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Tree T < o come&e& 8(\0«13\\ wﬂ\’Hl\O(LJt fole&
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Distehuction on RU X2 REAT = Bl 1wl Xene AT :
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X Binp), EDN=0p, wa =" \F (-p)" VorlX]= npClp)

X Geolp). FelX=k1= (- F) P ED(]*



X o Pale), RIX=kT= G &° El¥I=c
X~ Uni(ob), ED= “%f . Rew=5% Lew
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.

Gererels X & N, D s on obfping distribudion. FDX1=c. BXK
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Lo =EMX1<\ = B[ Tk|< | T= 12
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e e o<, LIS k1< e "2k
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Whot i €=, RIX=1T<Z (qucppimicst he (o)
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T =l and P =RIXAT —)fv[lTx\=DQ]=

W\M Whateter EIXT= 75, N s e fst Trtersection of X% Q6

Casel: =l R=[. Coge 2 C<lJG\/X(H=C<(.
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G.X(x\:ikﬂ Y¥=x 0[\[\6 one. Tnkersecion of 1,
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Gose 332, R<l. Coged? O | = GLY >,

O(\E I“%QVSQCEO‘\) p0>®. po:®.
o e, 0= (=030, <1 Mustbe Fst,
=N s te eorfiest Trtersection of X% % 4=6x00. ,

> R=RIX=11<| N<l=e>1"

Erdos ~Rengi Randem Groph. [0, 03

Def) G‘CNE) " stock wstth Ky and \<eeP each eéae Wid. wp. P

—ﬂ\res\\o\c& Be}\cx\ﬁw mmed frees

“ [\l 40 v\{ m‘c ¢ u\fokﬁr\' Connected A ¥
of sze (-0cn) =0 12oloded verficet ."
\”@ Ve e W E@ 14 p=l

all tn2 8m§>\1\5

DQF ijPt\ P(‘o[)erké Q P(o?eﬁ% P N\\ch\‘\cmﬂ‘ 0@ &bﬁ \Y\gf PC IY
LT Pisa qraph property, fem s 4he Hhreshold for P T as n—=00,

KLP1->1 for P>7$U\) PP 1~0Q for \0<< qncm
Srom GOV (or for P9)




Thw) —ll\al%\g/:_ : L e Hirediokds for edges, k-trees, and k-acles
appraring G,

Pl Tdea Frrst L Second Momerk Methed.

Fiesk Moert Methed : T8 Xe N, TeIX>QI<ELXT, Show EIX1-0),
Second. Mowest Methed: Show ETXT < EIXT-(14&0) where €,—0).

0 EM

Lemna: T X=Q, RLX>07 > 2L b s Sl
Proots EDA = ELX-11X>07] < EDCTEH 1x>03]*
> EXT < ECT-RDX01.

Eolées L X= dof <dges i G0 pY. Formally, Ei= edge sef of G,
M 12((\1\1 s of Po&&?b\e ec\%eg KF ieﬁe,éE} :
EDX1=20{ecEl=Mop =0 uwhen p<< ",
toe P> e ELyl= QIZQ,EUEQeEi‘* 13e/cE ]

bt +2 EL~T = MIM-1)p* + Mp

LM (1) = BEIXT( [+ &),
=T & hos on ec\ae]=1>vb<7®] 2 %&;2 Tif_g“ LD

Trees . Y=t of frees Tob sie k in Gengd =3 41TC Gopit=3 T ffecks,

Nedl=k



ED(] jE[T:ﬁeéEﬂ zék V= s;mmk “‘4) Nk wiee N“ #mube&kes

= (N )‘n_—li‘\\_kﬂ =W LU t)i%_
_)Eixjg Nk ﬂkPH )@ ﬁ£ P<< dk/(-( <inee Pﬂ%\ﬁgﬁPk—\ﬁk%®,¢
Ebel- ZZE[J{iTcgm {3TeGopi] =2 FL T 1iecF3]

|ECOUR(TY| IECOVECI - B(T)NE(CT )\ (k) 5 -[E@OET|
=2p =

fssume [ECT) (1 ECTY) k—bx = (O = I >0
-e< = P00 D 2 Nerneecimme 1

£t N\E(T'l @ $=2 Nmnvcml s

9—“"” (_[\ N Q.f.k"] Zz —( l) 2
k
)

<t 1S0¥)=s

(mom for S Q chtees b SO (‘nycko“mes foe S\S
()L < ™
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Proe. Transon of V‘-%\ (T\\e Giant)

Let Xelnl. C(X) s the conneched comporert of X
Chan Ts €he largest conmeded compotent:, max TCOXIR . B= Tl Tpao = 001



et p= % ¢ s constort, — Eldeg(xi]= (-)-p= (G €
o

ﬂ\w\) t_ihu C<\3(Cm\€o<ﬂogr\3 m,k,e. Tk Q>\)\Q'“?“\’i =D ?rok.
as n-> 00, and all other com]aonedcs ace of sze Ollogn).

v 8
>
F’x i
1
Cowx 12 aJeo called £he “g“\a“*", - "The %rhmjr [ m\“\%ye",

Why Genpy =T ?
Mk deg@i) ~RelnA,§) — teicey T diste.
Trtuibion”. vieing from ang Vertex X, Gnpy Croughly ) looks. (tke Toacey .

Exg\ore O using BES. N

X=\ Qo= Ye=1. (01 possible neighbors.— X~ Bi(M, p)
(=T Niw T =¥ has (-1-X,) poscTble childeen.,

Tn reolity, o has Xa v Bil0--%,p), o= Y- 14K 15 420,

As for ony Bmxd\"m% process, we hove Y= {%“\é ;ftrg ‘%t—\>®

[Cexl =k where ko =n 4| U= 0F < X+ X 2 Kot D=k



BU\'\' X"\‘X\)___\XH N Bi(“’l")(\” ""‘X'\-\, P) ) which & ) (‘\C\QPQ\\C&Q“&.

%, ) e

Dtk of ue'l el \ét Y] - Yo = Elx1-\= %( ~X)-1<.0
OTOH, 3§ o>(, the dfE starts ouk = | din dies OU\{‘ before £=1)

Lema 1 (Comporicen) - Bl Toranl 7RIS RECON> KT Bl Tl > KT,
Root: Uppec bourd) x=v,. X = 2 Aus where A, N'Bev(\a\
Redrow ¢ RVs B QNBerCPB =t Xi= ZB\J o ZB%NBO\ X.,P).
RICKIT=RIT=T, X ~%=k] . % “ﬁék‘zg -
Xz & Beh, P, Stnee X< XT, @Kz Y+ zl, M:J
< Towpl >k =R LUCo\ kT Tl Tewp >k, B

cN Lmvx’t )

(e ave sampling all poﬁskb\e verfices bt m\\\é mdu(\mg anvisited anes Tn the Q)

Lower bound) RLICO1< KT SQPVILTB.M_M,\[éﬁ Cr\eacﬂtc\ bath <des)
[Cox <k = 3Jl<\< st K11 @ Y% 2 -l 2 0k
A~ (Ra - )¥e-)

X z B 2 ZB\J X'\ Qalék S,+, X;++X;§&—\ @(—Eﬂ(ﬁ'\r.p\ék
o BLICO0I < T< P Mo ST (o e g o s

)




Corclory 2 TF <4, | Come| < 225 g, /ﬁwf«w
oot BLIConl=k T< Pef [Tyl > KIS RIXI - X52 K]

S op(-EK) T ko= [ Joyn] Relicont>kal< . gt
- R{3x st 1> ko1 = TRIN>0T where N=3 {3001 > ket

~RIN>L] BN < BRI B -0 oD,
Cdo“dtr% 25 TF e> and k=ky=>0 wirre keoln), then

EL I > T =T Tow | =01 = B¢y,

Frooft Rl ICe>KT < Fel Topl >k ] = Rl = T f TR < i< ex ]
— PrUTem( :OQ]JV@ =0y as M—=C.,

RL(Coal7k1 2 el To| A= L T =8 T4Pe[k<V ] [ <0 ]
>Rl [I&\: | ((\—HP: Q;Tk ¢ —>C sice keol),
= Pel{Taol=00] = Gcer., By Speesing, T a7k 1> 0o,

Chose sore K>Q. =7 xefn|(Conl > Kﬂogn].
EUVA=0-FeLlceal> Klognl= n-Bce ~-LEN{] = Bcor. .. 2
But we want o prae ‘chctliche quant T unigue |

Proch Jtraegg Al xe\i e tn one CONMPONRAT: R Bl ce T { 2
Main Proof s 1) Frove ot & xells, BES quese S%agsplcuaé' upto time ns,



Uelx)

— T T
A B
Slo‘)e =(Q.“l‘)/‘ I ~ .

