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Networks

ex) Internet , social networks , gene regulatory networks ,
etc

.

Review of Basic Graph Theory :

Graph G =(U .
E )

. Neighborhood Na(v) =Eul aVEE3 .

Adjacency Matrix Aur = IEUVEE 3 . Adjacency List also used .

ex) Star Sn.LineLn CireleCn .
Complete Graph kn . ( 모J edges .
Subgraph GG ' =(

V

,
E
'

J EG where V
'

EV
,
E
'

EE
,
HUVEE; UINEV'

spanning Subgraph G
' where V

'

=V
.

Induced Subgraph GCU' ywhere
E

'EUV IU .VEV
'Z (all possible edges )

oalso equivalent to test UVEE
'UVEEPGU ,NEV'

.

Walk wo= [Vi
,
Ua
,
…

,
UkJ S.t. VIVIEE θ : ε [K- 13

.
( wl = (k- 1 )

.

□

Path is a walk s.t. U: FV;
비 :FJ .

Distance daCx,y) o : length of shortest path from x to y . ∞ if no such path .

Piameter Da =myorEda ( XiY)3.Gisconnected If Da is bounded .

connected Component CEG where Cis an induced subgraph that
is connected ; Cis maximal s.t. any C

'
≥C with same properties is always C .



Tree T is a connected graph without cyles .
Forest Fis a graph wTthout cyles Cor , a bunch of trees) :

Lattice (24 , Ed) looks like a jungle gym in d dimensions.…
:

Torus of length L is a lattice that
"

wraps around
"

mod L
.

→
bit distance

Hypercube has V =E0 , 13
" and E= Euuldcu .v )13

.

SpanningTree is a spanning subgraph which is a tree .
Thm) GTs connectedG hasa spanningtree.

Proof : eJ obvious , move on the spanning tree to visit any vertex .
3) remove edges in cycles until none exist . we get a spanning tree .

ba more elegant way is to do a breadth- first search (BFS) .

Cayley
'

s Formula : # of spanning trees on n Vertices Ts n
(n-2)

.

Lo Proof follows from a more gereral formula involving multinomials

Observed Properties of Graphs
- horts drameterofhumanconnectTions

,

"

G degrees of seperation
"

- Power- law degree distribution
- High clustering
- ConnectiuTty



- Undirected : connected
,
or one giant component

- Directed : one large ωCC , giant SCCs , bow- tie structure

Probability Review
samplespace event space≥ A≤2 ,

"

guestions
"

I ↓ ← probability measure : 5→ [0, 1?

Probability Space : Tuple (2 ,

F
,
Prf . ] ] s.t ..

- Pr[2] =
1

.Pr[0 ]=①,Pr [A: ] = Pr[ A:] if A ; are disjoint.
- Pr[AUB3 = Pr[ A] +Pr [B3 - Pr[ ADB] (PIE)
- Pr[A :]≤×Pr[A :]( Union Bound)
- Pr[ A] ←Pr [A]= 1 (Excluded MTddle)

Cassume uniform)

Ahappens almostif Pr[A]= 1 . ex) 2= [. 13, A
=[ ①"2)

,
[Y2 ,

1]
.

Random Variables : Function X .2(R s.
t
.EwE 2 lXw) εI3 EF

.

sViewasa eralization of the underlying L
ex) J =allinfinitesequenceswEE ①, 130.# of Heads until time t .

.Y = first time we see a Head . …

ex2) 2=allgraphsonIn3. X

. =degreeofvertex1 .Yo=averagedegree.

Z2= size of largest component . …

Indicator RV . FAEw3 .= 합다
.
.
EA

.



DistributiononRV X :P × [A ]= Pr[ Ewl X(w) EA 3 ]
.

ex) - 2=[① (1
]
,Prisaniform .Xw )= Iw≤ P3→ XNBer (p) .

YCw) =2w
.

→ Y ~ Uni (0
.
2)

.

Discrete RV : F countable S =En,n2. …3 . Pr[X= n:] = P.

Probability Mass Function : P, ( n:) =P := Pr[ X=.] .
APBF

Continuous RV . 7: IR→IR+ St .PR[XEA ] d×(×1 dy
.

Mixed RV : Pr [XEA]= : P*( n:) +*4(×) d×

Expectations : E[X ]= f×x(x)dx,or for discreteRV, IP×CNi)

Composition : Y.= h(X ) , then E [Y] =S φ×(×) h (×ld× ( LOTUs )

Linearity : E[: a:X:]= : :E[Xi]

Monotonicity : X Y* ⇒ E[X] ≤ E[Y]

Variance : Var(X) .= E[X3- E[X= E[(X-E[XJP ] =82①
.

PGF
,
MGF give higher order moments through derivatives .

ex) XNBer(p) . E [X= P , Var (X= p( 1
-

p ) .

XN B: (n (P) . E [X3= nP ,

Pr[X=*= ( 업JP
↓
( 1 -P
)←!

Var( ×) = np(l - p) .

XvGeo(p) . Pr[/= K]= (1-p
)'

p . E[X3
= 금 .



X ∞ Po(c )
.
Pr[X= k] = 쁨. e,

E

[X]= C
.

X ~ Uni (a , b) . E[X]=
a블

.
요 (×) =급I ×εCa .b?

X ~ EXP (X ) . φ×(×)= le
λn

.

E [X] = 금
.

XvN (U ,
6)

. φ× (×)=e- .(Xu
)

.E[X=U ,
Var(X)= 82

.

Joit Distribulions : 2 RVs X
.
Y
.
2 : Xcw)

,
Ycw )

.

JDof X&Y is

D
×. *(A ) =Pr[Xw) ,

Ycw)]εA ]
.

If X .
Y are discrefe

,
XYEIN

.
,

then

Pr[ X= k
,
= l] = **(k . l ). IfX .Yare continuous , X ,

Yε(R
,
then

Pr[(X .
Y]εA] = Fd×dyβ×*(x .Y) .

Marginals of D×* : D. ( A) =Pr[ X(w ) εA ] =Pr [X(wεA ,
YCw)ㆍ IR]

= D× Y(A × IR). Similarly, P *(A) = D ×* ( IR× A) .

β×(×) = fdy -β x*
(X .Y) , P× (*=동P**(k ( l ) .

Independence : Two events A ,B are independent if PR[AMB]= Pr[A3 . Pㆍ [B] .
A
.s .
.Anarepairwiseindep. A: H A; HT4J .

tuallyMu indep.Pr[업] A: = 품 A비 K 드[ nJ.

IndependentRVS : XWYA = EXEN3 ,
B=EYEDZ

,
ALB HNiD

.

⇒ Px
*(
k. il ) =P× (k)P,(l ) (discrefe) , φx.*(× .y) = φx (×) φ*(y) .



Conditionals : Pr[AlB] = PrCA&B].
[f X

,
YE(N .Pr[X =kY=l

=Pr[=l3 .

IfX .
Y티 R,

φ
요×시=Y) =*웹,Y .

Lemma: X
,
.

,
aremutually indep.Pr[X=,… , Xn.= kn . lXn =kn]="Pr[X=k.]

Concentration Bounds : Given RV X
. knowingthatE[X]=M ,

what do I

know about probabilifies?

Markov ( IstMoment Bound) .Pr[Xza ]≤
a(X] for XE[① ,

∞)
.

bE[X 3 =동*(k]K2 ×vP×(k) . k22×P×(k) . a = a .Pr[Xza] .

Chebyshev (2
nd
Moment Bounds) : Pr[ IX - ELX312λ 3 ≤*.

Chernoff Bounds : Pr[ exp( (X-E[X] 1 )2 e
λ]≤ Ele×] eECx3

-λ

.

Lemma : If X
. . Xnarei .7.d B:(n .

유) or Po(c)
,
then

Pr [금동 X: ≤λ] ≤ exp(- nJif KC ,

Pr[금품: 2λ] sexp( n)itλC .

Notions of Convergence : Xn→ X in distribution if Pr[Xnsil]→Pr [X≤λ] ,

or if dicrete
,
PrCXn= k]→ Pr[X=k

]

.Xny in probability if

PrEXXIZE]→ Q HET0
.



:J CIP⇒ CID
.

::) If X= C
,
CIP⇒CID

.

ii:] Xn→y in distr
.

s Gxn( λ) → G× CX ] HIE[O, I]

← MXn(t)→ M×(← ) θtε (- ε ,ε] FE→01 .
Weak Law of Large Numbers: If X. … .Xn are i.:.d with EClX : 1]<D ,

⇒금도 X: → E [X:] in probability .
Central Limit Theorem : If Xs .

,
An are indep . and E[X:23 =8<∞ ,

⇒ 김도( -E[X:3]→ N (ECX:3 , 82) .
exI XTER .

^ Sn= IX:m,이
=EM

deviation

n
'

>

Lawof Total Probability : If B. … .
Bn are disjoint , ƩPr[B:]= 1 .

Also
,
Pr[ A] =: Pr[AIB:]Pr[B:] .

⇒ E [ A]= : E [ AIB] Pr[B:] .

Pf . : Pr[AlB:] Pr[B:] =:Pr[AAB:] = Pr[UAB:1]) = Pr[ AN (UB) ]γ . ,

Branching Processes
Consider a d-arytree ..n.

We have an infection at the roof
,



which spreads w.p. P . Does the infection sure

Ro= EL# of infected childrenIparentJed = pd .
Pia

.

"

General ? XEINo
.

Dx is an offspring distribution . E [X] = C . Pr[X=K]
①

,
v , is the root. AX ,children.X , NDx .

Inductively ,
if in generation (t-1 ) we have 떠, individuals ,

then for 티
… , Z
←-떠)

,
each : has Xe, √ D. children ( 7 .i .d) .

The possibly infinite tree is denoted Tx .

Analysis : θ= Pr[1F ∞] 6 When does the tree explode ?

E[Z다=K] = E[Xt.] = cok .
⇒E [E3 =동E[레Pr (1=K] = C .E[Z더] .
⇒ 2

=
1 ,soE [ Z-]= C ←.

:f a < l [ subar;l . )

CLI ⇒θ=1
.

ECITN

]Thm)lef
=:E[2 ] =[ 참tit
alGabethePaFofX .Then

crtmpercrtyb
: =1- θ

'

atTvctTonprok.)

is the smallestsolution of y=G× ()*).

"

↑
G× (Y ) =동*k

.

G*(n)=E[X]=C .

GxCY)

Obs : 7 = Pr[ IT× N<∞ ]= 동Pr[X=k ] .Pr[X) 1X=k ]=동.,
(Bot proven smallest yet : ]

Corollary :IfP =⑤ ⇒ ITx=D w . p . f .



If P.70 ,
Pr[ ITXFDJ =θ>①⇒ C> 1

.

Random Walk Representation : IT=size of BFS of TX .

Qe =Queneatstept .De=setofdiscoveredV . *=여 Q1
.

∞ Step④ : Root =V , Q = EV .3 = D. Y

=
1
.

s Step 1 : Dequene Ui , add children of u, to Q. . # of children X , NDy .
Y

,
= Y
.

- 1 + X1 . Q = IV 2
.
…

.
Vi+x.3 .

wD×
'
…
Q1=
{ V←, …

3 ifQ -, #1 , Y ←- +>0 . Dequene Vt . Add X+ children .

Y* =Y+ - 1 +Xt = 1+X. + … +X+ - t .

