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£8f ’chier\cge n Economiey

Felinnacies - [ef X ke o set.
Def) Binarg filodion on Xis o subsek BE XX oF Ehe

Coctesian Procﬁuc% o X with X,

QX} X‘l: %PCOQ“ , G\SI ) U %m& ? BTMV& VQ\OFKO‘\T& “OHQV Jthm\lr,
B= i(Progj GST). (GSLUlgmcDJ (Prof, Ulamciﬁc

*B can conlin cycles !

Neotafion: (x4)eB s understord as % °R’ o (o i)

We will ase Eim% celofions fo copture ?W]CQFQJ\CQ% :

ngerﬁes or BR:
1) Bt congete(or total) 1T ¥xye X, xgpeR N eyneB
DB & tropsitie i ¥xyzeX, xyeRA (g8 = o<

3) B anfiymmetric 1 cupeBA (R = X =Y.

Pef) A BR ok s comp‘e&e and Eransitive T8 called o weak order.
A wedk ender Ehok s anfigymmetric iy aalled o [frear ocdeor.
To economes, a weok order 18 aalled o preference celalion |




Also, o [reae order & lled a strick preference .

QXJ Students' Pcegere(\ces mc O{ovm ooNR.
Distance 4o a ceckain hall Te stetck Cno ties)

Room ze 1§ pre?evev\ce (Tl are posdple )

Notofion . Preference Relafions are usualy denofed by <.

ATR % hos o U\JGLFH'S FQPFQSQ(\JVO\F[O(\ k=L T u
f\c&g the p(opeﬁ% X }\J é\ & Wy > UC%B‘,
ex) "older than' can be regre&em%ecl b% U= X8 age .

Given o PR ?\, We Moy defte 4wo derived BR:.
1) The strick pact of 2 deroted > Tg X*Y XY
and g nof the cose Chak YR X.
D The WdiHference relofion o &, denoted v T3 X ~Y TS
Xeod A Y=,
Obhervsiion” Ao ndifference curve 1§ Ehe ®E of tndtHference vebodiag,

Allocation Proplems
ex) Studere=31,2,3%. Dotms=3 6, 0, 0,3 Outsides= ¢




><§: Dormgw %@/? EO\Q}\ gh)\(ilQY\E v ‘(\0\8 Q PR (>:;; O(\Xa
(Assume &= T8 ghrick for oll 1) Ronkings are a8 follows
> O and () are bokh yalid cxgg%t\mem,

\

How fo mensure which Ts bef(%e("z

By B, b Hists reldive to each budent

@ Houwester, consider G Can we arque

2 2 B thot the s al)wc%& wore than O o (%

Def ) Alocakion Prollem Tug[e ( AOD @ ,3,%—1 TéAE) where
N A no(\—ew\PJra fitte st of 0gems .
2) Diga r\on—emp‘(é fwtle st of O_Q)j@_.
3) @ represens an outslde oprtion.
£) ¥iep i is astele ﬁewtﬁmnce et DUIER.

DQH Allocatton ]Cu(\cﬁo(\ /W, A% OLIP? st % JMCO=MEG)
when T#7, i muck be thed u = = & (rpeooble)

Def) Rureto Donioted : 4 1s PO by ' 1 wieh, MDY his)
ond F36A, MWy U,




Def) Pareto Opﬁwxat Mis PO W Ts ot PD b& oy eher I,
Def) Orckﬁ% of A %eﬁx‘o fotal order > on A.

A%ovﬁkjd\m\ Sertal Dﬂtcjrajrorﬂ\f? Auocofto(\i
Toputs Ao allocation problen (AJOJQSI‘CL%-.[TGM) and OVC\QVH\%Z%;@%}S,
Iiflize, A<=A O<O.
While A s nof NPT ¢
t< fop agant Tn A For >,
MG < top chole cxcaorcﬁlg to 2 n QU 363,
A< ANTR, D<= O\ uwi.
Dokt p.
Rutine, OCnk) where 0=AY, k=10,

Theoren ) Let (A 0,4, 1 5:17eA3) be an allocotion ?%N@Wu Then,
an dllocekion A Ts PO iff # i the ouput of SDAF).
Proot: Flest we prove Gk f s the oujrfujﬁ of SDA wikh
orderitg >, U T8 PO (bockuned plication) . WLQK, suppose
ok the ordertng 278 1222320120 S A=L0].