Lt-‘h €

Lemma2s TF c>1, 1< MKC, and 5 s small enaugh, the
RLYL20, Yo SN < ol kEREE ¢ (1)) [epl-Kar)]
Lenma3t Let £= 0%, Bly002 € 4w >SFE Yyélu]
i ﬁ(c ‘f\”*) 39 g
Froof of |3 B?S for %,4. f§>%
Cose 1t Before ceacting £, T discover o vertex alrady explord. >y e (o),
Case 2" By £ime t, bokh BFS trees dor't intersect. But we have ot (e.a%‘c
(4 ey edges befween Y00 Q Yety). = YELOA s extramdly unlikely, (1~ ol
Bt of L2 P(Eék-?@, Y Xk | TIf 4120, Y= Xk "';""X\ck.
= [ k- <D k= Wialk(1, 021X —x-,>m,
X v BRIl p), so ¥TelKl %=X,
LS <RI+ % < kOwy]. T c.=EDG 1=an= ¢~ HE
LHS < GXP(“kQ‘—”QQ) (wshen 54 Ts small eﬂough)
= QX\D( k(x— eV o("‘l \

‘



Lemma ), T exact form sl

0 0< A<clond €<SE2 RlueoD, Y MI< exp (ALY

Corolla% 4, et k=g = Jogn, k= S0, Then,

e Br[k-< [Co0|<keT= O,

e TH 4k.< k< k*, Pelleal>k-, 4e 455 67 = 0(4)

Pmm[ <oy | H3< iFrUchs\ = jPr[%k ?,%:>0]
<ie><1>("“ ”l@ Olerpl- ST = Q4D

o [HY < B K-LI(Cool<t T+ BllConl 2k W< SSHE]
LOUA Rlyn>0, 4 54 W= » Q=5 |
< O(p\+expl- Jc“ ) =0,

Corallary S+ Lok k=855 Jogn V=3 x| ICerlz 3,

Tt 4k <A =0(n), then wh.p,, Yeb0 > S wxe\l,

Pm%l | <t chc\'-:ixe\{*\ %&Lﬂﬁ%—\@.

RIRad # B 1= RLIRd =k 1< EEIRaMI= 1 00 d )0,

Il



5 Deame o Segemlﬂd\ ™ GCn.pﬁ

u.a.x.

G Y = Choar — X4 Si. Di=distexyy.
Clatm: D=~ “Qoéh‘
Thw) jcgc—ﬂ — 4 ag n=00 T tho\k'rl’t’r%.
ooy Straftegy > Need 4o show Ehot

@ RIDL -8 Jogun ]2 @ V¥ >0,

o P D2l4e) lanl>Q ve>Q.

Froof of o’ let yi=Chey ,Qogcn,

Clatm: for X#Y {ired, Pcﬁ\mm(d(xwa) < (l—s\ﬂo%c(\t\g Lv\ \E{l;c .
Define X =4 of paths w=(X,X\J...,><;-1,%) ot \en%E\r\ { foom x to “.
Rlwis a pathin Gargll = p' - EX1= 2 pl<plat =t

- LHS Pc[ﬂw X—Bg |wi <,Qr\1<EH°o Xe\é [ gﬂr\]

<Y EMICh T Che

FV[Dé Qﬂ] E[iiDéﬂV\E] E(;\( \ﬂ[\Cm z ﬂid()(\g§< L‘i]
:E&cn\m[ Cmr\lZz /\’) 1ilCW\Ml2QC - r\ﬂ*E@\( m[({c n j'\’ ii C"‘“\éegﬂ.

Recall thot (C—'}(’i% 9y th prob. PGl g 28, ().




%RY D< Q"I _<_ E&“\l\" [(jc,. ,\(ZZ]I ACX@< J[r\i 1{[@\“[2%( o (\ﬂ‘\‘ Zn

g@gﬂw > {1dop< 7] +,

= ((fr el)z PrMCX\lA)UZ [4es, o

dn
U»SU\% the aloosle cle LHSé & -(l\—-%\/;rg%;(\ +&q— @ as \—=eq,

Heurtstic o§ et1* Recall Chot for BES, Y i= length of Q ot £ime £, and
Zei=% o{‘ IV\C\H\\RCQUO&S I\ %Ql\emﬁﬂ\k H\el\ g&( _\;( NpY EEZ\J: C.k CH\d
H\&Jr Pr[zké CCJV 8) ]—> @ Noxu conttruct o dauble %\0‘9& BFS

} LHe) 1 K) (l‘\'"c\

A R =0~ = loo bue edge &fisks]

< ct—p>“°‘“’< ef“ L ert | @

B o 1 1) Recal ok i €< S22 0 Pucr e <M <E e ¢
Seting ki=C-[-3 gies Pr{gt-D@,g{é@-l— ] < e et

2) Howls Ye and Zx reloded? lohen T ety Q of generadion k-, Yiu=Zi
T =1. L= et Ze = £C0+Yean,

U{m% the lemma, L) > Lo+ €=k WP, |- Q—%t_

> £k t(c-8) [E 3 ows “exfonew&”mlla" worat. k|

| et s w.h. ., Lea<bi=1 ) for k€ (1-28) ﬂogc

Proofs £y = £kt 2= H 24—+ A ELEW]= Zc e((c™).




Rl 2 0] < BT = dm o) =0(13) = Q.
Obsere Gt €02k and €hok Tf xeCoox, whp [Cool 200,

STE veCmax, whp, wkelk- kel k=t1=3 Jlo%c(\ ke=(F0) o 1
€= £CRDY Yo 2 £V T [’F’\K\S\n tajte\r]



Pﬂu&r La\ns

Poicer achieves exeonevxjv'\‘&l o\ecmé m o(e%rees. We want a power Faxuot

Mode( 1 [Chung, Fu 027" Fi expected degree sequence Gi=(w;, w2,
Connect G3) w.p. P—.f w_ﬂ% where .QY\‘-':ZLOK it I#L%% W =1L
(we assume W\M W< r Q N

~ Expected o\e%me Eld1= 7 A +§A ~—_w

— Disttbidion of o Tf we assume &had = >0 HW = divRuk) as 000,
(o di=3 ¥y where Yo Be (FF8) = d 45 Rewny)

Fack: TF Ne=ftof 7 st wrzk) o nk™ Nemlof dosd dezk)m ak™

LgNk’
-¥ Xogk

,Qog k

Th) T & s "mee”(33w>C, €= 17w <o), £hen:
3o unT%ue 8Icmj(7 0 diam G Nﬂogaﬂ. | Procf ow\”\HeoU

Medel 2 [Mo“o%“ Reecl ‘C\Sl T &okeavee sec}uence 912 (cl\,...,cin\.
Defne G UGH) un“\?oom(\a among all araphs & with Chote clearees.



(Q Dess Ehere @xist even one such G foe sone o

1) T di=edd = DNE due 4o handshake lemma.

exd) di=dy=3 =0 = only muljﬂavo?k] V=

Thw) T such o 8(\)\9}\ i} &he H\emﬂma mlﬁor"&km dess not output FATL.

Hovel ~ Hakini~ Aly 551 ) d=(3,22,1,1,1)
+ Shark Jom dds>->d, LN A I/
S Ee) < g =T
LOOP:

-1t d=¢ output 6.

- T n=1 or d, =20, declare FATL.