If Y+> ① θt
,
IT×=∞ .O/

w
,let k= mEt/ Ye=①로

Then
,
Q1 = vk 3.

V

( T)= EV,…, V *3 .⇒T$= K .

The random size of Tx is k s k = mEtlYt=①로 by recurrunce

I of Y*

⇒ X
. 21 , X1tX≥2 … , X

. t… + X12ky, X
,* … + X*= K -1 .

붜

cl (Yt =Y←- 1 - |+ Xt)muoo E[Y*-*-더 ]= E [ X+]- 1 = C -1
.murrmunm1 ‰ 뎌muium띠

>
t

∅

s If CaI
,
we have a downIf c =1 ,

we hover around

Yet
,
but as long as Xis not constant , Tteventually hits ① .

{
Pr[X11

.

Cxinexpectation it
'

s infinit, but flustuation
kills :t in finite steps)



Claim : *FK ⇒ X21 …
,
X

.

+
…
+ X 12k- 1, X.t…

+ Xk=K -1 .

→ c = E[X]시 ⇒ Pr [ IT1 시 ] =
1

?

Ca) IFITXN2 K ⇒ XT…+XKIK .CBIFITFK⇒Xit. tXk< K
.

Lemma : If X~ Poi (c) or B:(n ,
4n )

,
then

cas for c < 1
, Pr [ lT× l> k] ≤ e

-나블K
'

c )forc > 1 ,Pr[ IT×= k]≤e- k
.

[Proofs inHw ,
use Chernoff ]

Lemma 2 : For general X ,
E[X] = C> 1 , Pr [ ITa = k ]≤eok for some D30 .

Proof . LHS ≤ Pr[X . t… + k≤π≤ e -
kI*( ) :

fC >1
.

y ( 1 ) 0 =sup .Et 이-logE3
.

(④ 0) = ①- logI = ① . (
E[e

니+)*

:
e
ε× ] ]

①
'
(+) = - etx].E [ XetX]αbyin

.ofexp. derivative is Interchaugable)

h=
.
α
'

(+) = 1 -E[X ] <① . ⇒ D=IX (1)>① 1;

Corollary: If (> 1
,
then Pr[ IT× 1 =∞] >0

.

Proof : ⑧ = ECIT×I ] = D.Pr [IT × 1=∞] + 옴 k.Pr[IT=
]e마

Assume for contradiction thaf Pr[ IT× 1 =∞] = O .

→ E [×시] 5동 ke
-kp <∞

. Contradicfion
.

⇒Pr [IT×=∞]> ① 일



y =
→

G
×
(×]

what if 1
,
Pr[X= 1 ] 1? (7 .= Pr[I*K∞]

,
λE④ 13]'

yax

We want y s.t. G, (y ) = 7 where GGCI=동 kPr .

G ×

(
λ)= . 서 k
.Pk .G*

(

1=E [X]=C=1 .

Case 1 . G× (X) is linear . → cannot happen because derivative < 1 .
⇒ Must be Case 2 : GyCλ) is strictly convex .
⇒ λ=Gy (X) has only one solution , λ= 1

.

⇒ 7= 1 ⇒ Pr[ lT× 1 =∞] =6
. "

- If c< 1
.
Pr [ IT× 1 =∞] = 1

.

= If c > 1
,
Pr [ lT×=∞J 70

.

- If = tandP
= Pr[X= 1] < 1

,
Pr[ lT×=∞] = O

.

- If c= tand P
.=Pr[X 13 =

1
,Pr [IT×=∞] = 1

.

Thm) Whatever E[XJ = CTs , 7 is the first intersection of X 'x &Gx(×1 .

Caset :여
,
P=1 . Case 2 . c시

,
G×( 1=C시

.

⑧

'
y=a×(×Ny:x

⒗

G
× 1×=동PKXK = X only one intersection of f ,
⇒ D = 0 . " and D = 1

. ,



(ase 3: 여
,
P. < 1

.

Case4: (> / ⇒ G×( I)1 .

‰ ) JPoo

@

One intersection
,

Po > O
.

Po = 1
.

lon if C71
,
= 1 -30 . ⇒ 7 a 1

.

Must be first
,

3Y is theeariestintersectionof× *×& Y =GX(×X) . "

⇒ IF P= PR[X=I3LI ,D4 C 71 .
s

Erdos - Reny: Random Graph [5q, 60']

Def) Gcnip ) :startwithKnandkeepeachedgei .d . wop. p .

Threshold Behavior : Tsolated trees

Δ * * connected
∴:: : ;; -

. 이III 1③ t one giant comBonent kn
of size n-O(n]

α
= no isolatedverticas

⑧

oio Ikim 서 OO lognon 켜

all anzgraphs
Def) Graph Property: a property P invariant of labelling, PE
oIf Pisa graph property ,

fon) is the threshold for P it
,
as n→∞

,

Pr(P]→ I for Pxfcn), PrEpJ→from
Gcmip,

for pa< fon)
.

Λ ^

_
Corforpe )



Thm) 금
,
김써

,

n are thresholds for edges ,

k- trees
,
and k- cycles

appearing in Gcnip) .

Proof Idea . Frrst & Second Moment Method .

First Moment Method : If XEIN .
,
Pr[X>①]≤ ECX]

.

show E [X]→ 1
.

Second Moment Method: Show E[X] ≤E[X]2. ( ltEn) where En→① .

Lemma: If X≥①
,
Pr(X70] 2습,

.

** 1
Momalssvarcx,small

Proof . E [X] = E[X . IㆍX>63] ≤ ELX적. IE[ EX703]
k

→ E[Xβ ≤ E[X23 . Pr[X>①3
.

,

Edges : X =# ofedgesinG (n, P). Formally, Eo =edgesetofGcnip ) ,

M= (모]
,
# of possible edges . X =동 IEeEEZ .

ECX=동Pr[eEE]=Mop⑤ when P<∠ Y.,

For P≥ 2 ,
E [X

]

=×. E [ IEeEE3AEe'EE3]
=. E[ ~ ]+ 다. E [ ~ ]= M ( M- IJP

'
+ MP

≤ M
β

P
( (+ 형 ) = E [XP ( lTEn) . ,

⇒Pr ( G has anedge]=Pr[X>0] ≥
ㆍX지그*en→ A . "

reeTs . X= # of treesTof size k in G(n ( p) =높다
.
IETEG (n(p13= : IEeEE3 .



E[X] = SE[&IEeEE3 ] = 동P)=,SkP .Nkwhere Na
= # trees onk

wertces
.

= ( 임 INkP ←

)

. [없
] =n : =. 잖(

서

-곳] 도습.
.

→E[X] ≤ . nkp서→① if p<< 에써 since pn
써
→① ⇒ p

서

n
"
→①

. ,

E[X
β

3 =목: E[ IETEG(np)B.AETEG (n,p) 3]=,E[v때 IEeEEB]
=, PIE

(TOOE(π| =π
,
PIE(I+ㆍ(때-HE(TIOE(τ )

l

=
P2( 서

) 1
PHE티디NEL |

□

Assume E (T π Λ E(π ) I =l 1 ⇒ IV(T ) N (T1 I2 l+ 1 22
.

→ ≤ 더따
=

,
p2세

+옮.
대sP2

에
.<δ

네

[

IE (T]OE (τYIEIV(T)N( τ)-H]

≤ P
세(

업] :N . '
+

P 2
)도도pes-". Nk=

s=3 5 ,
s'≤En]

, ISASIES_
√

없] choices for S
.
( 5 ) choicesfor Sn8.

( s) choicesforS ㆍs'.

[s]≤( n -k )s
'≤
n (

k-s)

.

⇒ECX]스 [ N. ( 업Jp
서]β+ (네

업]

nkv(☆ )P-"ns. N .:

≤ ECXB +C(K) E[X]
옮(1. UsingP ) >n 써

,

pm "
ns <<씨

,

the sum 옳?) = . En→① .,

Phase Transition at p
=서 (The GGiant)

Let X ε [n)
.

C (X ) is the connected component of X .
Cmax is the larges$ connected component ,m* EC(X 13 . θ=Pr[ lTpsl = ∞ ].



Lef P= 음 ,

CTs constant
.

→ Eldeg(× ]] = (n-HJ . p=(
)

뉴 = C .

cag Ebs

Thm] If (< I , Cmax εl O ( logn) w. h .p . If c71
.1cm → θ inprob.

as n → ∞
,
and all other components are of size O(logn) .

IEmaxI n
ㅠ θ

「
>
C

I

Cmax Ts also called the
"

giant
"

→

" Thegiantisanique".

Why Gcnip) TPoicas ?

Him : deg (v ) ~ B: (n- 지

,

듯)→ Poicc) in distr
.

Intuition : viewing from any vertexX , Gcnip) Croughly ) looks like TPoise) .

Explore C(X) using BFS .

X= V 1
.

Qo
=
E ×3 , Yo = f . ( n-1) possible neighbors.→ X ,

√ B: (1 , P

Q = IV2. .Vex . 3 . y =
X 1. Ua has e -X, ) possible children .

In reality ,
it has Xaw B: ( n-1-X , P) , y=

Y ,- 1 +X 2 if y . 0 .

As for any branching process, we have yt = S법압
+Xtify
1=①

y더

,

'①

ICCX) l akwhere k =mEtlyt=①3⇒X+… +X+2k1 , X , t … +Ak= k .



But X: ! X.. …$ 1 ~B:(- 1-X
. -X1 , P ) , which is not independent .

IM. ,Xeil ifcal

Prift of yt ? E[ yly +]- y 1= E [ X+]- 1 = 등 ( n -1-X… -×) - /K①

OToH
,
if cr1

,
the drift starts out -( C-

1
,thendiesoutbefore t= n

.

^

mmmm랩 = n

_ t

LemmaI (Comparison ) : Pr [/TB ;(×p )!> k( ≤Pr [ IC(X ] ] >k ] ≤Pr[TBm /k]
.

Proof : (Upperbound ) X=U . X ,=
.

Av
:
where Av

,
inBer (p) .

Predraw RVsBiswBer(p).SetX = 웨By
.

Xs =다" Baj~B: ( -1-X,P ).
∅

Pr[ IC (× 1 / 2k] = Pr[X1…X *. X=
서B

"≤ 옳Biz= . X 1.
Xiin B: (n, P) . Since X:≤ Xi π

,⑤⇒
X

:
" 2

↓
.

…
.Xit … +ii 2k

ITB:mpil >k . ⇒

Pr[ IC(×기>K ] ≤ Pr[ ITBmpil>k ]….
Covereounting)

(weare sampling all possible Verfices butonly incduding anvisifedones in the Q)

Lower bound] Pr[ lc (×ll≤ k] ≤ Pr[ ITB"-,pl≤k] (negated both sides)

IC(×7KK⇒ Fl ≤ks .t
.
Xit … +Xe⑤= n- -*…- Xez n-lzn-k

.

X= *제
B]

그웨.Bi;
=

:Xi . ⇒Fl ≤ k s.- t.Xit… - +xi≤l - )ITBumkll≤K .