ek /A{ be any &SS%Y\MJ( with, /M(CT) z; MG \ftelnd. We Wl
prove that o M S,Jcr"\c{\é betfer than M for any agewh Vest,
cbrve &hat MUDZ M'c1) Stnee UNTS 15 fop chdice n Qo
Theny, Sinee B, 18 skid, & oud be Ehe coe hok Uc= i1,
This sebs the base case. Now, suppose €hat MCiy= U Hor
all 1e 3. kS We need to prove oot Meky= k),
Because M 18 an ossignment, u/Cky cannotbe one of the
objecks  Met for iell . kAT unkss e &, Then i)
wos avdlable to k when T was & Kne o choose W SDA,
Hotee MCR) & MK, and glnee 27 skeick ) M= 10,
B%Endudvﬂm(\] we condlude Ehat u'=m and thek uis PO,
Now, we Prove the Roeward directions /{U% 0> on At sf
s ke outcone of SDA wikh orcRring >

ewmat: some agent g 8@%5{\8 Ehéie Tawerite opEionn O35,

° = T some c%eh‘: 1's fop cholee T @, M= 505?0 oqt/u_

Suﬁm@. that o agent gefs e top chace T . Then, no

Q%m{s top chdiee 1§ ¢, |ek odent 1, have s top chale Wn JL8



=S Q%QY\J( T have 15 top choter Tn M. Gven agent i,
let agent T have TS top chatce. This de Fines 0. SRR
Uy ha, - Stnee A s Finite | 4k ond S 2k Tt Tt ATl
The agentd® Tk.... Tereoy are ol digfinet. Now, define a new
&sggt\wel\{}{ b% e‘t‘(mg Miy= M) viletk, . k+$-13
and let /UC = 1o for all other O\%QY\J( . Then /{Acu)ymu)
Me%lg__.)m-[? and M =, MO foc all ofher ag&rﬁz,
Thie s obsord, g Ms PO,
LQN\MO\TL/\A XS PQ, ancl R A : 6 = %/{(T) | ‘—674/1 H\enﬂ[N)
the restiichion of M o A\R s PO n e assignment
problm ( AV, O\, 8, 1 | TeA\AR),
SUPPQSQ towards a confradiction Ehat g st'g!\met\{‘ /M’;
ANE —=(O\DJUT#S st MG 2 e ¥ie AR and
M > Gy Fre ANK. Now lek u*s A— OU 163 Tn
(h,0,0, 1x:11eA3) by MiCy= ﬁ?fﬁ‘}i_f\gé Then,
MY =, M) Hie A wille Ma=ps- mo T TeANRCA.

Absurd, stnce m s 0. ,



=> By lemmatl, Fiep sh M@ T top choee of ¥ leb € be
the first ogelt. (RQO\SO(Y\‘\% by ndudtion, if we alrendy ordered upto k!,
USRS Tk, by Lemma 2, 8 RS0, fe§, 40 il g is FO,
In (A\A, O\ @, pGiadk, 8, 1 1e ANR ), By Lemmad,
Fie A\R gets atop chae W e remditing abjects, Lot T

be s 1. Tndudkion T complete. ,

Def) Sedial Choice Froblems fugle (AN, §%-(7€47) T uikich
Ao fite oneMpty. et ot ogerts, X s o norenpty et of: arteas,
and. \heA) é;,t s o Pfe?er@\ce over X

ox) A astigoment groblen (A0, ¢, $%:17€AT) Ts o SCP T wiich
X::iall 0SSgAMments /uf, ond MG /M’ W MO M N

Deﬁ A(\ oufcome XEX 1S ?D an Ix'e X' st X ‘g‘y ‘&“\eé\)
ond X' S X dTep. An outome PO T ig ek PD.



Farrness o Ecaomics

The Gake Cufﬁna Preblom: Modk! of tufiviel Y ly dividbe dojects
Ls 9 o\%enjv& has o famous soludton— A culs, B?\KS foesk

= Iﬂmﬂ\lda) 300r 0 QgehjvSJ nduck from e (-0 cose !

Delt) Cake Q&Fvgl JC&{)\Q (X, A U] e AT) T which:
) X=10,11 FEPFQSQ‘(\\’S the cake (Tnfritdy dusbe reeource)
2) Ai=[ 07 is he ek oF ageNts
3)¥1ed, Ut TR s o ufility fundion where £he dematn T Ts
the set of all finite umons of Trdervals (eg. £0,'510 (% “7’536']:)
Det) Partiion (of (0,11 a cellection of s B P, i
Y4, PeT s, RAR=¢ § 147 3)UP [O

Assumlsj(ToﬂS on ufility:
¥, UL L0, 1) =] end U:(&)=Q.
2) U(PU P = WPyt Ue(P") for PP, PAP'=1.
3) ¥ e (0,1), Finterval Lokl with Wy(labl) = oL,
A U(P)>0 vPe |



| eadig Bxomple: Suppose for all 7,7 function 5:10,1—=R; st
U (Ta 1) = S:’S}\(X)d\x and Sal Fo0dx = | . CQ PD—\: >

Cet) B O{I)(ﬁoM&ﬂ\ng: A racfifion B R sk, U,\(Q)EJ@__U_'\U%‘D_
DQH Eh\la ~Tree! A?Mmﬁ\oi\ P\,...)Pn 1. V)3, WP > U"\CPJ’L

Oks) Tf o gzxrﬁ‘do(\ (S en\!a—]@ree, Lhen it 13 frogarﬁonall.