- Else:
Toie Voo Va,-. Vi
Pecrease di by L Vi=1,.,dw, ond d by d..
Remeve all verfices with di=Q Fom g
Relabe( ds to be configuous storfing from =1

GOTO [LooP
| Proet of correctness W HWT



() How o Scmt)le G\’Vu&(ﬁﬂﬂ
Dubroutine . Glven G wikh de%ree R g&l choose 2 random Ch&]oﬁmk Qd%es
and rondonly remateh. — —> T Toc | [ er 2 =iSWAP

Algor“&hml Trput (2,6), Run H-H. TF successhd, run SWAP £ Gmes.
Thw ) ) Th £ =00, we get €he correct diskebtion,

b 1+ we want precision €, Lo Pﬂtgj(m\ﬂog(a[) suffrees . (T maxdi < ()
(2 Wohat do we mean b& precision € ¢
> 4y (P, B = Max (PO ~BUAN) (Totol VorTadfon Distance)
E@u'(vovxﬂ%, dn(P.B)= ﬁgﬂl Py Pew|
Provisas 1) we nesd 4o Moci”\(-g SWAP to FLIP | Feder et o). *06 ]

2) 4 eO(ﬂog e+, 3)Bad tn practice.

Configurction Medel CMCd): Deow skobs. N A_ASA AA

=N

+ Consider £he = Td: holt- odges H. LI shodd be <ven ]
+ Choose o rando mafching M foc H.
: &Hr?\x}r the multt- 8mf>)r\ G(M).
Arelygis. 1) FrL M1 = Ur\\\(lv\-&\'-&l B UL—DE‘..
2) Pl Mukki-qmoh Gr] = @,,[_—ly\ N6 N(6)= (4 of atekings yielding G(M) =&)




ex) 6\ «Q S\N\P\Q ‘ " i< :E ='>4‘l .
In general, we hove NCQ TA NG W Aql .
ex) <O i%m‘)(\ im«\d\\ng A—i A-r@

o) & d=da=h. AD, Au=4 > N(6)= 0‘“0‘1 - 4|

Ol) Al Sinple 8mf)h& wikh e sme c)e%oee Jdribeion have Che some
me"LaM gj%\\ = Condifoned on & he“w\% S'Im?le, onm soxm‘)ke
0s2) Net ol m\djr“\gfnfks have €he sume weglt. Spue e epefin snlag

Thm) Under saifoble ossum[)ﬁongf & \oc)?& —=R(E) 4 m\dﬂeckges—aﬁ)(l; )

BlGs STwM?le—_l—3 é(?r%) where Uri= E[%:%—]m and weth assumpTieS,

D)5 17di=ki = R [D=k] o some RV De N

MDY 2= Elpl<oo.  (Nkon ob Evpidea Distronkion )
(M) 72— E[D]< oo ~(RI G s Sinpe]>Q i ELD] <o0)
P et Mhomtef [oo%s 7. R M= 0] ‘%’—r 2=l
-4 = EU) S ) » enE ™
Now we cheat a (itle kit Pr[Mr\ =Q ] ge S QX?(‘ET%AJ‘TD)

Id &) Zdt(cl-\—l) _ '%\'Zé’i(t}\'t'k\ N ELO1-EID]
N T P ELD]




Whewe ave we d\e&vﬂmg'l %
1) different s are Nk I&Fadeﬁ <

2) { T the denomnator k'&PS go"u\a down, undl In - (h-2)=7. [Fou i web o i]
- (We need to contvol Ee deeeudeﬂce Jchrmah unlkelivess of fitting exmc‘(\% one 1.

Rogecties of CMCA) [oeh, Vol 2]

Th D) TF (D) %(M1) hold, and dwn23, whp. GVCM() Ts comnected.
The3) T (O, (M0, 30D held and RED=T1< 1, 1L 050 >

Thok) I} Ul od X6 G, the o8 T

provided T<oo, T U=, and R[D=k1~ K™ where xe(2,3))
O\IQJFCX.%) o Joa Qoa 0.

Diseussion: Let. RLD=kI=K" [ x=3, EIUI~Z ek =3 ¢ <00,
Bt ELOTNI KK = 2K ~ Log 0. T <§JKCL&X\ >8>0, & ~ lalg,
Th >3, Tt o\epenas on detdlls, bt T UL Ehen Qg Jisk N,Qeat\,

Consider BFS. What s €he # of cfidren n loter gerenadiens of RES?
For GOV A\ X Beln ). = o Bi - 1-%,p) = Bl



Tor BP, Yo e Wid. = ~ By

Gor d- re%\do\r 30&?\\3\ /(,l\\{\ eg. § a3, e wasd: c\earee nd=) (echPJ: coot)
So what happens Tn CML

Select 7w, TE hos o\e%ree I =t hatf-edae b matches ua.e.
fosove .= R T 1= BLK be\ot\&& to sne e [n] |~ %JR _
Hows wony chldren does 5 have ] (dg—[). find so on. (@—{\%—’ﬁ
Rot bos k children wp. 72 {ldeekt= ..

[ afer vectices fave degree (kt1) and k cffidren w.p R 2 15 "‘k"\i%%

(NP k) P
Y

e %& o Q"thge BP widh QHSF{IY\% Jishribudion®

Pk J}or rout ] = (—HT\R& ’F or lG\JV%(‘ 8&!\%(‘0(“0[\3.
Deb) Tow 2-Stoge BP: De N, RID-4]- B
= ELDF]= 2 kRTD=K1= emn 3 kCkn) RID=kt(]= gy 2 (kR 0ok]
= 2= ETD(ODT, and s T just U CRRT

T ; 1=6(1

- R Tl <o ] :%/AI\N—_Z A PGl <o0] =307 whre T=6,(1).
-Gl —(-1),




Freferential Attochment:

| Rovabagy, Allert 99T Models for Trremek

Nules, [925] Mede] for evdukion of species

[ZM, 929 Fregiency of Kthmost Treguent word s = i

[ Simons, ‘557 Fiest medfenafical mode] Clprous oreot o pouer o

Model of mv\ckoW\, %mwﬁm% %ka G .
Start with some firite 8m\t>k Q..
Given Ge @ tew Verfex v "arclves and sends o eclges n G,

(MU, VU where RV choows U] =R (Ge) = —_ii\\;s%@\al_

3\lersions

Tod.: Uy,... Um are ad. WP“%‘“F“ ollowed)

Cond. Uy, Um ore Tid., condiioned on befing polnsise differert
.. U\xlcfve Che Ae&ﬂees n between \ %j

°l )
7ok

OL\({H\~QX-‘(& B(U\r\)ikgﬁz\o G\\rex\c\fprofﬂﬁe ohact, [Vl = €L (el = k.
“ Awro?ﬂo\&e” %J(M‘k 1S 6\ £= )‘h 1) J(~\ =l %QT\Q\'\QQ.



Eld: (H\\Gt] dice)+ MR = iy (1 ap).
> Eldiw]= IY\ ] ( 37) where 578 the £ime verfex i s born (w/({earee m)

—)E[&I(&] ~ () J:t-‘eym - (Y\QXP(%_\ MQ_XP(S’ _D%_&_)_ eg(loak ﬂa@_mr

Tho) 3RV YpeRe st &)
Roof Sketcht a) &@&ﬂ converges. b) M= SE 5 u\arﬁ\gale.

E{d:] &

(Recau H\O\J\_E[NtﬂL M\).._, Mt]: N\t GQM a W\Mjﬁf\gole)

(_cugeg% DQ%PQQ: n exgec&&ﬁor\, Max Eld = mx,
Th) 3R Yoy st Ay

Degree Distribition + whek s €he &eame of a cordom 1€ [£411 1 (Hewdstic)
1 Uk where URTO,(T, me&ﬂ =\ E Astom, tieT=Ut
~Eldlen [l Rl4=k=RInE 2= RIust]- &
let N = 4 of verkices of cle%vee k 26‘!\: ) t ‘

Jog N&t) M i S 0.
3 /s(o‘)e -3 L % 13 ﬁsk F(LQ =2
4o dranslede from CDE
k

Thn) N\f\ 52 5 3 &g\)’\:\:ﬂ (Exack dormda for €he heurisfic abore )




Roots Za(X) ~—E$Nke<ﬂ Pmk\ Ehot clkeﬁ )= d ) + B, ‘é“iﬁ?) ,
> New wRrtex starks ok m

L) = L. (Y2, Gc\ — 2= 20 T 1§mek5 +0( 0V

MH\‘;k buckels
£ [E\Jki) hoves p ok Rld= k Mok from 1 lowrey m-de( termg, can Tgnere

lek's ty Z=RE. Mm Bt t RER -RE S + 86,
Tom B= B - Rk 8~ RUM =R 552 + S,

> Fo=vo= o, B -GR—R- &\@w) e ﬁ“?if?f@ln .
.--Teci\h“\mug, we ey prote Ehot i is thot ferm TF éhe it exists,

For conpleeress, we mush shao bhot Ze= (Rt §1(0) and 30— @
o, we sk prove concertrafion of Nitt) around Z4).