⇒ Pr[ (C (×) | ≤K] ≤Pr [ ITβml≤k] , (can
'f use up too much coins]



Corodlary 1 .Ifc < 1 ,|Cmax/스 logn . X1 . B: (M ( P]

^
Proof : Pr[ / C(× )lk ] ≤Pr [lTBmpl> k]≤Pr[Xt

… + X*zK]

≤ exp(
-K ) . If k .=/ .logn7, Pr[ lc(x]]k.]≤금 . sumpfrom

A to sko !

→ Pr(fxs.t . IC(xko] =Pr [ N>① ]whereN=옷 IECS×$1>K.3 .

= Pr [NH .] ≤
금= NoPr [스 .= ko →① as nl.

.

Corollary 20. If CsI and k = knso where kEo(n) , then
Pr[ lC(×1(k]→ Pr[ ITp.cl =∞] = θ CC) .

Proof : Pr[ /c(× 1(K] ≤ Pr[ ITBmpl >K] = Pr[ I업 =∞]+Pr[KIT*∞]
→ Pr [ lTol=∞]+① = θ Ca)asup→co "

Pr [I(× (2K]2 Pr[ITBcl> k ]= Pr[ . 1 =∞ ]+Pr[k <.K∞]

2 PrL .=∞ ]. ( n- k]p =음 (→ C since kε o(n) .
→ Pr[ IT.al =∞]= θ CC). , . By Squeezing , Pr [IC(x) (>k]→ θ(C) . "

Choose some 3①K
. U+ := ( ×ε[n3 / / Cc× ) l 2log nJ .

ECV+PI = n . Pr[ / C (×) l? Klogn] = n . θcc) →김E [V+] =θ(C) . … ?

But we want to provethatthegiantisun !
cshoushy

√
ProofStrategy :All×EVt ke inonecomponent.Pr[엠뉴ε]→ L ?

Main Proof : 1) Prove that if ×EV+
,
BFS queue stays

"

large
"

upto time n
β

.



.p.

"*

"?-~… ∴
:

다 >

Lemma2 : If C2 J
,
1≤ λtISC

,
and /n is small enough ,

then

Prly-① ,
Y * ≤λk] ≤ exp(

-+o ( 뮤)). [ expl-ke-뿐 ]]

Lemma3 : Let t= n3.Pr[yt( ×)2 널t , yt(y ) 2 널← , Y ε C(×)])

≤ (1-
P] (널sR

ProofofL 3:BFS' forX .y.× A틀D.했서 y

Case 1 : Before reaching t , I discover a vertex already explored .⇒ Y ε C(x) .

Case 2 : By time t , both BFS trees don't intersect . But we have af least

(널 n4sp edges befween ye(×) & Ytsy) .→ Yε((×)isextremelyunlikely, [ -p)(
~?
,

Proof of L2: Pr[y페 ①
, yk←λ k] . If y1 >①, Yc=+X . t

… +Xc -k
.

…
⇒ (+X

*-
+ Xk≤ ( λ+1 )k ⇒ H : ε ( K -1] , --X

… - X,2n -(+ i) K
,

XinB: (n; p) , so θ 「ε [K] X:2Xi .

LHS ≤ Pr[Xit … + Xc ≤ K (λ+I1
]

.If
C

- =ECXi ] = Cn ' = C
-*밖

,

LHS≤ exP( -
K나 ] when19n is small enough .)

= exp(
-k + o(름])

. "



Lemma 2
,
in exact form is :

If ④≤ λ<c- 1andt≤
톱
,Pr[y+>① ,yt ≤λt] ≤exp(-(

(

더문 )
.

Corollary 4. Let k-=
4더plogn , K+ .= 없어 .

Then
,

ca) Pr [ k- ≤ ICc × ) |≤K← ] = O (n )
,

c, If 4k
-
≤ t≤ K+, Pr[ 1 (c×기k, Y+스널 t] = O(m ) .

Proof . cas LHS ≤←Pr[ IC (×= t ]= 없←Pr[yt=①, y--+>①]
스없

←

expl -<(t ) = O(exp( -
(태(K - > ]= O ( M) .

,

ch) LHS ≤ Pr[ k
-

≤ 1CC×) (≤t] + Pr[ ICx) lz
← ,y+<널 t]

≤ O ( 서 ) + Pr [ y+>① , y-소널t]
.

샤널 ⇒ C-(+)=넣
.
]

≤ 0 (m ) + exp( t
몽) = O (M ) . "

Corollary 5 . Let k-.
=
4)= logn ,

V+=E× I IC(×12K -3
.

If 4k - ≤ t =o(n
)
,then w.

h . p . yt (×)2널 t H × EVt .

Proof . Let Bad .= E × EV+ l Y( ×)≤ 블+ 3.

Pr(Bad # 0 ]= Pr[ / Bad | 2 k -] 5* -ㆍ[Bad3= * n .o(*) →① "



6 Degree of Seperation in G( n .P)
fh .dor.

G(n
,p ) →(max →

X, yε
p

. D= dist ( xiy) .

Claim : D ≈ logn .

Thm) logn
→
I as n →∞ inprobability.

proof Strategy : Need to show that

( a) Pr[D≤ ( 1-ε )logan]→① E >①
,

(" )Pr[D2 ( 1+E )logcn] → ① E 71
.

Proof of ca) : Let ln := (fε] logan .
Claim : for Xfy fTxed , Pracmpm [d(xy) ≤ ( 1E] logcn] ≤금c

.

Pefine Xe 8= # of paths ω = (X ,
λ
, . yen , y ) of lengthl from x toy .

Prfw is a path in G(n (pi] = pl . " E ( X.] =*yPl≤ Pl . ne
1
= 금 .cl

.

→ LHS = Pr[zwl ××y , | w (≤ ln]≤ E [#of wlx→ y ,wl≤ ln]

≤ .
"

ECXn]소금.
"

Ce ≤ 금.
"

Pr[D≤ ln] = E[ IEDSln3] = EG(mp, [emaxpXtcma.IEd(Xiy)≤ ln3 ]
= EGcm

(p,
(emaaRE1. fEl(ma ×/2 블n] 3+EGmp)[(*도~) .요ElCmaxl≤쁠로]

.

Recall that C금→ θ (C) in prob . ⇒ 쁨r( 스쁠] = En→ 0
.



→ PR [D ≤ln] ≤EGmp ,[*pyIEdcxy)≤ ln 3) . fElcma×12블 n]3 + En

≤ θ
)() β-[ IElCma×12 . y 고Ed(xy)m

≤ ln 3] +En

=수
).y
Prldcxiy) ≤ ln ] + En . IBk)

Using the above claTm ,
LHS≤ 1김+on tEn→ ① as n→ D . "

Heuristic of (∞) : RecallthafforBFS ,yt= length of Qaftime t , and

π=# o 아 individuals in generationk , then for TB(m.p) ,E[2.] = Ck , and

thaf Pr[e
.sn≤

( C+18k
]

→O . Nowconstructa double- sided BFS
.

_

ADy. =(쁨 log" =어쓸 !→Pr[no blue edge exists]
-pncte'

= e
-en
. ①

.
≤ ( 1 - p

)
nt'

≤ e

Proofof cb. L )Recallthatift <씀↑n
,Pr[y -1>① , y+≤λ ]tse-

.

[

Setting λ : = C- 1 - δ gives Pr[ y-1>① ,yt≤1 - δ]) t≤
e- t

.

2) Howis ye and Zk related ? when I empty Q of generafTon k- 1 ,y +K .

t( l ) = 8
.
t(k+1 ) =t(k)+Zk =tck ) + yt(k )

Using the lemma ,
t(k+1) 2t(k ) +(C - 1-8)t( k)wp . 1

- e- 높
.

→ t(k+1)≥ t(k] ((- 8) . [tgrows
"

exponentially
"

w . r . t . k ]

Lemma : woh . p ,
tck)≤ t+= hrs

'fork ≤( 1-28) logen .

Proof . t(k) = tck-1)+리+=+( + -+
*

1 .E[t(k)]
=

좋CEO(ck ) .



Pr[t <k)≥ n(나
-

δ )]≤s . E[ tck) ]=,, O((1
-2g ) logn) = O(5δ) → ① .

"

Observe that t (k)2 k
,
and that if Xε(max , whp / CCx) / 2 n

나 δ)

.

→ If ×E(max
, whp ,

K ε[K -
,
K+]

,
k= ←..=δ logcn , K+=( 1-28)logcn ,

t( k)= t(-1) +y에2 t(k)←
- -

finish$ later]



Power Laws

Poicc) achieves exponential decay in degrees . We want a power law .

Modelf [Chung .
Lu 'O23 : FTx expected degree sequence ω= (ω.,wn) .

Connect π
,;) wop .P ;= where ln .=wkif: t;, . ifEJ.

( we assume maywi≤ In )t
∞

→ Expected degree E [d? = 2 A:+ 동A ;= 동쁨= ω.

→ Disfribution of d, : If we assume that 함→①,HW⇒ dKvPo (w:] as n→D .

( . :d=ƩXi;where Xs√Be ( 화 )⇒
d Po (w:))

Fact : If N #of: s .t .wizk ) ~ nk
"

,Nofdis .t dizk)o nk
"

.

nloglNk

ㄱ
"

"
*
a
x
,

tlgh

.
s
logk

Thm] If w is
"

nice "(금 2wi→ C, =nƩw :)∞ ,
then :

: ] 3 a unique giant , : :) diam G ~ logan .

[ Proof omiffed]

Model 2 (Molloy -Reed'95 ] :Fix adegreesequence h =(d . dn) .
Define GullGGld ) uniformly among all graphs G with those degrees .



Q : Does there exist even one such GG for some 일 ?

exI) Ʃd: = odd s DNE due to handshake lemma .

ex2) di=da=
3
,n=

2

. sonlymultigraph!

Thm)J sucha graphifthefollowingalgorithmdoesnotoutputFAIL .

Havel - fHakimi -Aly
[

55] . ex) . = ( 3
.

2
.
2

.
1
,
1
,

1 )
2 ≥ 4 5 6

. Start from dis2? .…> dn
.

Λ . ?. . . .≈≈ I 4 G
_ √

_
. δef E(G]← 1

.

0~. . ∞
_

LOOP :
_

. If h = 0
, tputG .

. If n = 1 or dian
,
declare FAIL

.

. EIse :

Pair V
, to Ua

,
…

,
Vdil

.

Pecrease d, by I θ : = 2 . , ds, andd ,byd . .

Remove all vertices with d: = ① from d
.

Relabel d. to be contiguous starting from1 .

GOTO LOOP
_

[ Proot of correctness in HW]



Q : How to sample GvlG(일 ] ? ?

Subroutine : Given G with degree seq. h ,

choose 2 random disjointedges
_

℃

and randomly rematch . n .
ton ? f or X = . SWAP

.

Algorithm : Input ( α ,
t1

.

Run H - H
.
If successful

,
run SWAP ttimes

.

Thm
*

] a If t→ ∞
,
we gef the correct distribution .

b) If we want precision ε , t= poly ( n . llog(Ell ) suffices .

[If ma수d: ≤ 1)

Q : What do we mean by precision ε ?

sdu( P , P ) . =Ma←( P(A)-P (A) I ) (Total Variafion Distance )

Equivantly , dv( P,P] = 호 t.
!

P (w)-P(wIl
.

Provisost . 1) we need to modify SWAP to FLIP [Feder etal.O6]
2) t εO( logYa + n

4"

) . 3 ) Bad in prastice .