Rods Lek BB be envy-free, then UiCR)> (R} ¥3elnd
0= Urlpr) = 3 UsCBY 2 L) = U{RY=U00 =1

= U(RY> . whiich Ts proportionaltky.,

Howrer, o diigion Moy be ?ropovﬁomﬂ , but not Q“U%*]UVQ&

2 A-31233 Ue=t: [0, 1R as Rollows:

$, : R 3 1F xelo,'A]
il ? §‘ ()= iQ) otheruitse
" 3 thxel% ]
( ! glbq - i@ otherwise.
£ ; !
{ i &23 K= \ .
AT
V23 %hy ]

Consider the partition R=10,141 P=(%, %), Bi=[34,11.
Thils s proportional. However, ogerts 432 will envy 3.



Ts fhere an efficient aﬂgoﬂ{hm Summn%eeir\(% \)tbPorﬁot\an%Z

LﬁDU\K\t\S — SPanier Al 80(\““\& 18 one, ke

L ; ot feast (F%) to all okher agents

" |
4o the ogent )

colled stop

cut!

Froogs 1=0, khen obiiousy proporfiond since ogert who calls stop
gets ufility. 4, and the other geks ufility >15.
Suppose £hak any Prohlem wikh(01) agents qefs afmpovﬁom(
pactition. With N agents, €he one who als gels utility 1A,
For the remating ogents, Ehe rRmaining cake (s wotth >
(-§)=L= B% tnduckion kgjf&l«\eis) the a&aovifchm gles
each rendiiing agent ok leost (Dlﬁl‘) (DL_\) = (1) of the ake. ]
How to m\aﬂgze complerlty of tis? — Query Complerity!
Two orades’ 1)Buaki(lob1) returns &h([&lbl))
2) Gk (0 %) teturns b st Us(labd) =K.

Algorithm ) Dulsins - Spanter -

Lnfidize: A=A, X < [0, 17,

Whike A is tonemety, do



4 letq sk X=Ta,\7.
2)-Let Gri= G W)
3) Let Teh sk Gc; ¥3efl
HE<lo,G) A <AL
Ouat: Puctiton 18, RUIRT of Lhe cake.
A\\uQ%STS of OC: Oy calls to Cut, (0 loaps, (1)) colls <ach)

Clowm’, We can do better. = Use b“ma(g sarch !

Evan-Poz (Assume 0=0%, k> @)

SubroutneCk) : Given 1tervod o671 et Ci= Gk, b)), Ocder
ogems st << < G, Then, create fwo Subprobens;
1) A=§\)---,“/2§)X:[&,C“A\ ) 2) A;i%*h...,f\ij X= [C“/z*\,b] ]

Coll subroutine(k4) $or each subproblem unless <=1, wiiich s
He base case of bovngy 0. Stngle aget T @ach subproblem, where
we can assign that agent the remainig portion of £he cake.

Obs) Thete could be “widdle pTeces” that are unassigned. Give

those. to any agent our\o?tro\rllé.



Clogm) Evan-Pos Is Eroisorﬂoﬂaﬁ,,

freof') By Induckon on K. Bose Caset K= — agent 4 goks T4,0)
and agent 2 gets [Cy, 17 whidy are @ach worth Y5 to Lhem,
Suppose (K- case holds. Then, Tn &he sub routine (K), each
agent o subproblem gets (by TH) Z of the coke Tn the
subproblen. But the cake Tn the subproblom was workh od least
Y. of the whole cake 4o hem. o, fcheg 86% ot leask 525
”—Jgjk 27% of e whole cake. L

Anﬁgﬁg 09 QC: OCY\ﬂogn\ calls o Gk ( Qog 0 calle Yor ey o\&enlc)

\Whot abouk ey *greej\egsz
Theorem ) There exists an enyy-free. ackikion for any cake divtsin

proklerm.