This tokes some work, but can be R LRl Emop I(\ UHOH 7

CDW\‘(\(\W\“\{% SH\LCJCU\(E’S
Leca] Communidies : Define duwo c(us%er?na cortfidients, J/i
C\* = %\—; B[ 2vondom fiends of T ave Fﬂeho}\&'] z #iT_&E&“a\;ga\} = J&IQ
o 3HA \c
Cw=3s ~ 3@y

(<o overage diom. 2 Jogm)

For CS\U\.E\, CM(Q )QY\Cl PA) CQ,QQ<C<6\°L —(@) as \—> Q. No{‘ (‘QQLT&’HQ!
Rec"\Pe 17 Shact i local communies and digm =100 Add [0(\8‘ cange
edges. Fan = 0" = fog 1,




[ odtks SJrroa&sz 92717 Sfark wiity cac\e Ch.= dam="4
Add edaes upto dish k.= dlam= 5% Feulire edaes with
Pob. PP, loosen ienc\poTnJc and rcmdom\g eattach. [eopl
- Blue (rezxs&“\ahe& Qc\ae aro\?\\ has og. o\e%cee Pk~ Itke &0, %)

= Heurigeall, it K2 Ts conskant, diom = l%%

Recipe 20 Stact oilh dome: fogn, Add. local commuiities. Qg s
[ Newman , Watks “497: Stack wily Céde G A0 odges uffo dist. |<

RAJ( GC(\MS ON '%OP. - [oi\-a”(m\%e OM%. c}eame C. Jew
[Bo\r&samr, Rewner 067: ﬁa%,; 1 where U :=Ai [CJVH)(&\\M@H)]
(V IS QlSO HQ. >\mx D? {C[ C?ﬂ)

[Bo[ labas, C}\uv\g "R Stark wikh Qace o Cn(k=1). Rmciomkg@

bol )

F&\r Smes qomw\ ecxd(\ \lerthX‘ - [ocoa c\eg- —r) gﬂ\% OXQCO) 1 \l
STET arfle Vo o lo“a ech%e, T st use a local e&%@.ﬁ [i é}
T >\Meu=‘(.2, T;If__;:; _p? i.

Not o 800& W\onL PQr Sedal nehuor\ss. U\W\é?.

- Mi\amm ExFer“\menJrl What 1 we o‘\lté lnow our wmediate v\eigk\oom7.



M%o?'[c Age_r\lrl knows PF\&&T@& distances, knows fends and where &#\% [ve..
Th) For NW modsel, 7 tokes a myoplc ogent (V" Gine fofind a random V.
[K\e?w\\sevg} - Shark with o E(% plece of 72 Add loesd ec;ges up to
dst k. vieV add ) [0“8 m\%e ec\ges where G offer
endpdt § T choten W, P %m‘\

)

The) T w=d, then the “\80? © oaevr\ fd o random ngef( hGme
(QOSV\\ where @Cd3<m TH w#d, i tokes 4ime 1 ey
Foot Skekch: ;

t
T =0l ditp(x1< v §
PV E\l has a ﬁeT%\\hov TV\T] = ‘&\lﬁ I&: o, 9o to andther r\eTngor. PQ‘H‘%.

Finde T in Geo("ﬁ - Exp. Eme 0.

Global Communties

Stechagkic Rlock Model: % Conmantties. Ri= %XQP Mok, k= PDon Eﬂp.

Foch verkex T choowes color kv 14, V= {ietnl |kGy=k?
=M 1= Wr.l,ﬁ W N,



Foch ?o&r GJ) conecte WP, Pryi= —LLB““}\‘“"’ _
+ o\t ed%es mem avertex \< =8 U\LJ BL&@\ ~ Po(ckﬂ
wheve Cqi= Bkgnﬁl ~ B |

> Chy deseribes o BES e for SRM,(Biw).

Deb) Toredudildle s B st Jt<oo, BE>Q) |
vk {, o Kok, kel sk T8, 0.
Thw) TF B s trveducibe, Ehen :

Ao LI = |G| € OChog ),

A (C) >| = \Cma“l — B> and Secand (ov%eﬁis 0@08 n) .

Joronts
DQaWe —CDWQ&QC& SBM P:S = UJ'\\MS BLR““ where Wr dre \s\)eﬂ\a&\'\"s7
and ke Ckksmué) normalized +o —‘l\: %‘:m.\ =1



- DK‘—Z Bals i< the aeroge éeanee of o vertex W k. _IPu

= Py i=didg M where BH DD T = avenge o\qame of veplex T
Dver owma Commuva\e& (Topic Model) 2 Let Aqi= S\«\E\ex nR* o st of
probabiltly measures on [, T.e. Aq= el Ti=15

Foch vertex dionses some «) € Ag. [ “toste” of vertext ]

For <3, ke k@), ko x (). Py= E“““”

(Lotent Dicichlet Medels estinofe €he PD mﬂ %), o of scoi)e)

Mulfrtype BP: Qi=[47, the sebof Aypes Cedlons, lobels),
RU Y= 4 o clidren of 4ype X o prrerh of typekbas, 371 1

To SBM, % RCG). (XB-C nedel hod D63=[2215))
Cem EDGL. Lef Yoim (Yo, PCRY=TReIR=FT Tl

G \=1 () TN ta PeERT-~00 - @EXBF (6:X0))eq.
(23 F=@2)> TH'= A1 A3) Some e properies. :
GL0)=-R[X=01-P(@), 358, = Cy=EDg). i 1

ALK AN

Lo ®) =& o} oﬁs?rm% in gereration € of cdler X i oot has coler 1.
Z.0=(Z®) ElZ | Zin=E ] ED:Z @ C =E[(Ze )]
> Elawz@] =E{ Zw]C . — EL 2,0 = C5.



By Spechrol Thw, tf C s symetie, TC§ < has, (€Y const.

let ;0= RL3K, Z&)=®], Ehe extinetion Pr@\sm&\?‘r&

=R 13 7,0>01 < 2 =] 1?% Lz < const - A, Q)
>~ 0 deanys i Aol <L = W=,

Tho) T RL3 X = 14 o some T, i< | € (> |
Del) Siw\gtﬂcw RP: &L SJ:X‘\S =|1=| %1, —= gﬁwes cﬁtr“\ﬂal,s‘ma\e lne

Directed 6\"0@\5@ Bow-Tie Strudture

Def ) Blﬂ%m‘s\\ " divected %mpk D=0\B)

Def) DAG: no direckiond] cyles

Def) SCC: ACN 8CC f vrgef, 3 pokh wixery~ax s nafinal.
Lemma T we contract all 8CCs ho g“u\ak rfies, we gt a DAG.

Oef) Fon-Out - 141 Az A=yd . Det) Fan-Tnt Ly (3wiyAT

1 A=, dencted ag Cer=Ty|qwix>yt, C=1y] Jw 1y} >4
Del) Bow-Tre: It ATean SCC, (L, AR :=(FI(ANA, A, FONA),

Some Models *



[Kw?,‘%] Random cham?\(\ DC!\\PB > \J+=[n], Stery Peg&“dole QA%Q <
Present Lid. w.p. P. (no selt- [oops for now)
[COOFQ(‘, Trieze, Q2] Directed CO(\%\&UM\JY{U\ Model CM(%_, cr) .
I Y S S o
d'd sk 24 =2 d; =dn . Recform bipaethe Martehing
Oriented (Diected) foferenfial Aftochnent: attach new arfuals o c)\e%(%es.

Thm 3 For Den, P30 f P“% and <\ \Catye OU{%(Q - hP e;l—ex
I§ o>l e anigye giant SCC stk ~——% Ocry, MR—(SLOL >(0- 0"
where G 2=P [ Theo, o1, and Khe rest s Q(ﬂog o).