Configuration Model CM( d) : Draw stubs . NNN. : 요
. Consider the In = Ed: halt - edges H .

[ In should be even]

. Choose a random matching M for H .

. Outpuy the mulfi- graph G(U ) .

Analysis : 1] Pr [M ] = 떼( ln-3) …31
=앉)! .

2) Pr[MulfigraphG ]=↓ :
×N(G)

,
N(G) = (# of matchings yieldingG (U) =G)



ex) G is simple .:.. 금률 합홍 ⇒ 46 .
IV

In general , wehave N(G) =평표,!
.

ex)∞ Igraph , I matching . Ar: = 1 ,
Ai
;
=①

.

exd. =d2 = 4
.

An =θ
,
A
2
=4 →N(G) =

d앱! = 4 !

ObsL) All simple grapbs with the same degree distributTon have the same

weight
π

없( 1 ↓ !
⇒ Conditioned on G being simpe , aniform sample

Obs2) Not all multigraphs have the same weight .
Swe can do rejection sampling !

Thm] Under saifable assumpfions ,
#

loops→양( 를) , #mulfiedges→ Po(뜻 )
,

-(꽃+
]where v.

=ELE(D) and with assumptions ,PrlGissimple]→ e
( D )금동 IEd: =k3 → Pr [D= k] for some RV DEIN .

(M )금들요 → E[D]<∞ . (Nofion of Empirical Disfribution)

(M2) 금동:β→E[D=]≤∞ ."PrLG issimple ]>①:ffELD] <∞)
x

ProofHeuristic :M : . = #ofloopsat ;. Pr
[ M= ①]=고없→…

dat

(-더 ](1-… =페(1없지더
]

스
"

더 (-쁨 ] =exp
(

더없 !
=

e.

Now we cheat a liffle bit
.
Pr [ M:=① θ버] ≈포

ev
= exp (-용⒗ ]

, 동양엠 =돌
.

= 금돌밝다 . →ECD(D] .



Where are we cheating? 틀1) different is are not independent.
2) In in the denominafor keeps going down , unti! ln

- (ln-2) =2
. found[ in H아

,
Volf]

" We need to control the dependence through unfikeliness of hitting exactly one 1 .

Properties of CMC일 ] [. H.f , V. 12]

Thm2] If ( D ] & (ML) hold
,

and dnin23
,
w .
h . p . Gv(M(일] is connected .

Thm3) If (D) , (MI) ,& (M2) hold and Pr[D=23< 1

,*→θ
,

θ>①⇒v기
.

Thm4JIf " it vslandxiya.Cmax,thendgunst f
provided v<∞ .

If v=∞
,
and Pr [=] ~ k

"

where a ε ( 2 ,
3)

,

dist(x .y) = loglog n .

Discussion : Let Pr [D = k] = k
α

.
If α=3

,
E[D]~옷 k . k

3
=동다 <∞ .

Buf ECD3~ 옷K =
kβ
= 동 k

"
~ logn . If α < 3 ,

(m금 →θ>①
,
avgdistn loglogn .

If a33
,
v21 depends on details , but if √> 1

,
then aug. dist ulogn .

Consider BFS . What is the# of children in later generationsof BFS ?
For G ((P),

)

..X
, ~

B
:
( -m ,p ).→ ∞

B : ( n -1-X,P] ≈ P. (c) .



For BP
, XTis T.d . s o Polc ) .

Fon d -regulargraphs ,neg .
ifd=3

,
forward degree is d=2 (exceptroot)

So what happens in CM?

Select : u
.
a.

r
.Ithasdegreed .nhalfredgehmatchesa. d. r .

to some h→Pr[h ']≈
n

.Pr [ hbelongsfosome;ε(n3]→.
How many children doess have? (d5 - 1 ) . And so on .은다, →높야
Root has k children w.p .금동Edk3 = Pr .
Later vertices have degree k+( )and kchildren w. p .P

.
*~:고Ed ;=k+13

=

Ck*
=

CK+I)
We get a 2-stage BPwith offspring distributTon :

Pafor root
, Pk
*
=

(K for latergenerations .

Def ) T.* 2-StageBP :DEIN , Pr[ D* =
k ]=(k+1)P

'

.

→ ELD*] =동 kPr[ D
*
= k]= 같(∞]동 k(k+1 )Pr[=<+ ]=끝(∞) 동(1)KPr[며]

k
=

EEDE [D(D-1)] ,

and this is just v. LPRJAk
D = GLDAJ

→ Pr[ ITDAIKD]=시망 ..OD=동 P. PR[IT,D2]
~
*=

동PaY* where y
*
= G y

*

×
l )

.

⇒
C금→I (- D )

.



Preferential Attachment

Barabas?, Albert' 99.3 Models for Internet

Iles, 1925]Model for evolution of species

ZipfI , 1929] Frequency of kthmostfrequentwordisa Yk
[simons ,

'

55] First mathematical mode! , rigorous proof of power law

Model of random
, growing graph Ge :

Start with some finitegraph Ge. .
Given Ge

,
a new vertexv arrives

"

and sends medges in Ge ,
(VU . ...VUm)wherePr [VchoosesU .]= P.(Ge

)=duc빠

3 Versions :

Ind
.
: U
. . ,

Um are ii.d . ( hypergraphs allowed ]
Cond

.

: U
. , …
,Umare i ; .d.

,
conditioned on being pairwise differet

seg
.

: Update the degrees in between 면
→dt 3

d:(t +1) -d: ( +)~B :

( M,)지타 .Givenappropr?ate "start ,N=t+ 1 , lE=mt .
"

Appropriate
"

starf is fi = t21
,
t3=2 ,
ti = i1 in general .



E[d :(t+ ) /G← ] = d :(t )+mt = : (+) ( 1+화) .
→ E [d:(+1] = m 던( 1 + *)whers t: is the time vertex : is born (w/degree m)

→ E [d:(+1] = m 던e 'ke =mexp(
.

더× ) =mexp (fe) = meklogt
-logt :mi

.

Thm] JRV XnEIR+ s.f .→ X1
.

Proofsketch :alEC컵 converges . b) Mt
=끝(dr(+)) is a martingale .

( Recall thafE M더I M.… .
M+J= Me for a martingale )

Largest Degree : in expectation ,
ma: ELd: [tl] = Mit .

ThmJ FRV XmaxElR +St.mid → Xmax
.

Pegree Disfribation : what is the degree of a random :ε [t+ (] ? (Heuristic)

:: lt where Uar[ 0. 13.
E
[d:(←) ] =M. Ast→∞ ,

t: = : ≈ lt
.

→ ECd:(+)] =mU
.

Prfd:zk] =Pra[m(K ]=Pru
[U≤ 름 ]=

.

Let N
.
(+) = #ofverticesofdegreek=) t .

logNk(+)
Λ

I
slope -3

5×= S.idl = 를
to translate from CDF

K

Thm)쁜βt =2
m떼)( K+2) (EXacfformula for the heurisficabove)



Proof : Z.(t) := ECM: (+1] . Recall thaf d.(tt1 ) =dk(t 1 +B:( m

,없니.

((t)= 2.( t)+ 1(+ ).- Z× ( +)ettnevwvertexstartsaa
_ 、

PrCd'moresuptok]PrEdak moves up fromk] lowerorderferms
,
an ignore

Let 's try 2k = Pat . Pk (t+1 ) =Pat +P티넓 '-Pa( + 8 km .

Ifk2m
, Pk = P쁠) - P슬+ 8 k .m → P. (+블] = P.< 쁠 + 8km .

→ Pm =*mk =1m
,

P
*
= (넓]Pa → PK=없(넓) 지= 2

m+데)(k+2) .
… Technically ,

we only prove that Pa is that term IFthe limif exists .

For complefeness, we mustshowthat 2k= t(Pa+ δ k(+)) and δk(+)→ ① .

Also
,
we must prove concenfration of Nk(t) around Zk(+) .

This takes some work
,
but can be proven .

[ Full proof in ulof ] ,

Community Structures

Local Communifies . Define two clustering coefficiemls , it
?

Cl .co=tvPrCGrandomfrrends of: avefrrends]=
금동anglesi3 = 금목CG

Cglob:
=3볼(약 ) =

목(약몰(약] aso awerage liam . - logn)

For Gcn , p) , (M(2 ) , and PA , C..&Cgon→① as n→ o . Not realistTc !

Recipe L : Start with local communitles and d= na
.

Addlong- range

edges . diam = n
α
→ log n .



[Watts
, Strogatk'98 ]

.Addedgesuptodistk

.Startwithcycle
(rdiam

=

A.Rewire
→

diaedges
=

2
prob . P

,
loosen Lendpoint and randomly reattach . deEpk

s Blue CreassignedJ edgegraph has aug . degree pk → like G(n ,등)
_→ Heuristically ,

if kpis constant,dm = lognconst
.

Recipe 2. Start with iam≈ logn . Add local communifies .

이..
. "..
.
표

[Newman
,
Watts

'

993 : start with cycle Cn
.
Add edges upto distok .

Put G(n
,등) on top -

- long range avg . degree C .

때

[BabourReiner ' $6 ].
gvn
→ Iwhere v .=호[C+1+)+4(2세 ]Pr

(v is also the λmax of [? 만] ]

[Bollabas
, Chung

'

88] : Startwith cycle Cn (K=y) . Randomly⑥
.

."
cglobabs

pair stubs from each vertex. - local deg.=2 , long deg .= I .B
sIf I arrive vTa a longedge , Imust use a localedge . → * 합]
→ λmax=2 , ogano* 1

.

.

…Not agoodmodelforsoctalnetworks .why?
o Milgram Experiment : What ifwe only know our immediate neighbors?



Myopic Agento knows physical distances ,
knows friends and where they live .

hmlT For NW model
,
it takes a myopic agent na time to find a random V

.

[Kleinberg] . Starfwith a big piece of .Add localedges up to

distk . tIEV, addIlong range edges where theother,
endpoint ; is chosen w. p .α forjF; .

Thml If a= d
,
then the myopic agent find a random targef in time

dogn( IP where B(d)<8. If a4d , it takes time nconst .
Proof Sketch : {

_ㆁ
은" " " " "방
T=×1 distpmy[ x

,t <R}

Prlvhas a neighbor inτ] =급
.

Ifnot
, go to another neighbor . Retry .

FindsT in Geo(금)→ E×P .
time R

.

Global Communities

Stochastic Block Model : q communities . B .= 9×q matrix . α= PDon [q7 .

Each Vertex : chooses color k(i ) va i .? .d .Vk= E : ε [n] lk(:) = k3
.

→ Mk 8= fVat- Xk. n .



^¤ ㄱ

'

_ "_
FΛ Bar

_

㉙
Each pair (i ,; ) connects w.p . Pz . =

B
음

.

# of edges from a vertex in k to l = B: (ne ,
β
쁨] = Po(Cke)

where Cke= Bken= Bkede.
s Cke describes a BFS tree forSBMn (B ,

α)
.

Def) Irreducible : B s
.
t
.
Ftax , Bae >①

.

s k ,
l
,

5 pathK =k .…. ke= l s.t .품B,>① .

Thm) If Bisirreducible
,
then :

λ
max(C ]< ) ⇒ 1 Cmax / ε O( logn ) .

λ
max
(C]기 ⇒

1C쁨→ θ> ①
,
and second [argest is O(logn) .

