5o Tcd my e OXd! i), finear Tn m,

Unboundedl R
— Add extra, constrainte ~A L\ Vie[dT.

—ATST “S%w\\adlc constant” Cie. unknown vadue ), some very lorge =00

— Censtranete are pm&eﬁ " Sery guhgiolem.

— Solufions can be of £he foom v+ kw.

O { Oun

—

[ ¥ON] AN



— Sdufion vk hw' means Chat Jor some Ko, the oy vthw[ A=Y T8 T £he
feasible region of the oiginal 1P Cuithart e box) .

— Soludlon W hw Ts " \\aﬂsgme b wih nocnod & 14
¢ Wea <@ = w “shoofe ko' Ehe \\al&?o\ce”, qooed, >ﬁ
- Wea=Q= also r@okvﬁresﬁ\o&\]ehagme(, \m\\“h

= Lex”\wam‘s\ﬁc Comp@ﬂ&d\i P+>\%<L\l&)\w = %4 W, or
d=W and ?{ V. L for tis and above, assume >0, TH A=0, recort 4o or“«d"\ml.]

Define win,  mag, \eﬁcogmeh“ml\&.
— Conetrgits s QX< brthegy where aief? e R.
Al "ungv constraants bave &=, but Su\sproUemg_,Q
g ok the bowndng box!
Selve | P(d,c,H):

T d=1: (Base Cose] i = === m]

ax < boe

heh \ <= o, § 39028 | Gbsleht, 0508 UT 0+ A-11T

-t -4 3104\

Ll < mx&{%*k%l Co\,k,e\éHJOKQJE U i@—)\iff

242\ < w3 bt e [Cabdrell, =0t
t (242'A < Qv Q1) or (AR A< 0 AN ] oxr%g& INFEASIRIE and terminede .

el i 20 return b\ else eeturn L4 Qh .



T} d>1.: [Gererd Case] N
tH=d:
V=T w(w) where mﬁ*::z refurt Ut hw.
elee, chosse a random heH .
U hw < SevelP(d o, HNTR)
Express h as ax<bthe.
I arut harw < e retuen wthw, Lt viwel]
Flse, % 0=0, report INFFASTRIE ond tervinate. 2
Flee, solufion ffes o kmndcwaﬁ\\\.__
Reduce £he dimendon/Gaussian Eliwmination :
* Broject h GVH\%OX\&([& onto héperplar\e defined b& () aves )
& just &mﬁ one coordinate Somehow . e . g b . 7
+ L o be normal fo'h; let ke the largest tndex st Wi, #0.
° DroP coordinate k. I
k< maxikl Wa,#ot. ﬁ
H < i(o’—%\—i o wWith k-th coordiate vemote o - B4y o'- 8k o)
CoBe)e H\Thi where bhv=(0b:e) T | Gocssion Elinetin




C <« C—— 0. With k- coondinate remoted..

Umoc@m%e corshrails ~A< X< A3 0/=(0..1..Q) b=0,&'=£\
H<HOT(E 0 vt kth coordinafe removed £2 | = &)%.

V< Sohve (-7, H )

3 [0 sdukont
Ve TV wikh Zopo hserted as k-th coordinat= .

W W L/

ax(l-avy,
Wy < _QlT<<e ~Qe\),

rekurn VUt ).
R,

- Pmaec%?ng down Pam\\d P\cu\esl
~ < Pro;
could make triviol consirants or cenclude : 4 s
et

'\\I\QQQS&\Q“\\A(JE\A. dQPQWﬁ“% on direction. s tnbeesible!

For numeredl &Jcohﬂij%i
~ Choote. least digtorting progection, & <= argiar| ay|

— To resdve N\\&"\F\e sduftony, tse a\xXTl\Iov\d oljective vecters,
c=(1,9,..,0),%=(0.1,0,..0), ___ od e Erer down too. Use tn BRC.



High Dimensional Conex. Hall

let \Ui=Bug 003, V=T, Y Rs=comi (k)

Suppore 1o dil verfies are co-fyperplovar. = Pris tinplicial.