= x| USCCUR, |G|, [C e, [SCeal € Ologn).

Thm 13 The same hdds & CM( 9&*,%1’) aiven v TS “dense QI\O\@\ "

Then3) For direded TR, ?D\uef\cmg for nQout degress, corcelated.

Proct oF Thmd: Use the Qo((ow’(r\% lemng.: Prllc k1> Bl | Toeo\ > T
Root s corollavy to another [erama- ﬁ\%\&m\*l =f&,?}UCCx)\>\<].
Condider the BFS of G0, THS just the same procedure as BFS of Govps,
Lot Ly i=1% [ [Cool> 25 fogn§ . L= =3 Conl> oy Logn{ n Govp)
and l— = Bcay, thus (L*l L2 00 ) (Cordlag 1)




Lemma 3 b, ¥x€ L,y €, Bt xmry, Podhy dokk BFS, < JE>>

BT, Ty ore dsemeded 1< (g T <€ ™™ 54
Corollny2 wahup, L4011 T3 SCC since Xel 4L musk comeck back o el
lemnad: T LICel<k, [Capl< kT = Blcseal kIRl kA1 OR)
= (| Coat >k | C-0ork) <5 wich e small F e s small ¢
- FL0t41= 2 elxe L OL-T= L Rl iGed 2Kl JGeal>Klgn]

=D P~ IR LT (40 ) =260 tervor =87,

‘——thGV\R{
Thexp. _—
B0,
/
| N
T ukp By T
Eoidemics and SIR
Suker(-?bk Tnfecked Recaverad,

Cmeav{meu\% Modz|® S —> I 1> R

How\o%e“eoug M"m”u\&‘. assuine: angone a infed: angone <lse, and <veryote

“beloves i the same oy @
=1

Worm-up? STS mode. f = infeckion rute CSE’U,W'F cecetery varte (T58)
Tniblly | 4 pecson et of Nis nfecked. = Tear= || Scy=0-1.



I’=% S’=’§‘.—’ S+T=1\ Iin=1,, Soy=3S Rf%(repmducﬁ“e o)
dI‘“ = Ao I -yl ,d—ifﬁ =- CM = Rl + ¥,
L»%:@)IC T)-vL 4 - - T Y < B

dt

Assume R.< [ Learly stoge QFFWMJ“O(Q > B-¥<0).
Take Tw&%m&, Qoal' - ﬂOa T g C(&_Yﬂ,& T < Ioec@—wc.
(R

Also, t-F= -X(-R) o T <L T .€
=>R,<| deccxas exporentially Ro> [ grows QXPQ!\QV\JF\O&(H.

) ——"/—_——"——"‘ CRQ<[) L D ey Sy ey e —— A CR°>()

Se Ss I‘ Ste of fnfectlon

. L \(/ Te= %)
e %

SIR‘ S5 5R, STR=1, 1(@3— Lo, Sta= [~ Ty, Reoy= Q.
- BSI-v] 45 --IS<0 L-v1=0.
S%ujvlomra Solution: (SI,.R) =(x,0 g) is cxﬂuua%s o seldkion ¥t . (no disease)
T general, dté@ 03N Se cmci >@ 26 R7'Re,and Ty > Q@ .
Reo = £noll Size of theckion (1-R.)=(| —L)em gieds Reo.




Stechastic. Medel 2 Same ikl condiiRons, bk (1) ool pRopiR. _for &

1% peron 1 s Tnfected | they stoy infected unkdl Tz ~ Exp( 7). (’r[fz:% ke: *TT
Wile infected, €hey ty to nfeck <Ry susceptible § at fime Ty~ Expl@).
TF <, 7 becomes hedted.

‘Pr [h<TRl= § Bl Tk R Bkl

[ e pe™ dk

.

_ (_7> ¥-PIk|
L BB m@[@ ] i
Rote B Foiseon Process

Lt =

At Lime £ €N, chek wp. B

siclicks in [} = B2 pe) =2 Bl plbra))

PO@

4) %] clicks Tn interwod TF = RGITD.

)T TNT,=@, #iclickstn TULY = #{chicks i I+ & Telicks w13 |

b\\cﬁﬁiw\% Eime for firsk click l—-\—H"‘F‘i"—>

RIT261=0I- [3&32 i ad: N e(ﬁ acgivol, Eimes T Ty, .... dExﬁ)(@\
s Merorgfes propery

T+~
o0 I s o candom Pou& process



Stochastic Mode] of STR

() people, af Eime @), ( suscepfible, 1 infected.
A any €ine € 1 s infecked, T recovers of cate ¥ and Tfecks Suscegﬂb\e

ndividuals ot cote B=Th.— je3 mowks to L ot rafe ().
Recovery clock Te ~ Exp(). Tnfection clock ey ~ Bxp(p).

R, Bm\\Q\\'\v\g Brecesset, Infection DT%mP\\

On seme gragh GQVE).

T geks nfected, sfaye Tnkected for Etve T~ —ExF(‘ﬂ.

Tnfects susceptitle nefghbors ot rute @, T affter €ine Ty ~ Exp((B).
How o stmulate &7is? W

fredrmw T v3, Ty vigeE. hi .

I Ty >To set Ty =00, else T Ty< T st ) as OpRA)-

- Giives a random c!"\aka D. ey
T} 7 achs Tnfected ot Gine €, Ghen J gets Tofected ot e &=110 3 T
> Sef of euewhm,ug infecked nodes iF QPIc)em"\Q stocks of 1 Cizt\?in D.
Tnfection Tree & Tree olo(\% witich Ere Tdection PASSRS, root iz potient @
Rackwards Precess Feogle who could hae Tnfected me, C-(p) 10 D,



Congider again homogereaus mixing, =Ky, . Tor sivplicthy, =1, p %
Rrward Bvaw\d\”w\g Rocess, e & of t= @ node 1 T infected. Té@
RIT<TlT]=] € pdt = - =ip,

ROXEITI= (1) Prli=pd ~BeCn, p0),

RLYRT= S € T (L) phlipey™, [dettl in HW, ossume 1= ]

> Te 8 BP with o“r@Spr"u\% duste. dven by above Bl X=K1.

EDOT= 09, D= Braay [pr ] =0g =N > € =R,
[Tn HWl, show that Bue= Pl Toel=o01=0 if el (1) i <>(]

[ Ao, # <, PellTaal> KT < op(-L55K)

Backwards Branding trocess, Toy - Bl T < k1 T3 = O =[-€ F EéT
Rliibedsj]=dTpr=P= =2

> Tou 1 BP with RIX-KT= (1) BFei-5)",

Tor large 0, €lfis betoves ltke RrCQ). = Boy= B, is solufion &t € +0={ |

.,Q R(.\-) VF An e, F[R—:}“’]ﬁP

Thw) Fe<!, R. Eom\ded n th&k\ﬁﬂé Tf el dhen: b
(\xm&ulinrm )
@ RER2 T | = V& Condifioned on Re< 0%, Rt RIP,
cey Cox\cixjno(\ecﬁ () R 20 /3 Rw 2 Pm_f\;‘\</5)(\uge} (é;.




Proof Strafeay: )BFS of G, 2) Lok ok eorly stoaes, upo 1 verfies,
FrLIGenI<kT = RITal <k, 3) I foter shoges, use dedsrvistic
opproxination nofiuated by dift. .
BES—Fxplormdfon of C+C1): Bredrow T, T, EXPC\).

EXP\O\"Q o vertex {, Xov Bi(0, Pr ) many ciildren. é g

Then Xy B ((\%)Pﬁ\ and soan. Ke vBe(O-X- = Xer B |
T e | e SBEN,Pr) = RIGY> K< RiTl> 1< € 5230
Let Nis= =YX = XoaBelNe, B X ~Bln, B,

Lemma. BLICQI<KT = Rl Taasl <k T+ O,

Pooh s TH G| <k, Ny nek. Then Xi-%:< ies-sﬁj\a@]:a}\(k)pﬁy
SR AR T =P X - >0l L EDE-%1=Elk-R] = k@ﬁ_{i= k-
SBL % AT < ES LUon bound over < k stps] | A0 wtee
Corollarg? §) PeLICCO1N* 1= R MTeel = 1] ne)

P [ Tenl=c0 T ST om0 ] 0 1) — (1-8)

7) Condiboned. en (G0 € 1%, (G0 s BIP.