Variants :

Degree -Corrested SBM : Piz =WiW;Biciks where We are weights ,
and itis cusually ) normalized to*.ω ( = L .



s Pa=
동B is the average degree of a vertex in k .

=
: PTs .

→ P; = did,
B
whereBke:Dsandd =averagedegreeof vertexT.

Overlapping Communifies (Top?c Model ) : Lef Dg=simplex inIR
9

,
a set of

probabilty measures on [q] , i. e .Ng =EXIR : $2 = 13 .

Each vertex chooses some α (τ) εDq . (
"

taste
"

of vertex : ]

For :<J ,
K: va(i) , k; va(5 ) .P; =

B
음

.

( Latent Dirichlet Models estimate the PD of acr )
,

out of scope)

Mullitype BP : Q =[ q], thesefoffypes( colors, labels). 1.
.
. .

01
. . 6% ! .

:

⑥=
(32)

RV Xke =# ofchildren of typel a parent of typek has .
In SBM

,
Xke~P.(ae ) .(*B- (modelhad[X.] =[ φ3] )

CKe= E [X*e] .Let* :. =(X; ]←a
,
P :(← ) .=Pr[X=← ] , KEIN. 9.

[λT; =163 HJ ]

G
. (π ) =동 P: (K)포 λ;

← "

isa PGF
,
[). 1]

9
→ (0. 1]

.

→ G ( 11 )= (G : (XlliaQ
.

(e.g . K =(3 ,
2)→ 포 λ,

"

=$
,

3
,1 ) Some nice properties .

G()= Pr [X:=①] = P: (⑤ )
,

2값li=y =C;
= E [X;].
DI'
. . .

.....
.
. I"

"
,
(←) 8= # of offspring ingeneration t of color ; if root has color ; .

π(π) .= (2s(←)) . E[Z:Ji(← )=k ]= 은 E 티2 .+) C,] [컨네티CJ ;]

→ E [(대기란(]= E [ Z: (←)]C. →E[s(t)] = Cπ .



By SpectralThm ,if Cissymmetric ,:; ≤ λmx(C). const.

Let y : .= Pr[Ft , Z: (+) =①] , the extinction probability .
UB Markov

1-D:(← )Pr=[독력(←) >① ] ≤:Pr(;(t)1 ] ≤ : E[☆(+)] Sconstlmax(C).
⇒ 1 - D:(t) decays if λmax(c)< 1

.

⇒ D=1 .

Thm) If Pr [동 X=1 ]# forsome ; , B: (+)< 1 ⇒ λmax(c) > 1
.

Def ) singularBP .Pr[λ 1 ]1 + r . → gives a frivial , single kne .

Directed Graphs& Bow-Tie Structure

Def)Dirgraph : directed graph D = CU ,
E)

Def) DAG : no directional cyles
Def ) SCC : AEV :s SCC if HX.YEA ,

7 path w. y sy sx IA is maximal
.

Lemma : If we contract all SCCs into single verfices , we geta DAG .

Def ) Fan- : Ey / fw . A → y3 .

Det] Fan- In : Eyl7w : y→ AZ
.

If A= Ex3
,
denoted as + :=Eyl 5w:×→y3 ,C- .=Eyl 7 w: y→×3.스

Pef) Bow-Tie : If A :sanScc , [ L ,
A
.
R ) .= (FI(A)(A

,
A ,FO(A]IA) .

Some Models :



[ Karp : 9 o3 andomdigraphD ( n.p] : V .= [n) , every possibleedge is

presentl.dow .p. p . ( noself- loops for nowl

[Cooper , Frieze ,①2] birected Configuration Model CM(일: d
←

) :

입가 않 있 o↓

알탈 s
.t
. 옷압 =옷×= ln . Perform biparfife matching .

Oriented (Directed) Preferential Attachmento attach new arrivals a egrees.

Thm) For D( n , P) , if P =9n and c1 ,
lC +(×I/ EO(logn) wwhop . θCLθ]

If (기
,
fa unique giantSCcs .t.

S쁨' →θ(p )

P,4 R(s) 금→
"
θ지

where θ=Pr(Tpoca,>o ]
,andtherestisOClogn )

→ *×¢LUSCCUR , IG( ×)1 ,
/

C- (×71
.
( s(ccx)| EO ( logn) .

Thm2) The same holds for (M( T,
d] when 「 tis"denseenough "

Thm3 For directed PA
, power laws for inCout degrees , correlated .

Proof of ThmI : Use the following lemma ) .Pr [1+(×117k] →Pr [IT.. l7k] .
Proof is corollary fo another lemma

)
. Pr[ l+(×l]>k]= ..

...
CIC (×)17k3

.

Demip)

Consider the BFS of G(×)
.
It 's justthe same procedure as BFS of Gcn .p) .

Let h+=E×1 (G(× ) 1> logn? .

L ={× 1 / C (×) |>slogn? in Gcnp)
and |씀* θ (C)

,

thus 뉴, 슴"| (CorollaryL) .



n
2/3 m

2/3

Lemma 3 : whop, θXEL+ , YEL ,
Jw . y ~ . y .Proof bydoubleBFS, "A D

Pr (Tx
, Ty aredisconnesfed]≤ (-P]

nβ.n

β≤
eh
.n

β=
e -O(n"
" →

1

.①

Corollary2 : w .h. p. , L+DL - iSSCCsinceX ε+AL- must connect back to itself.

Lemma4 : Pr / /C+(×)1 ,
(C-(yl ≤k ] =Pr [ lG(×)≤k3Pr[ IG(x) l≤ K3( 1 + 0(씀 ] )

.

→ Cov( /+(×)/k,
1
C-(×)7k] ≤름

,

which is small if kis small !

→ ECLH( - H ]= 옷Pr[×εL ← L-] =옷PrllG (x)lzKlogn ,lC(×)12Klogn]

=옷Pr( ~ 3Pr ( ~] ( 1 H .( l) )= 옷 θ . θ ferror =θ
:

whp θn
_

.
_
_

whp on

Epidemics and SIR

Susceptible Infected Recovered

Compartment Model : S → I → R

Homogeneous Mixing: assume anyone can infect anyone else ,

and everyone
'

behaves
"

in the same way . ㉗
Warm-up :SISmodel . β= infection rate (S

→I )
,

γ .= recovery rate (I→S)
.

Initially , Iperson out of Nis infected . → I (0)1 ,
8(①)= n- 1

.



I트 π
,

S .=금
.

→ δ+I = 1
.

IC∞) = 1.
,

Sco) = S.
,
R
.
=음 ( reproductive ratio)

t= BS(←)I(+)- γI(+ )
, = d=- BS(+)I(←) + γI(+) .

"
홉= BICI-I) - rI

.

d= 초합=β (- I)-γ ≤ β-γ .
Assume R

.
< 1

.Caarly stage approximation] → β-γ<①
.

Take integral , logI - log 2. S (β-γ]t → I(+) ≤ Ioe
β -r다

.

Also
, β
- γ = - (/ -R. )

,
so I(+) ≤ I. er

-Rt

ㅿ

⇒ R
.
< l decays exponentially .

Ro> I grows exponentially .
^ ^

,…- EI )| -RoI )
_

… →"은의n사라금
는 로

SIR : S→
I
→R
.

StI+R=1. ( 0)I= 1 .
, Sc 0=1 - Io

,
R (01 = ①

.

도 = βSI-γ
I
,= -βIS≤①, =γI 2① .

StationarySolufion:( S. I. (R) = (× , ① . y ] is always a solution θt . (no disease)

In general
,이 e ≤① ,soSS∞

,

and ( 2①
,
so RPR∞

,
and I+)→①

.

Ro s final size of infection
,
[ 1-R.) = ( 1 -I.) e

-β. β.

yields R∞ .

^

~:ㅣ



StochasModel.Sameinifialconditions,butMt 1)totalpeople . PDF: re
γλ

,

PrL×2T]= e
-zT

.Ifperson : is infected , they stay infected until π ~ ExP( γ) . Pr[×<T3= 1- e
- γT

,

while infected
, they try to infect every susceptible ; af time z√E×P(β] .

If <FT , J becomes infested .

Pr (☆<π] = f Pr [π>=k] Pr[πz= k]dk

= f et
.

Be-
βt dkl

=+.)
e←γ

-
.

"

=…
β, [①-( ] =,

1
Rate β Poisson Process

titlitig >

Attime tε EN
,
click wop. εB .

click#sEin[ a.b] 3 =Bi
(-

,
βE]→
0Po( β (bra))

Pop on IRtis a random point process .
1] #Eclicks in interval I3 = Po(PIII ) .

2] If I, ΛI2=¢ , #Eclicks in I,UI23 = #Eclicks in I. 3 + # Eclicks in I23 .

Waiting time for first click?" " iΨ
Pr (Tzt] =( 「-β

E
)

→ 0

e
- β+

.

arrival timesT
,Tz…

때 ExP (β) .
Ls Memoryless property !



Stochastic Modelof SIR

( rtls people , af time ① , n susceptible , I infected .

Atany time t , if i is infected , Itatratef andnsusceptible
individualsatrateB .

→ j εS moves to I at rate (βI) .

ecoveryR clockF ~ExP(r ) .nfecfion clockT; ~ Exp ( β) .

Ro
, Branching Processes , Infection Digraph

On some graph G(U ,E) .
If : gets infected , stays infected for timeπ~ ExP( )D .

In fects susceptible neighbors at rate β , T.e. affer time ☆ ~ EXP(β) .

How to simulate this?

PredrawT , 법 ,π ,jEE .

F.;…
If πJ >Fπ , set z =∞ ,

else if y <π ,
set (i; ) as open .

Lo Gives a random digraph D . shortast path T ~∞s

_

If : gets infected af time tr ,then jgetsinfectedaftime t
=min
,vT다.

Loutset

s set of eventually infected nodes if epidemic starfs at : : C+(i) in D .

Infection Tree : Tree along which the infection passes , root is patient ① .

Backwards Process : People who could have infected me, C- (;) in D .



Consider again homogeneous ixingm ,
G= Kny. Forsimplicity, =1 , β= 9n .

Forward Branching Process , TsIR : af t=① ,
node I is infected .①

Pr[T☆<T: IT. ] = S
.

"

e
-β-

β dt = 1 - eβ
"
= . PT.

Pr[X=KIT] ( 업 ]P * (1 -P )
*

~ B: ( n , P.) .

Pr ( X= k] = ferdr ( 없] p뷰 (1 -P,
)

마

.[deta: linHW ,assume = 1 ]

→TsㆍR is BP with offspring distr . given by above Pr [ X= k] .

ELXITπ ] =MP 다.ECX ]=E, [nPπ] = n+, = n없+ →∞ C = : Ro .

[InHW ,
show that θ sI=Pr[ ITsl=∞]=① if c≤ l,

$
l -l if c> l ]

[ Also
,
if c< 1

,
Pr [Tskl >k ]≤exp(-뿐 k) .]

xT
읔
∞Backwards Branching Process, TBa. : Pr [T, <T: IF ] = P=1 -e-

β다

.

λ
.

PrCiinfectsJ] = SdTi P= β =1 =더
.

→ TBack is BP with Pr[X=] =( 업
|

P ←( 1 -
P)

.

For large n ,
this behaves likePo:(C

)

. →θBak = θ.c, is solution of ecθ+θ= t .

Thml ItCEI
.