Foch P & reeresevrted by o facet 8”(’”“

Algerttn: Compute T = conu (Vaa) - [ d-singlex, Qcy Kline |

for 1< &L comgﬁce = con( P UE\I 3) E\Jer‘v-ax m&evho(\]

O O o Z:gisﬁl;
Q “°ﬂiaaaes

Cmm% com( P U wR):

o Find one facet of By istide From v:. (T4 e P we are done.)

¢ Find ol ’FCLCQIVS visthle ’F{bﬂ\ \k bg DES [\ WCO\CQJF am\:‘«\.

O deleted facets)
cey I&ewﬁ% hodzon l‘Tc\aeS,
Deleke ol qistble facets. ok n S rach
@ Tor eady horteon r“k&ae [, create ?oc@c cony(rV SL\IS. O new
focets
& Gerepate oW ec\aes o '?awejr %NPL\ (ﬂc\ges of Px) creoked )

comC e ) has d r"\daes, one shared weth an sloscured focet,

The efber @-() rIAaeg ore mackched wikh ofher new Tacet rTc\aes
us"n\% o, hogh olole . (Hosh cody ridae Ea e verficey )



Over oll Trensfions - 4 facets deleled < #facels created.
Sepa? Use contfict 8“’{’“'
+ Puch ufinserted erfex has o pditer to o fistble focet.
+ Boch facet fos alisk of verfices €hat pint 4o it
- When o facet is deleted, redistrilwte e terties fo new Focets.

L T8 Gerfex w caf see o tew facet, w can see e old ﬁc\afe.

(-5

= To vedistribute w, OFS focets visible from bothy v w.
Find a horizen fidge whose new facet & vistlole Hrom w.
TF none exists, we b so throw W away %“ﬁ
Ls £ime & (4 of w's vidhiities deleted)
Deb) \lis"kbﬁkﬁ‘v\a > paic Wik focet f vidble from uminserted w.
Ovee oll terations £ime € Qltotal 4 of Gigloiliies deleted)
=00 % creaded )

Def) 5-Facet : octerted facet whete vexrjt\ces are n |/ Chat hos j verfiess
of U on ts " rent” Side | / A

:Lka’r M’o.c&



Al fuceks of comi(\) are @-facets.
- When @ §-facet Te deleted, § ViSbTRKes are deleted.
+ The A Verfices of o j~facet ore T Arigeers’
- The 5 verticey in Frontare s S%PF@& = L stopper, sty s o IR
- Appears duclng Tneremental. Tisertion T oll friggers tierfed
before any SkoppRrS.
T <V ey T8 o randon Fem\\rfmjﬂe(\ o\,
i o ppeors wp. Py L\Stc*) <i—;
D) <5-facet s facek €hat has <5 verfies on Ts front side.
ok = Hotol 4 o J-facets, Fyo=toh & of <-hucets =34
§=Fo= [eam(l)f € OC0™).
Lena: F; € O™ ™) for 321
Rroot * Choose random subset RCV. Each verkex chosen wp. /5 .
Let ¢ 3=(RL Crandom vorable ~Bi(n4Y) cr:, d

wk s‘cogeers

B Epm\cular k-focet Q{Jpecm in conR)] = °§>\< (

I{\- kﬁ\) %2(1,&( d’é/eww

El e Ceonv®RN] = kz_eomck >ki__é°}\aﬂl< 3 cuéki_e = (‘%YU@E _

Bt alse, € OCELe*#'7) = O(EL™) = 0% ™) > < 0G™'n™).,



=T rudime] € DUETetod # fucets created T +F[ utel 4 vistiilities ereoded])

_ O()ﬂ:P\) J“i]?‘?) c O( ﬂLm+%$P3 ) [:sePchﬂf\% 1=0 o]
Siph < Z SRR S8 -0

Ty
\<=7. d—\\ ] )

= Ci([ (73—" G F\')J“F]CO(E *‘(JH\“"[(J*‘M J”]H\) [HQOCI\ \)
oA Wﬂ Ldlj _\( g Ld4 | X O(n‘-/ﬂ) Afd}l

—O( = 43“3 i \ﬂ\\ O< Z m} %O(hlogr\\ {d=,3.