The O'HI\QT‘ S.T&Gl x\ ’\’B"\O\\PT\\, N\:(\ﬂ \ (\_BT(n\PT\-) :%(0) l—PT\).
YlNBT< NT,PTA. N‘.).:N\"X’l ~ N\"BT(N\;PE\ D B‘\CN\;["PTJ



= Buln, (Fe)-R), Recall -Pe= € =L, Ne~Re(0, QKP(’\BiT))

Ke=0-Ax where Ag=Xet—4¥e | (Dm - njE|Ac-£5= M| - 0}
T Ac=0-NevBi(n, |- op(BSTR))
Tvifion: o LLN hokls, 3T ~ £+ o),
/ LD+l ‘ L A =Ry - -%&X 0(l- ~%e)
B e L T B A R/ PR o TR
Then G= Bl [ Tewo) =],
D}, By 43 - -eST — Sw-S@E - 56 [R 1]
Qo tTew+Rw =1, = Tty =1 - Rey - & [ Stor == o]

of peoPe who dre cmevxk& [y Infected Smebm\% (RARTS SNy ﬁTmeﬁQ{).
[etma W.p. 2 [-4-€ Eef e can bound, 2= 5 by L) where
fe0=(1- ()~ . TRod No%eﬂ

Deoot skekch: MO\\(Q the LN cliinl Ace n( |~ @W o concentration.

TE Shodld work swnee ﬁ\\eg axe bnoials.

‘F—b‘ /Lu) ~ex \
‘ : fon=l-€ "le\d&\g "\:“\K\Y Cime
pppppp \ ‘(1( croteR =0 8 QPoCC\ -




Realishic EP?cﬂeMTc, Models R
15
Curve of Tfectiousness’ P Varies over my e of fnfection. \///}& |

T enirieal works, fix e form Tt & €46 Then we cat choose
PomWEJ(%R A_‘:= S Meadd ) B-\":SJQ\_-}CﬂC\JE, kind of me"\a\\& lex?eckaﬁsf\.

Cortact Nekwrckt G=CVE), welights .

@) Small conmuitty, G~ Gitp) . Frerybody s squelly fkely o be friends.
Phone. netuwork (Copentogen netuar).

Lavge populadtions, CMLd) whee o LogNormd e ;{li;tmm

Tofection D"\am\sk\' U gets Tndeded ot e €, inflecks 7 ok rate rs |16 2).
- PPRCR;TT) i o], 4 of chids of PQL&SQ‘\C&\—\S s R(ps! PLH&Q

- Bel7 can inded §T= Py = [~ expl B f V'Gv)cit) whelher Ehe clock ever cficks,
- Dy condifioned on T+ RiteEl=R ore md%fem\%lfr Vo]

12

Example: GG, %), By=p, o, Look ok BFS. /Nitee™
= X B0, FR) Yo Belax RN v 0-X= Belo, -5,

- Ne NB?(NIEQ’%P;\\, D)= Mt | i‘i’@<®}, bohere. Ae=0-Nk
Ac-£ ~Be(p, [—f\\(k%m\ - A?mﬁm&ve EC\“%P;\ = QXP(—Z S +oH)



xexp(-£5p), where p=Elp1= ;—;D—e-m
Biomials are eencentrated 20 A€ o n(l—e” 5_7\ w h. P,

and s Mwics the curve |— & KX —X ?—or X e_ﬁ .

ﬂ\w\) L€+ R.= C~§, the cmemaeﬂ\# o? tvbected “children of P@Jﬂeﬁ i
TER.< 1, R & bourded fmbam?ra.
) TF R> 1, then R 1 wep. fending o P, wihere Pis scldion fo

the eguation (|- P=ELE 7).
G Tohion: el v B S P Pl so 6N = &
NIH R, condifioned on Re> 0%, % =0, sdudion of Gte™=1).

—> Upshot: Detatls dont matter once e e{)‘t&em?c“\s lmae ev\maﬂ\.

Different: perspective: foruard Y Backward BP [ ook ot Drg, obow-fie.
~ 4| PablReow] b= JZAM&{{ which ave
= @% vl prb. of Teoa Chruard) & Tous CBockverd),
Condikioned on dr, the distbiuflon of FW LBW are Bildi 0, Bilds P).

—”\e% have 8%\\%(&“5@8 Runctzens G(:O\\ =E~ L~ Bt Xﬂd, C{,\(M{V ﬁ(\*r\ﬁ_
Toseck RTd =K]= R then GiD= ZRGION=EZRU-P (N T



GA=3 R A Thex\&WM:E[GU— Prwm] §N= GU=PCERY) |
B GO0S), donBi(h &)= R0 50 GN=EP

N Q:Glcm E[ed Prll- ﬂ\)] f) E[ecﬁ% ]
~ (d &C@ QCPQ = 5\”6— = @ Hem\%'\lc \por\«;

Time Eveluon of SIR
Leb's stock with Geng). We can do o few icks
+ Reploce Ae o Ber( %) b% g~ () = )
+ Explore GOP as nodes qet idected
- Th %c%s Thecked, we draw o\Q%C\I} ~ Poc,
+ Check fly; when the Tofectiv Preods.
+ Look o X = % of Tnfected half -edges, "acfive edget” i ES

~ Stochattic process, X —X-1 ot rabe @) X : [ckea&ma o little inY]
D Y S 3,
Als, ot rufe @X W-P- ﬁ' ix \—ax 1+ Fal<).

Thw) As n=>00, S? i — SG) M *e, I&) 2538 and @B&\&

dsea | @xs d@ = —(BHD)X - st&) c}\\ea i As
'DG'F) Foree 0{ e nrecdkion” ~-Las C}@ = @3X U\Dw Simvg feckion Femees an edga

5=y &M% L gy = SRR p O - gy fvde -]




= exdinction i)rob. of RCR), 1. Ehe bockwacd, process

STIR on CM(d) 2 Consider an aternaive m«*c\\"\r\% alao e,
"~ Modch when a0 fnfection clock dicks
- Sfact with Vi (8] infected nodes. Xi= 2 dv ackie holt - edges.
'é) - Shact 8 clecks on all actie Q\aﬁ—e&aes.
< Stort B dedke on ol ve k.
< - b dodk ks, makch & Mjf—e&%e, and i suscefﬁblel
< infedt the offer ex\c!eo“mk.
Y ¢4) 1= 4 active M@—e&g@s, Qo= frausc. nedss, Ueadi= 4 qomatched. hald —ec!%e&
Rofe of charget 3 -28X% Se-RX ST X %) X-X +R( T 44y
where Sglk)i= % Susc. nodes of de%mecl
it B 1 qlg& _ 2&)& odsw X —NX&)"C@*K) (Qg *@a«m&

Utm !n SQ\ d
- (Jw= h’(\'e 1@&umd$ SA (08 FASu A PC\ | e@d LQJC =& M’u
- SA:ﬁPd%& :\\H@ g%
x = —(@+¥) - @%%* (320\%\ 15 ﬂ Btk e logt ferm Te dlso
'[’" -
@‘86 (6) uwhere GH(E)= ZPK gk &%—Pﬁ@ —2%‘;‘*6‘“

Lo () p gD




DR By for ) 40 = -0~y |
4= Y19 343~ YLE et r0pd] = bk b
—~((sw BBy 2H1E) = -(pr) - 42 250 -y - 92

3 d
>§f - B - L)

> (P k *\S\(B i (6\*(8 l\ Y_U{V\% bouv\dd\%co‘\dﬁo*{\ W)=0 |
e 2 =F) = (F6) M( -6, £5-Fll-<"]-P.
> 9= ?Pﬁe 6\(65 dk"”\(\ ,d{:" v

T A

L L :
-0e=PL-GT00), Ra=[-Su= -G, 720

Random Walks, Markoy Cholis, PO\%QRQ“\( u v

Mettuodion : How do we, rank meﬁopm%e&?
Roblem: 1 voter, many Votes. (cli’f’> V)
Solutton.: wéﬁ%l{\ loa oujt"o\e%reQ, use saled o\olso\cer\ca tackrix

B Matex (o= Ql]T““’rAw “’>:—Pw:i “'%



- T Por'&&hce O‘P v s Ty= ju:TVu Pw U“"\’QY‘JFGTY{‘ to TW\FOI‘Jmﬁ n&"gf\l)ocs)

De% Rondom Walk ? Gieen a o\]amgk §ALE) with Aw, o rardon seqence
Ko, X, .. where conditoned en X, X (5 @ anorm ou&-ne"\g}\bor of Xei
LRI =u]= Ry = 1 Au.