RsboundedinprobabP,
JnEt.P .CRn

If c 21
,
then :

(bounded in prob .]

cas Pr[R∞zn4s] ≤ 1 - Yk , ( " Conditioned on Ra< n"3 , Rois BIP,
n ConditionedonR. 1

n3
,
모음⑤ .a.업] ≡"ne()끝[



Proof Strategy : IJBFS of G(1) . 2) Look atearly stages , up to ns vertices .
Pr [ lGc) lsk ] ≈Pr [ITsl≤ k]

.

B In lafer stages , use deterministic

approximation motivated by diffoeg.

BFS- Exploration of +( 1) : Predraw T,α , …
~ Exp ( 1 ) .

Explore at vertex f , X, nB :( n ,P π )manychaldren .…
Then X .wB: (n-X,P.), andsoon. + NB : (n-X

* .
…
- X +1

,
Pe )

.

IfC≤
1
,X +≤Xt ~B:( n ,P←) → Pr[+(1 ) > K ]≤Pr[Ts디>K]≤e→

.① .

Let N= γ -X*… - X. → X. ~B: (N대 , P.) , Xi ~ B:( n , P.) .

Lemma: Pr[ /G( ) /≤k ] =Pr [lTsl≤ k]+ O ( 씀).

Proof : If /G( 1 ) / ≤ K
,
N : 2 n - k .

「hen Xi -X, ≤롤B;-다B =B: (k , Pa) .
→ Pr[X: FX:

]

= Pr(X ;- X,>①] ≤ E [X:
-X:] = 튜 [K.P. ] = KβEC]

며

= K다
.

→Pr[F
7
X: FX:] ≤씀

.

UInion bound over ≤ k steps] , - ① as n→o

_

Corollary : 1) Pr[ /G( 1 )
/
zn " 3]=Pr[ITsㆍ asn .2 nk] +O(씀 )

= Pr[ITs=∞] +Pr[ n"IT<∞] +o( 1 ) → ( 실).

2) Condifionedon G( 1)/ ≤ n ☆
,
IG( 1) ) is BIP.

The other side ? X∞
B:(n . P .). N .=n-X , n -B:( n. P .)= B:( n, 1 - P.) .

X2 ~B:( N : ,P.) . N2 - N- X2 ∞ N -B: ( N, ,P) = Bi(N, -Pa)



= B: ( n , (1 -P .](1-P= ]

).Recall1 - P
= e-
β→N ~B: (n , exp(β됐다 )) ,

Ne = n- owhereDe =Xit …txt .IDl=mEt/at - t 3=yEt )=①
non- Dt = yt-

M
Dt = R- NeNB:( n , l - exp(-β캡))

.

Intuition. F LLN holds
, 됐T. ≈ tto( l ) .

t

b 4t = B: ( n , l- e
-

n

←) = n ( 1- e
음←
)'

쁨1 -e씀
-

등.Letθ=능 .→ 0 음 =
1-
e θ - θ= ① aθ

te
θ=

1

Then θ= Pr [ lTP
.
al =∞]

.

Piff
. Eg. : = - (SI → S)S(p)e

-f다
= S (①) ecR다 . [뭔 = I ]

S←) ←I(←) +R←) = 1
→

I ( +)=1 - R+) - e
-
cR←"
[ for Sco) = 1 - o(i)]

.

Intuition:o has the
"

same form
"

as I(x) since itis also theratio
"

of people who are currently infected if somebody recovers every timestep .

Lemma: W.p.21 -4
e -tE3규
,Wecanbound음 by f +( 등) where

f+(×) = ( 1 -
e-a)×) ( (±ε) - X

.

[Proofin Notes]

Proot sketch : Make the LLN claim & ←≈ n ( 1 - e - β← ) into concentration .

fcxl
Itshould work since they are binomials .

fcx3 =1-
e"
- x

,

and the first time
f- cx) fecx)

[ ]ifcrosses X=① is θPocc) .



Realisfic Epidemic Models ΛR(G)

Hkv
,n
,

"

.
Curve of Infectiousness : B varies over my time of infection . ~

'

Ls in empirical work , fTx the form ?(t) ≈ taetp . Then we can choose

parameters A=fxde,B= ftrctsdt,kind of weight Iexpectation .

Contact Network : G= (V ,
E)

, weighfs βz .
ex) Small community , G ~G(niP) . Everybody is equally likely to be friends .

Phone network (Copenhagen network) .

Large populations , CM ( 2) where duLogNormal .longtall
distr

.

for superspreaders

Infection Digraph : : gets Infected at time tr , infects J at rate Bz? (t- ti) .
× PPP( B3?) , inCa, b

],
#
ofclicksofPoissoncicksTsPo( β :;S .β

?

(+)dt)
.

+ Pr [T can infetj ] = P;= 1 -exp (- β :/?G)
d

, whethertheclockeverclicks .
s DsIr conditloned on

"

π
"

,

PR[SEE ] =, are independent HㆍFJ .
등 P,

Example : G ~ G(ny ,등) , βs=β ,
π~M .

Look af BFS
. 있뉴(reπ
"

)

→ X . √ B: ( n ,등P. )
,

X2 ~ B: (n-X,음]… . N
,

v
n -X , = B :( n , / -듬P.)

,

…

Ne ~ B: ( n ,끊다뉴 P:))
,

D ($=minEt/Dt-t~
"

<①3, whereDet=n -N
.

Dt- tvB:(n ,
-팝

(

다음 P.]] - t
. Approximate 팝(1-뉴P: ] =exp(-

옮

P.등 +0(형)



= exp(
- tfP ) , where p =E [ P :]= En1

-

e-β
「 ]

.

Binomials are concentrated
,
so Dt- t = n ( 1 -

et음β
- 뉴) w .

h
. p . ,

and this mimics the curve 1 - e
-Ro×
-X for x←등

.

Thm) Let Ro= Cop , the average# of infected
"children

"

of patient f .

IJIf R
.< 1 . Ro is bounded in probability .

21 If Ro> 1
,
then Ro2 ns wop. tending to P, where Pis solution to

the equation [ 1 - P=투[eCPP
-

] )
.

GInfu?tTon: d. l. n B:( n ,
등 P.).

P

.(CP:), soG ((λ)= e -
εβ .( 나-λ)

□

3]If Ro> 1
,
conditionedon Ro> n'

b

,
음→ θ ,

solution f (θ+e
β.θ= 1 )

.

s Upshot : Details don4 matter once the epidemicis largeenough .

Different perspective : Forward I Backward BP. Look af Dsap ,
a bow -tie

.

J로±
P= Pr[ Ro→∞]

,

θ= lin음
,

which are

survival prob. -ofTsIR(forward )&TBack (Backward) .
Conditioned on d, the disfribution of FW &BW are B:(d, P.) , Bi(, ☆) .

They have generating functions G.(λ) =투 ( 1 - P( (1 -λ)
]

,

G. ()다 P(1-)]이
Inserf Pr [d =k] = a, thenG (λ)=동 P .G다(λ)=투 [동Pk (1-P+( r- iλ]]

k

]



G(X) . =동P .. ThenG,(λ) =투[G(1 -+ (나λ」]], G.(l)= G ( 1- P( (- λ)) .
For G(n

,듯) , d . ∞ B:(n ,
뉴]→ Po(c)

,
so G(λ) = e

- cclλ)

□

→ 7 = G
+

( D] =투(e
- c(- P(나미 )] 1- β = 투 [e

- CP=☆
]
.

- e⑤
= e

- Boθ

.

Heuristic works !→ D = GiCD) = eCP
나마
-1 - θ = e

Time Evolution of SIR

Let 's start with Gonip) . We can do a few tricks :

. ReplaceAs o Ber(등 ) by Ais √Po(등 ) →G(n다 .

. Explore G (nip) as nodes get infected

. If ugets infected , we draw degeu) oPocc ) .

. cheek Ars when the infection spreads .

. look at X =# ofinfectedhalf- edges ,
"

active edges
"

Eactually
"

in expestafion" )

→ Stochastic process,XsX- 1atrate rt βJX
β [cheatng aliffle inr]

Also
,
af rate βX , w .p.

봄SS → . x-i+ Pocc7 .
Thm) As n→∞ ,

δ금→ s(+)
,

×금 → ×(+
)

,픔: (+) and obey
dst= - β×s, d

×=- (β+γ)× - cds,
=
-γ:-다

.

Def) Force of the infection :- st = βX Chow strong infection remores anedge)
-.( 1-sc∞)]

S = S(0) e
- βSxdt

⇒ s(∞) = e Luse d* =-β+ r|fxdt -cdt]



→ extinction prob . of Po(R.) , i .e. the backward process

SIR on CM (일 J : Consider analfernative matching algorithm ,

'

'Matchwhenaninfectionclockdicks
"

.

. Starf with UIEInJ infected nodes . Xo=v1dractivehalf- edges .
).startβclockson allactirehalf-edges .
Startrclocksonall VElI

.

⇌
고

. When β clock clicks , match the half - edge ,

and if if is suscepfible ,

⇌ infect the other endpoint.
X (+) :# activehalf-edges , (+)8 =# susc. nodes

,
=# unmatchedhalf- edges

Rate of change : 1 . -2βX , So = - βX 업

, X :-β+γ ] X -βX π+BX
.d유(d-1)

where Sa (t) = # susc.nodesofdegreed .

Diff ㆍq. : 화
아= - 2β습

,
( dt=- βd습

,
* =- ( β+r)-β *+B동이

→ ( lct) =nfenβS ds

,

Sd = Sa(①) e
- βds슈

= Paone
βd8다

.

Let θ .= e β
J.

→ Sd = nPa θ
d

,U
*= - (β+r ) -β 슈 +β동d(d - )

.θ?

..Butthelasttermisalso
←

β
awhereG *( θ)=동 P*θ←= 동< k*끝 θ

K
=동음θ

에

→ *= -(β+r ) -β 수 +β끝



Diff Eg . for θ . dt= -β 숭 ⑥ = . -BY
.

옳 = Ψ[음 × * *음] = 4 (* - β슈 +2β슈] =Ψ* +βU]
=
- (βtr) ψ +βψ급G*(θ) = - (β+α) ψ -

d( 2급 = -(β+2) 4
-dG*

⇒
t= β

봄-G *(θ)

⇒ ψ= β봄I ( θ-1) - (G*(θ) -1 )[usingboundarycondfion ψ C①)=④]

+ 이(= F (θ)= ( 1 -θ ] -.(1 - G *
(
θ)).

.
= E[l -eβ

r

] = P .

⇒ S=동 Pa θ
d
= G(θ)

,
= - γ:- ←,

(

=-γ i
FCIΛ 버

_ㅂ L∞
이
,
θ
⑧
…

'

*

1 -θ∞= P(1
-
G*(θ.

)
)
,
R =∠S . 라G(θ∞ ).. 많

!

p.

Random Walks
,
Markov Chains

, PageRank
예"

Motiuation : How do we rank webpages?

Problem . Ivoter ,manyvotes .(d
"

, 1 )

Solution: weigh by out-degree ,
use scaled adjacency matrix

LS MatrxParo = n Aur→ 동Pur = 로 ?



" Importance of v is π√=동πn Par (importanf to imporfant neighbors)

Def ) Random Walk : Given a digraph GCV ,E) with Aar , a random sequence

Xo
,
X .