¥ Worst -case oﬁw& for Fxed dimengiond ! bud ex?u\e\r\'mi .

Special cone & suppose VR<V, com(R) has OURL) Facefs. (comman T prociice )

Then, F@ GO(SLA—(\M S0 e)qP_ curkime 60((\2‘%‘\: O((\Qoa n) Xdwendin

— &3

2D Ofentadion

Two wng to ofent tebrahedron vectex. labels .

d
potitive neyative
o tardedley 4 . orrwatian < L
a

k\'h'fnwﬁ’\'cq“\%
Ox oy o2 | o
-1l - ot by b2 | s ydy ardy
O(‘\Q‘“&Qtl@“ %Q&{g Oﬂe“&go(‘a\‘olcidsc AQE x Q;] Cy l = Ql?&,?: (' . l. ]
T e ‘
G +37:6\\’% Pog_or\ew\‘aho(\,-— Sigh=> (\Qa. orentatTon dy da |

L@ = ?o‘m\s ave coFlcmar.

pos. ort. = facet Abed T Visthle from &, where ked are T cew erdep

+o dbsenier outside Ehe Pdg)((\e&m!\.



InGiede (abe,d) = Oclent3D (a8 ¢t o )(m“ o 1)

—> extra cdumy 4ransmormection

o Ox-dx Qa"d\a_ (0;—&1\\1-&(4‘3—&5]1 for befter O(‘CUJ‘O\C%
c = A’Q’&_ Q)K’Ax ‘o‘&'d\\a (hx"&ﬂ"’*(hg*d&]ﬁ
Cx ~dn C‘a"é\g_ (Ccx- dx)a‘\ (Q}"&a]t
5 %@ b,c) Must be Th ccw arder, <bse sign i reversed !
t<ign = d inside | —Sgn= d outade, Q> d on cledde.

~ [~ - cd

\oroner Cells & Vor w = i? GEC\\W<\ Pyl vue\ S, Bach cell is convex |

\laronol DTaamml VorV (s a Polahedm“ co«\P\ex i B (aka convex subdiidion of £4)
centaiiring very or w and al of s faces.
Cmshud“ma or\J +

» Construct DTV,

« For eadh A~ STME)\QX seDIQVy, CD“\P“J‘Q fits clrcumcarter, 4“

| —

Hhe conter ef T Cf\mAW\SCﬁBW% hgpeﬁg?h\e\“e
- Construct foce (akfice of DTCVY; turn T upSide down.

L - sTmP\ex dualizes to circumeanter = verdex of Vor V.

L facet of DTOV) duolizes +o edge,

L edge % focet
Ls Vertex 4 cell \or (V). (Sor%o{!( need clean U\]J)



. Merge ea},uaﬂ oronal verdices. [reu\héY use TnSphere to Ll
. Mer%e any two Foces T Hie Foces of same dimension (( - &)
it H\% are Taces of oty the sume subset ot De[cxum\d cels.

\loconol DTa%mN\S& The. L"\{Ur"u\g MO‘P

Given vertex set V) Lo " be Ehe verfices (ifted onto F&mbo\o?o\ \pa= S
DU&“&&» \[@%QX W= (ml)._,ka) dll(l“’l-eg b }\éﬁﬁ\‘ Pl(“\e Y= W+ ""{‘mk-\X\;-\‘Nk_
lef H={w™ | we V3. A %

\Y /1\ Q/

b, VSR 1 Y 4
SREANNCPZE AN

let Ehe upper eﬂ\leb?e U of H be €he foces of mm\gemev\lr A of

vel ) (2. no k\%perP\m\Q abexe Ehem ). projected down fo s \or V),

Connections befween objedts



Lm)eg JQCD\{)\}JYQX bl et T U\Dp;{ Sﬁie\o?e

l pre} =cXlon l ?msedﬂm
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