—We sholl study €he dishllaion of Xe as £ —co.

Mackov Chalng : *Sfofe space” \i=£1,2, .0, Setof probabiltty distribudiens
T o0\, A= mi\- R Z1@=1T . Tronsiton matrix Me Ry SMa=1
= How\o%ehews MC width TM M s a SequeNGe Xo X Yo . of Rls sit.
Pl e =Ue | Xe=Us VSGE@,Hﬂ =Pl Kem e X =Wea ] = Mu«ut Tv\ck@- of L

ek g be Ehe distribiion of .

Quesfion’ Given flo, what s pe T Does converge!

Observe. Al = 2 RelXem IR N [WaamtT= 2 Mead My = (M),
= (ME) = = ME

Ded) S&oﬁm\m%\ Distrbudion: Te A st w=wM.

Quextions * Does T eXisk? Ts t unigye ! Does i converge +o 177

Exisfence - ZJM‘S =4, My T=T.- ) = usR ok uM=u.




Nom\o\l\zm% w st 2 (Ul=4, where (U \Eu Myr 1< Sugh My:.

Assume 31 sk s < g Mgs, 2 el < ZWJ Mg < 24l %

=91, [Uel = 2[5 My Define =i, then =M, Twe=1. (/)
The ofher two questions are nof true l&g@é

ext)Uieness] RW o0 A A w=(6 %, %). P= L( : TN
T=1iP e eidert, bk T= (% 5%,0,0,0) akso gies T=wP. (X))
2 )[Comerganee] R on 2, Yool Yom (6 md 3. (X)

et Dbe c\“\ame‘\, Clhe o SCCWD.

Def) Pociod of C: G\CD(C%c\e le“a@\ nC)

Def) Aperiodic D1 Perted of C ySCCCED.

Def) Transifion qraph Dy - glven M, ¢he amPk with weE < Ma>0.

> M e Tredyable / gger“\oc\?c $ Du e S/ M,

Th) DTH M is tvcedudible, 3! shufonary fikcibidion te A st w=M,

@ >0 Vi ff Mis trreducible. ® THM Ts redudible % aperiedic, Yhad,

Mo ME— 1 ag L —0,
Lema s M s Treeducible < Yig, 3t U\m;\p@, [ oot T HW]
QQW\MH We can break Peﬁoci?d*g b% n\qk“\ng M loz , M - M=l +U’r&x§M.



Then M s tered & M Ts trred. and Tt =t = oM = 1.

ox) Qs andirected, fhi=TM of RW on &) M= C\ A
Clom’ = Jz"ql;, where Z:= U\ E( sk 2 =<1,
L (“MB”\: %“\—)Mjr = _\-233- AIS: 'lz_ 1= T

v

'Pa%epa(\k SO o@ RW1 M"S = Jﬁ MBB\X\‘ 4 thay be 01~ add SQHLW.
Rt we con have. ks %\‘Teegoﬁoﬁon” e st (‘Q’(\&om\a cestart Ty = —é\— !
‘%A cobusk model 3 T := l><—L + (\FijT P\ f\/\—\jzc 0(—\@ % (\—DQRI _

How fo caladate 7 4) Solve e%\m‘v?o(\ T = oy + () 3Ry | or
2) Run the MC until we find e Byed {x?mjr T. let's do i\ foc oow.

PN

i U;l) ). = (\1#( N\‘WP >‘K( C\"OGPB V\ITQ\@ NRIER,
= ET(- PV = B s = STl P [=3t &e P

Conerge Sge%él (-S| (5 50 2P
-5 SPGB 27
foc D, nagine we vun khe faefunkc for & %JRPS. = Ml = (M)

O How Jar s Mhax From w1 = Use TV, e f i/A(S)—V(SSE_



Tdos! AMer o restart, Ghe sRqpece )(:cn&vg&s” the f\”\m%—v converag £o T !
Deails: Prediow 21, Ze eV dhe T chdin, and Y, Ve ~ Ber(w)
CouPle the choin ot T Xi=1, toke Ya=7, while X, ..., Y evolves from .
BlXeSI=E [ RDes|Y z1], RI%eSI=E[R [ReSIN 7T,

> dlkoRe) = SUPTEL Prlnees] - Rl ReesST Y 215 = (et < €™,

Thw) Ms Tered. % aperiodic, [Tl w—Q as£->00. (But how fast?)
> |Let dewyi= max tp-tinf, des= 00 It g,

Lemma s dex) < Tewy € 2ded. Upper bousd T clear by TT. [ hower nH]
Def) Mising Tine: T= o deny <43, Why &7

Lewmma 3(&3\ £ Jeyx 3@,\ [TV comtraction | [ Froof tn HWT

Corallar * deeny € Jey< Jeed = oo < ded < & s depy< s
T

Sectral Methed

Consider RW on connected GC\E). Py= %1_) .= Bdi\ﬁ
EI%Q‘{\\IOlUES: l = >\l2 >\12 > >\“>_\ ’ L—OZ% CE\O:(Y\ Mlzl‘(\\,\*l\

Geal: T Te lagge < G has o badleneds’ < SPechml gap (A ts small

uhy s [Al< L Look of e of Pi=D'PO* s sane o3 P. (Dt



” P _LP“\\ w = By Spectrol Tha, P= §>\ LT for ONB 0,y
= T Re=hy, LA EF{J\’AK a5\ jP\ = |\ maxVsl < maxVg | oW < |

Tn Gn %) Fzt oF ed%eg betwsen 3, N EEEIN 1“‘“\3[3[ K @
Deyﬂ \:x(sm\sxo(\., X += ¢$g;\p((3 ) where x(§) .—m} %ﬁ A‘\j.
lommat 1) TF %> 0, Qe convecked. @) wxyel, SN ERERIN
DQF) CO‘\&QQ’&N\Q@ § S\QE“@CS\ @S\ = “(S\“(S‘\'\ZLWSQ(S WL\Q'(’Q
&U'H Wiy P &‘f\Q ‘SIION AT’ QO) _ 1. :_ﬂil\—mﬂ“(&‘\?;()r‘:\ L QNG
A % \\ " 2%_!:\\'\%\(5%
%Qu 9-\‘\El —S&A\g e A\\\ )= j‘ 5 AB mu\%_I((S)J'lTCS)zEKCS}_@(SQ}

lemmas 4 I SE® < D-cm\ [ We want 80®d amourt of odses out of S ]

peco\\o P = DA D= GMQ%(OM &= 1lE19TFrP 1. P has e&geﬂ\f&l\/&s

Pr[)(t—\eg X-tQ-S ] P(‘[:Xtes IY \GS]‘( e
= . S)= = &
[ /\\>_ >\')_2 2 >\T\> l . §C ) Rl Xe e S1R [ Xe €51 Br X &3] eunandidton

‘\“\eos‘emul (T [{ [cmale (- )\«,} T8 ol = SN ol .
Tht)Chesger's Trequally: B2 < (1ha) < |
P Sekchof UR: P= (P O"= D AD = 204, 11T ONB.