,
…

where conditioned on Xe1
,

eisa uniformout- neighborofXe1 .

APr [ Xe =UIX1 = UJ = Pur = n Auw
.

" We shall study the distribution of Xe as t →D .

Markor Chains :
"

Stafe space
"

V: E 1
,
2
,
…

,
n3
.

setof probability disfributions

π on V
,

= {π :V→(R+ /:π(π)
=

1?.Transfionmatrix MEIR
*,동 = 1

.

Lo Homogeneous MC with TM M is a sequence Xo ,
X
, Xa. of RUs sot.

Pr[X= ut/ Xs=Us+ s ε [O, t-13 ] =Pr [X=/X =나+]=Mu더u. indep.oft .

Lefu+ be the distribution of Xt .

Question : Given M. , what is ue ? Does Tf converge?

Observe µt (V ) = 동Pr[ X)=u ]Pr[X +=*=대3=동 µ← .(u )Mur =(U(M ) v .

… = (M.M
← ). →Mt =M .Mt .
_

Def) Stationary DistributTon : πED S
.t . π=ㅠM

.

Questions : Does π exist? Is :f unique ? Does U+ converge toπ?

EXis: 동M; = 1 . M; t = 5 . 1. ⇒ JuEIR"
s
.
t. UM = U

.



Normalizing u s.t. 목 (:=1
,
where (=/ 용SM; : 1≤ 동 IU; I M5 .

Assume F : s .t .|(U: K :( u ;(M , 동 (U : < 합 IM 5:
= 1 U; 1 . *

⇒ θ, |U ( != : (U; (Mz . Define π : = 7, thenπ=πM, 독 =평, √)

The other two questions are not trueingee

exfl [Unigueness] RW onA,(하하…). P = I ... 는"
" .

"

π =πP is evidet
,
but π= (화

,
화

,
⑤
,
①

,
①

,
①] also gives π. =πP. (X )

ex2] [Convergence] RWon, X . =1 .
Xe = (t - 1 ) mod 3 . x )

Let Dbe a digraph , Cbe a ScC inD .
Def) Periodof C .CD ( cycle length inC )

pef) Aperiodic D : Period of C + SCCCED
.

Def) Transition graph Dm : given M ,
the graph with UVEEMur>O .

s M is ieapiftDmissElaper
Thm]⑤ If Mis irreducible ,

. stationarydistribationπ EDs .t. π =π M .

② π,>① θ : if M is irreducible.③If Misirreducible Japeriodic ,M.ED

M. Mt→π as t→D
.

Lemma : Mis irreducible θ . J, ㅋ
t( MJ,30. [ Proof in HW]

Remark : We can break periodicity by making MM →M =αI +( 1+α)M.



Then M is irred sM 'Tsirred
,
and π M = π π M' =π .

ex) G is undirected , M := TM of RW on G ; N; =, As .
Claim :π= 슬 d

,
where 2 . = 2IE 1 s.t .9π=올 = 1

.

" [πM); = :π☆M :
= 늘동 A 3=

≡ d := ππ .

"

PageRank : SD π of RW ? M; =M 5. But dtmaybe ①? →addself-loop.
Butwecanhavesinks !

→

"Teleportation" ,wejustrandomlyrestart,πs = 금 .

s A robust model : π; =α 금+ ( -α]:π&P, → M; =α 금+ ( 1-aJPis .

How to calculafe π?
1

)SolveequatTonπ (V)= α 금+ ( 1-α)동π(u)Pur , or

2) Run the MCuntil we find the fixedpoint π . Let
'
s do I) for now

.

I = ( ( , )… ,
1 )
.
π= 음 I + (나×] πP → π나 (다alP) = 슈요

.

Take inverse ,

π= 음요 (1 - (1-∞)p ] " =음지p = 음소동 (-a]kpk [* =동×
* for P ]

→ π(V) =음동(-×)
"

동PkJuw
.

Convergence speed . //π - 음동서(-a)k동 (P×). lll /업음( -×)*동PIuill ,
= 성 v(다×]

K
동
.
=α * (h×]k=

α
( (
1-×)= ( -a)k≤ e-

×k

.

For 2)
, imagine we run the PageRank for t steps . "U+x(y) = (MtJ×v .

Q : How far is Mex from π ? → Use TV
,
(1µ - v =suPa
. Eu (s) - v( s ] 3 .



Idea. Affer a restarf
,
the sequence Xeforgets

"

Tts history→ converge to π !

Details : Predraw Z제
,…
Z+ εV

,
the π chain

,

and Y
×… .
Y+ w Ber( a)

.

Couple the chain s.t. if Y. = 1 ,takeX : = 2
,while

X… ,
,evolvesfromλ .

Pr[xES] =톰
[

Pr[Xeεs/ Y.z ]], Pr[XeεS]= . [Pr[ X*xESIY.Z]] .

" du ( Nei) = svEECPr [Xeεs]-Pr [xiεs ]IY .z 33= ( 5-a)t ≤et .

Thm) M is irred . & aperiodis , l!U +.
×- πl

1v→① ast→∞ .
(But how fast? ]

s Lefdt .= ma* [ l1M+×-πII
π

3,& (+ 3=my EllM+×-U+yllv3 .
Lemma : dG)I dx)≤ 2 dG).Upperboundisclear byTI . [ Lower inHw]

Def] MixingTime :F =M ( EdG )≤ 3 . why 회 ?

Lemma: δ(t+s) ≤ d (e) × dcs)
.

[TVContraction] [ Proofin Hw ]

Corollary : d (tk) ≤ d(tk)≤ (t)"
←
d (Tk)≤ d ( π)"

≤

e-↓+dG)se
.

spectral Method

Consider RW on connected G(ViE). P;= A
,

π .=
.

Eigenvalues . | = λ , 2 λ22 … ≥ λn2 -

1.LazyChain M =∠(MI) .

Goal . T is larges G has a
"

bottleneck
"

a spectral gap Ctia) is small .

whyis Ial ≤1 ? Lookate .v. of P =Dk
P
D"

,
: fissameas P .(D=diag(di))



;= 형급형=P 5

.ByspectralThm , P= 9 :.forONB 4 . . ,4n .
→ If Pr =λv

,
ldllNi=P,V; I≤ Max /;/ 동LMaXIVFI≤MAXIVJI ⇒ IE1.,

In G (n ,9m) , #EL ofedges betweenS , Sc] = 뉴 Isl /S92초 [1S1
서$93①로

Pef) ExpansTon: X : =MD(s )wherea( S].= m ,5.4sATJ.
Lemma: : ] If α7 ① ,

Gis connected
.

i: ) +X. YEV ,dist(xy)≤2 logamxn .

Pef ) Conductance : oI =Mins(OI(S),OI(S]. =
s1π(Sc)5

, j4,
Q대 where

녀Q; :=π, P.s ,
the flow across edge :J . Xπ(s]π(se ),; Aiz 그호min[ 3s에

→ Q; = 다한A =티ㆍA죠 ,

π(S) =, 됐더
,

min[π(s)
,
π(s)32 π(sJ .π(Sc)

Lemma : 승max ≤ 또 ≤ 2mm [We want good amount of edges fof s]

Recap . p 금A , D
. =diag(d: ) , ππ=1 ⇒πP=π . P has eigenvalues

1 = . 2122…2 λ n2-
1

.I(S ]
=Pr[X(XtES]Pr(XeεSy=Pr

(XtESrCXtESyaconditionunondtion
"

Theorem
.

"
.ITislarge ⇒Cl-2 Jissmall⇒ oI is small .

ThmI)Cheeger 's Inegually : 름 ≤ (1-λ2 ) ≤1 .

Proof Sketch of AB . PD *PB "
=
D"A⑬ = 동다요요

,
49.3 isONB .

Lemmat: : / 4.(V ) =더wth, != 1

.: : ]Iff(ul= Fn[ 뉴(s,IEuES3 - 뉴s,IEUES(3 )
,

~

then f14
,
and (1 -I(s) ) =5

.

⇒ OI(s)=
fC1

.



_

Corollary of :) : P 1=
φ ,119. 112=1 . Proof. 동 φ 조v)= 동πC)=1 .

←

Proof . 돕 P.y4, (y) = 화둥 A×y업「더= 「 더 = 4K×1 .

Lemma 2 : Let thehapL . = D - A .
Then fTLf =보 ×A ;f(a - f(s)):

Why
"

Laplacian
" ? On /R

,
f "(×) =l. f

(xta)-2 f빨
Discreteanalogueon2:xf

(×)=[ f (×-서 ) - 2f(×) + f (x+1)]
.

Proof : RHS =보록 f.
βd: + 호동f;

d

;-
:f .f ;A ;= 목f: D:f:-> Af:f =LHS.,

∞This gives proof to Lemma f (π ) . Remark : 1- P= D
"
(D- A)D

*
[Normalized L]

Remark 2 : Morally ,
this says mnOI(s)1-λ2 .

Proof of LemmaIc: ) :Orthogonality : :f :φ()=티독더:(π(S)I
(C π

, ←S3
+π(

I[ias3)

=리타동ππ)[π(S ; IEiES3 - π(s][:ESc3]=리타: π(syπ ( S]-π(s]π(sc)=⑩ . 1

fcl-pPJf=FT (D -AIfWhere = f ..합] =보OHFAs .
5- f; = [π(s)(I [ iεs3 - I [ jεS3 ] - π(s] (IE : εscz - I [JεS(3)]

= E ψ if riEs(slt πsy=LF IiTES
:

ES, JESㆍorTESS,JESC .

⇒tπ -PJf
=..
as .A :

z.RecallthatOI( S= Kisthisfif?
2IE타πCs ]πCS) .

f5 "=:d :[ π(s )
β
. 1 [TES3 + π(S) fETε Sㆍ3] =21 티동π)[~ ]

= 21E 1 (π(s) π(s)+π( s]π(s))= 21 E티π(s]π(S← )
.
√

Now we have the tools to prove the UB of Cheeger
'

s Inequality .



Proof of Thmf ( upper Bound] : P = D" AD
' "hassame λas P =

D" " PD
.

By Spectral Thm ,
y
=
,l :C . (×) .(y ) where P=.요 ,

3 : SONB.

Setg ←*에 ±4 . 1
- I (s] = g

「 Pg =옮 .(gφ:「
]p ≤ λ2.(g4q]

2

=스닭(gφ.wB ) ⇒ 2=m정"

Thm2) Mixing Time : Mxe (ul = Mx. d ( +)= MyIM×-Mtyll , F=minEtldx)]
.

d(←) = m행최!U.x-π 11 ≤(←) ≤e
-(4)

.

For some lazy chain M = 보( I+P) ,
^

λ는폴 are evs of M
.

Then dt≤ dx) ≤. [ itse다i)← ]
Proof sketch of UB : MxxCV= M ×* . M= D⑫ MD" =동↑:φ: (? . [LB nHW]

Then Mt = DMDY=D *M←D 2.
M

*= × , λi φ.(×).(v)
= π(V ) +켰다

←
( (×) . (0).

[

λ i←. (×)φ.(v)없 =뉴더 dv=πCVI]

미µ e-
π I1

≤
λ s많다:( 4 .(×)1 .1 4 .( v) /δ.≤했다 [동원 (×ㆍY*(동(동~)]

리타
= λ*맑, = λ.다

. ,
(ONB] comittedy

Graph Partifioning
Goal : Given a (weighted) graph on V , partition Vs (S ,

Saywelt seperated .
"

Def ) Volume :Vol(S ):= s
×

,thenπCs )
=× =

v((V ) .