Lenma L 1) ) :\[_g\lgll wh A=( 01 = (m) {3ueS§ “‘@ﬁuegﬁ))
then FL@ and (- Fcs)) = 3—— o B(S)= ?E___F___( 20l



Condury o 9. P-4, Q=) Prood: T €= ene .
Froef - IP%“P%\ —LEA%V o] {%‘ﬂem,
[ ewma 2: Lt bhe Logldion [+=D-A. Then §TLF =52 A(bo-Fen)

W

b\lkg La\m&cmq Ow\R ;m &Mﬂ

Diserete cmalogue SV ARY &m [JCOH) 2%@*%%\\}

Rod s RUS=5 T Fide + 5 I8 d; - 26k Aq = THDK - TARE LIS,
s This gles mo% o Lemna 1. Renak: |- TCD- V™ ol 1]
Remack 22 Morally, €is says Wn&(S)= (=)o,

Proof of LemmaLan) Or%hoaoml?rai iac VGRE —ﬁ%—a );cjiéwtfhﬁieii*ﬁlg)
=ﬁ§vca[m§micﬁ ~ TSI §eS = o STy -1 6=,
PPV =0 fhere Fom i ) =5 TR

1@—%=[TCSC)(11\GSS—MJ%3}) ~TE(11 e85 1he8°?<>l

o f 1,7e8 or ujest
TEHTE)=] 1§78, 7 or leCS, jelt .

SFp- 3 Ay, Real G B(si Sche
T = T el s { e wes¥-1 tiesg] -8l Tnn ~~
= NE(TEHIME+THTE) = UETETRES).

Noww we hove e +odls to prove e OB o@ Q\e&agr 'S TWQW\Q{.

18 €his {JT‘C]



Troot o€ ﬂ\mimg@@r Bound] : ]5 = D(AA DAA has same A as P= D" /[5 Bh.
By Spectrol Thw, £, ~§ A 00ty where Bl =hete: Yot is ONR.
St g iy L0, 1-B(9)= § B3 = TILE < AZgern
= Xﬁ(g%’ =l BB 2 -\

Th ) Miing T He9= My =0 | e, T=mindt (s
dex = min | ey, [, < dety <€ e some \omy chitn M= 514,
Rom L are s of M. Thn RE< oo ¢ B 6]
Roef Sketdh of UB: peatir= My M= B MBS = 250, 7. [LB ]
Then ME=(D* A" = DM D* . M- ziwwwﬁg

= TONV+ A 00000 (3 [XE B0 R fE=ad= dvean)]

= [ el < Alm“hil@mlil‘@w\(rﬁ)\Em‘m[i‘fu\][ T \l

_ pTea) HEl (2\El
\1 mx T\l2< (ONB)  (onivhted)
@mF\\ PQ(JCH\EOY\]\I\?Y

(Goal : Giwen o (NQF[SMQ(‘&) amPM on \| PMJ{\JVTO(\ \=(8.5) \\M('Sem’(ecl'.'

. s d .
) e - 0 - -

DeF) Cuch + e (8,89) SPI gy = S

ValCSY vol(]e)




LQ'\' d(SB Cl,‘*cg\'\' a;ﬂ(g} where Cﬂm\(g\ \I\(\l\i AX\a o\e,(/c(sy VAT s Axc\;
> de D s dw QKPO\(\SLOY\CS =x(S) (f |s\<\Se) .

What s o 800d PQ‘("@HD‘\T
@) miwize curk(S,89) st &< &N—\é /
® Misimize dew (D= x(S) St R1< (S
oo dek Q) Jew® w88 S
® minimize —X==— TS => N S Vel 24 Wl(S) L uel(SY)

® mnmize G(S)

) =\, [\a, Nd=0 4 (Vo= 0,

DK LKy, ® (k) S Sl bhen cdBS)= 0 > TEV=Q.
@) K (Axé l\lx.% ). de= 0 wx. vel(S)= A k(S )=I5((1.

~TS) C[“Sétga glh 1 \JS ?QVH‘\OV\S are <qually bad.

U eV, tjeve
P‘cmjre& Cmru\e t 61(\19 ‘_’( K:n > L8 P Lli\f\lvé@\f:\* :’m“‘%
SELAT= A e O ElaGS- TR, )
{_eJr K= N (S(W\ ,YW ;\S(\\h . QSSume conceyraction.

RQP(cxce le \A\A E{(&A) cut \0\6 EEC&JV] . ﬂ\Qh \IO\CSF o\\X Nt di\(m,
Vol (S = X +da s where X ==X, 0HY)



cuf(§,S%) = A XX+ 02 + pONa(x Y X))

- MMz ’HX|Y %é\\w% - gwes 3=\l or\z as p is bounded [@.(7.

Spectrol Clustering
Recall (=o)L Wi d(8) ='F . > 2™ v approginates ol conductnee.
Q: What abodt eigenteckers?
Flst ey P (0= &% 7. All okhers are orfhogmnal. — muck have g
ry Si=Fuel| Gu<@l S=Fveu| ¢.0207,

Comer the wex%k‘te& ady. mokrix ot a “clugtered” graph
1 di= a0t eN f el bsten, O ek,

i L { J P=LA hos A=l it @=1.
We waot to sdie D'RY=NY, (AP)c= a0t €2 =D 06 sel,
CRwl=b3 W £ €3 G=Dhlp > ®=¢ f ety
Dbrere that A=l » C=Ca=C, $=[Cc, . cT.
I§ €20, ha=1 and U=ul1,1,,0,0. T+RT00,..1\, 1"
I} €<ab, k<!, ond we st a Sigh et S=171@ <R, [Proof tnHW]
Hlagtihn  Lek 1\, be he second algentalue wiith eigenectoe 1, 0 ¥,=0
where W=l 11", (% of (D-AYW=ADY)




- ofder Verfies st Ly € Blu< .. .
-+ output Se=V,Uh,.., W] where (choose 1):
o k= min 190N = 0 [ sign cut]
- k={"4] [ medion cut]
k= &“%@“\Y\E@(SQE [Smeafs cuf ]
Q1 U\N\«a dJose Ehvis work! W\VQL WY =01
Retack : e get a withess A\, = [~ ), <D < DCSe) = emor L W)=
Q2% Whet i N\y= 1

Thid) Ap=m “%kp ﬁ?bﬁ}w] where PDY=0. Ar\g\ minEer 8
a %enemllzec& Sigenvector with (D-AYY=N\,DVY.

Prood : Recall B=TEAD = S APt for ONB €T, Then let
U=(-F= D"(D>-AD" - =IO e i Lo
J\ (P L @ = L“d“? o and aty mnImzee 18 an e’\%'tmlech)r
Witth @ =0, [ Dekutl inHW ]

PTLP = @TEAD-AVDR Y. [t Y= DPP YT Y.
PTe= YDY. Ln=fit s0 @ L9 > dEPan=0Q
POY, = 3\7_@@\@\\1 = %“@C\ISQX\; =0. S two ase QGP\}\\\IO\[QW\‘. 7




Quohues)

Thm2) @ZH\H\“E Lf,gbﬂwwj where WDYW =0 and W has two leawels.
Then any iintzer s of €he form C-(T(sVTixeSE - M) 1§xeST),

b Trterprefofion”. J\a s the confinvats elavoion of fhe discrete conduckinee
NP-fod T

conumzadton Prob\em < 3’5"\| K—S )
PO-MY= 13- A =

L (Whet § Ns =07 [HW: T G has kcom?om dim§ WL CO-AY=01= K]
> M= y== =20 and Au>0. Tnporficadar, \a=Q <
=0 < perfect Q(us%ar“\ﬂ% and ¥ T censtant on al componests.

Clom: @s= %u}\ﬂe P - WM
Prool: Rl Bs= AT e Sy (5 s, Expand &
foget Yi= D, ad Stery Eiing works ouf. ,
Prodf of T2 O =WTDW, W=afithfse = Q=a2 dx+b2 dx
= 2EI(a 2w+ b)) = 2AR(a TS £ b)), Then T msk
be Hhe case £hat a=C (), b= -C-TE) = Y= (w®H -t ).
B& cldim, Mirirzer P of such form ieds .,

Whet do qu\a\e do ?mcﬁc@.
k-means Spectval Clustering © caleulote d lowest fgenualues Arcters ¥,..4



Embed the 8(%1@\ o HQ& as follows Map ve\l = =) B, . e,
Now we have i, Jne R Enat we can %enme%r"\cu(\\é cluster Trto k preces.
SPedﬁcal\g\ Wwe can U k—meam,S=(§U.,,)§Q:Cl\‘gsm“mé%[l\}m.\ui

where Mz T €he cenfer of 5, stiq ‘
\Jtﬁm*to!\s
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