Def) Cuf : cuf (S ,S) 8 =5.yascA×y . → I(S)=
cat(S . S(s)vol(sc).



Let f(s)dm(SJ+Ta+(S)wheredn( SJ. =급(니v,A ×y. dexx(S) =하(이vs. Axy .
→ dex* *(S ]isalsoexpansTon( S)=α( S]( if/ sl≤ ls 9

What is a good partifion?

④ minimize cuf (S ,
sc) s

.
t
. ε≤

*뉴드 *
.

② minimize dx (s)=α (s) s.t. (SI ≤ 1 S9
.

③ minimTze ds) mindext (=cufI(s)s. t
.
Vol(s)≤ vol(sc)

④ minimize(S)

eXDV = V . WV2 , NIFMEIV 2FNZ .

: ) Kn
.
ω Km

.
n . nSefS←V ,thencuf(s,sc ) =① →I(S) =①

.

: : ) Knoop A( ×y1 × y). d ×=n +α. Vol (s= n (SI , cuf(S ,
S9 = 1s / ls)

.

→OI(SJ=
|(s ( ) (n(sq) = 1 θS ⇒ allpartitions are equally bad .

IIfTSEV , Iij EV2

plantedCligue in G (V , p) :K
⑬

" .

e

.P , = 염다: EU.JErz,ce versaO .w.

→ E[ d×] = [앉임 .름합상답남. ECuf(S, S이=..
.P
×Y. O⑭⑭글로

Lef X .= 금
.
(SNV .i 1 , Y= 없 ISAV21 . Assume concentration .

Replace dy by E[d×] , cuf by E[cut] . Then vol(s) = diXn . tdiyna ,

Vol (sditn ,
ta*nzwhereX . *=4X)

.
(-Y )

.



caf(S
, SS = RXX + YYTPR . IXY+ YX) .

→ min?mize f(X ,= (s)v .l(sc) .→ gives S=V . or V 2 as p is bounded [① , 13 .

Spectral Clustering
Recall (1 -$2 ) ≤&(S]= 또.→ 2

nd
ev approximates minimal conductance .

Q:What about eigenvectors?

Firster . (u=더" >① .

Allothers are orthogonal .→ must have signs !

Try S =EvEVI 요 (v)< /로, Sc
.
=EvEUl φ 2(v ) 203

.

Consider the weighte. ad5 . matriy ofa
"

clustered
"

graph .
에

di = an , tEnz if iEU, brztEn , if : EV2 .fsp =

b
Ahast witn 4=.

We want to solve D
'

*φ=λ4
.
( A4 ) : = av

,

ψ: + ε값ψ고 = :.D→ =약: EU1.

( A4)
:
= bv

.

4: + ε.. ψ: =D2. → 부 =북 if :EV2 .

Observethatλ= 1 ⇒G =G= C
,
ψ= [G .

C
. … ,
CJT

.

If ε=①
,
λ2=

1
,andψ= α [ l . ! …

,
0
,0…
]
「+β[ O
,
①

…
1
.
1
…J
「

.

If E<ab,
i
λ251 , and weget a signcuf S= [: 1. <①3 . [Proof inHW]

Algorithm:LetΛ abethesecondeigenvaluetwitheigenvefor ⑫
,G「 DY =①

where 1
=
[ 11 … ( ]5

.
(
*of( D-A )P= -ADψ ]



. Order Vertices s .t
.
.
(
Vi )≤ . (V2) ≤ ….

. output Sk = EU ,
V2 , . W63 where (choose 1 ) :

. K = m업 EG(V×) = ①3 [ sign cut]

0 K =7 [median cut]

ok =argmEOI (Sk)로 [ sweep cut]

Q1 :Whycloes this work ? Why GD4 , =① ?

Remark :wegeta witnessM=1- ik≤I ≤ OI(Sk)⇒ error≤OI(s×)=Λ

Q2 : what if 2
= ① ?

ThmIJA 2 =mE43+D4whereΨ TD 4, = 0 . Any minimizer is
a generalized eigenvector with (D -AJY =M2DY .

Proof : Recall P= D"AD
*
=동 , :,4 for ONB 913

.

Then let

1- P = B
*
(D -A)

D
"=좋N : :
:4

.
the normalized Laplacian .

A
2
= 요소 . =m다온 3 and any minimzer is an eigenvecfor

with λφ =A.4 . [ Defail inHW]

φ: πφ = φ
「 Dk(D- A)D

"
4

.

Letψ=→Ψ T(D-A) ψ
.

φTφ= 4D4
.

.Cv더, soφ+ 4.2동d* φCv) =① .

ΨTD 4
,
=동Ycusdu =동 Yavsdib =④ .

So two are equivalent . ,



cvaluess

Thm2) I = Mㆍ434whereΨTDY
,

=①andψ hastw .

Then any minimizer is of the form C. (πCSSIEXES3-π(S] IE×ES(3)
.

GInterpretation :M2 is the continuous relaxation
n

of the discrefe condustance

minimization problem .

hup- Hard

Trrre "

Ψτ(D-A] ψ =호품( ( -ψ;
]

' Az

∞ what ifα2 =④? [ HW : If G has k components, dim:ψ / (D-A)=①3 = K]

" M
=
N2

=
. =Ma =① andM*> ① .

In particular ,A2 =①⇒

I = ① perfectclustering,andψ isconstantonall components .

Claim :Is
=ψ
(Dψswhereψs =π( s)Is-π ( SJIsc.

Proof . Recall oIs = fs
「 (-DAbl where fs(uy= Tdrψs . Expand fs

toget ψs = D
"
φ2 and every thing works outo ,

Proof of 「hm2 : ① =ΨS「 D4 . . 4 =aIstbIse s ①=a sdy +b.d×
= 21E1(asπ(s) + b.π(s)) =21타(aπ(s) + bπ(sy) . Then ifmust
be the case that a= C .π(s

←)
.
b= - C .π(S)

.

⇒ 4 = ((π(slfs -π(sJIs.)
.

By claim ,
minimizer ψ of such form yields of . ,

What do people do in practice?

k -meanspectral Clustering : calculate d lowesfeigenvaluesNectors.



Embed the graph intolRdas follows : map VEV→= ( 4. (V) ,G(V) … ,
ψa(v )) .

Now we have . …, ,티Rdthatwecangeometricallycluster into k pieces .

Specifically ,
we can use k - means

,
S=(Sy…

.
Sk)= argm옳×s.I 1 V ;- M: (l2

where isisthecenterofS
,
s(5s . J. ⑩

←
# iterations

.

Runtime :O (
nk]
inworstcase. Inpractice, O

(Tnkd)bylocal search .

Hope fully , we find somed where M ,-Ms ? …-AdKMdy and dak .

Information Cascades

Modef the spread of information / innovation over social network
. Maximize the total # of peoplethatgettheinformationwhseedn

Hrstory: Socto conomicse (Shelling
'

78
,
Groneveffer

'

778
,

first math model

[ Domingos ,
Richardson

'

④ ! ] introduced influence maximization

[ Kempe , Kleinberg ,
Tardos

'

①3] TCS analysis

Generic Model : Digraph G(V ,
E)

. Exsept for few seeds, everyone
starts in an inactrve

"

state. Indiscrefetimestepsta←+l) , some
of inactive neighbors of active nodes get activated w.r.t. some rule .
Active nodes stay active forever.



Linear Threshold Model : Digraph G(V .E) , weight matr?y B= 1lureㆍ2①
.

Spreadingprocess. t =- 1 , all nodes iid uar choose threshold θ. ε [① ,
1 ]

.

At t=①
,
A
.
EV is the inifial seed

.

When (t-1 lat ,At ←AtUEV4A이
...

.
.. 2 θ. 3

. Stop when Atn = At .

Independent Cascade Model [KKT
'

①3] : Digraph G(V ,E) , matriX P= CPOVJavEE
ε C①|

?
Spreading rocess: each newly active node V gets only one chance to spread its

information to neighbors UENCV) w.p. par .

Def) Influence : For AEU
,
I(A) =E [A .IIA

.
= A]

.

Influence Maximization : For input D = (V ,
E)

,
either B or P

,
and integerk ,

find set A*EV of size ≤k s.
t

.I(A * ) =maskEI( A)3 .

bThis is NP- Hard . Mappable to Vertex Cover , etc .

Greedy Algorithm : Given finite V groundsef . funcfion f . 2
" IR +

which

is monotone ( f( susu3) 2 f( S ) + SEV , VEV) , consfruct a sequence At ,
A
.
=①

,
At = A←+ UEUt로 s.t. f (A++ U Eut3] is maximized .

ThmlIf f . 2"-IRe 「smonandsubmar , and At isgreedily selected ,

then f (A×] ≥ f (A* ) ( 1 - ( 1 -* 1 2 f (A * l (t) where f (A* J is maximal .



Def ) Submodular;ity : f .2 ' →(R +st. f(suEv3 ) -f (s)≥ f (TUEv3)- f(τ)

if SETEV and vEV
.
[Diminishing returns]

Lemma : Both models are submodular.

Corollary : We can greedily select seeds for both models for (-호] -approximation .

Proof [for independent cascades] . When u gets activated at time t , 「fflips
XuroBer(andactivatesu ifXur= f GrENCu) . Preflip all coins .
D (X) = CV , ECXIJ ED where ×yεE(X) iff X*y1 .

Then ICAIX=AG (×) . Conditionedon X ,
Iis submodular since

I(SuEv 3)-I(S ] =$wE+ C
)
, w ,G( y) 3/21 E ",w4.G(y)3 /

=I(TU3)-I(T) condiyToned on X for T2S
.

Claim ?If f=Pif, and f, is monotone Isubmodular , sois f .

Corollary : I(A) = , [I(A) lX] is submodular .
Proof of Claim. f ( SUEv3) - f(s)= : P: [f(suEv3)- f. (s]] … use lineurify,

Claim. Lef /S* ( = k s.t. f(S*) = M없" [f (s
) 3. IfS ≤$$ k

,
then

masEf (SUE ×3)- f (s]32 * [f(s* ) - f(s)]
.

Proof . Let U.… , Vp/S , p ≤k s.t . SUS
*
= SUEV)… ,γ p3 .

f(s*) ≤f(S*US)
= f (s )+ f(S$ UEv .3) - f(s)]+ [f (susu,v=3) - f ( sUEu. 3)] + …



≤f(s) +높 f(so3)≤ - f(s]]f( s)+kmaasEf(sUEX3)-f(s)3 ."
Proof of Thm : LetA.←4 ,

A .
s
…
be the output of Greedy .

Then AK= A(UEVS s.t . f(A+ UEU3] -f(A1) is maximTzed .

→ f (Ak] 2 f ( A서) +* [f( *A 1 - f ( A더)]
= If(* + (*]f(A 1)… andunroll recurrence

그 *f (A*) + (*][김f(A*) + [ [* ]f ( A *2)]
…

고 * f (A* ) 옳
←

(*)
"
+ (-*)

<f (A . )

*다어(십]← f( A*) =**(나다-*) f (A*) = ( 나(나최 ) f(A* ) . ,