Y The prast of this theorem reies on Sperner's Lemma.,
DTgressTonj Sperrer's Lemma: Tclongle T= K% X)SRE | X X X2 0
A x®¥at¥a=( 3 Voo (T)= T8, &5,648.

efLCOIQ,l}
(4,0,0) / E ; \\ £0,\,0)
€

L~




Oet > Tr"\an%uﬂaﬁov\' o collection T, .. Teof fﬂcmgles st [is
the uion oF T,,.. T ond for any s Alongles T and Ty,

T (T5 s etkhec C}\\&Jou&) a vertex, or a tide (when T#]) |
Dek) SRR Co(ov?ﬂa'. funckion €% erfiees(T, T = 21,233 4
ﬁ X s & convex Comlome Ton o% &5 oﬂcﬁ €1, CCXBGETJSE_

Deﬁ Ranbow Tﬂa@el Tﬂm\ale st cOloE(r\é clertex(T))=10233.
Lewma) Seerner’s [emma; If ¢ Ts a Sperner Cold:lr\%, then ot
least one (nfad, an odd aunder of ) + fTaﬂg(e 1S a nabow
friangle, ( Proot T bg o gmr?vg& cxrgumenly from 1-D)

Froof (in 1=3 agents): Tx meN ad a tongdoction T,, . T,

st 1 xyeTr, then Dxyl< V. Assgn labels Srom %,B)C}/
ko the verfices of T, Te eot. each Trhas ofl €hree [abels, Cefine
a funcon € From vertices of T, T Yo 1l,233 bgj CoO=7
Us(P) > Uolph) Foc e division P'=[0,%), P =[x, Xk pP=IX,
%, 1T and aelh,B,G being the |abel of the vertex %, ¢ 1s
Q. SPQN\QF CO(oﬁv\% be cause 1§ X s 0. contex comblnation of

& and &y, the Fece chosen by UKy e st be ether Tor 7.



B& Sperter's lemma, Ther. odisks o Xriargle Tt s 1 T has verfices
XX Yo Ehen ¢ 0= | CcOB)=), and CORY =3, These are
owned bg AR, and €, and. call fhese verfices X', 4", 7", cespectively.
1™, e, (2] =142,3%. The qpeice (X\y',2'), (% U 22)...
i T wmust have o convergept subsequence. Let &his wbsecwer\ce be
X ™ 7" where 151 and let W*= o R I O

The [t 1s £he Sawe as UX"“%M&K <JI: w0 and || X"~ m‘\< W~

Then Hece mustbe some onder o} the pleces Ghat ocaurs Tﬂh“r&elgr
offen. WLOG, say (1,2,3) =(exy, c(y™y, ez for Tfarely
Moy 1. Se Hhere T o Jurkher subsequience CXM&“) %'“ahJ ") e
With (eC™s), 0y c(ZN=(1,2,2) %or hz1. The tector
W= (W Wi W) is assodated with the diision Ry +o A

R 4o B and Bl toC. This s enty-free since %} sag

A envies B | then U4(R Qu*) < U, (RCwy), which would fmply
by contindity of W that U (R < Un(BX™) For @ large
enough b, This T tmpossitble as POK"™) 1 mﬂmjov&e plece from
o x™e) 4o A



Theorew) Stromg st - There & no finite algortchm for Fnding
o, simple eny-free division (with 023,

Theoren) Aziz% McKenzie: There 18 an qﬂ%eﬁjt}\m Hhad CQ(Y\PV\J(QS
an envy-free diislon with N agents w/ guery conplexitg OQ\‘\“MA)‘

Falirness 1 Cost & Yolue Sharing.

Bx) Clundsio>C | BasT—P, Oord 0.
Pl o] |l |cop
1200 l[sso 'H@D \ 450 l [600

Trovel expengs | &

650 | \20

Def) Game wn Characteristic Funckion Form (Tartseclle (it Gare):
A patr (N, V) o wiich:

1) N & a r\onemPJr\é Tiithe sef of plq&ers,

) \: 2R s 4e choradreristic function, of the game.

ey st of N

We assume thet, U(B) =) and ACB = V(AL \CR).
DeF) Cooltion: A subsek ACN,
Two Wepre tationg oF {he game (NN
) NACN, VAYTs &he torol valve (ufility) £hat can be gererated




t@ the P(Oﬁers n A alore.
) VACN, V(M) Ts ehe cost o S the ?(aéevs A With
Some desicegble beneltt

B N=§1,0.3% . u(h)=3 522 Cdide adola by mgohy')

) =71 235, 1= wler of an Tndivisible good worth @ o trmself

- ‘D\,\%er who valueg £he 80@& \L>0).

3 Z 3 >\ >0,

> U=0 for 1=4,2,3. V(2)=0. VELR) =5
VELR)=Va, V({1,2,33) = Vs,

Ex3) Cost 0 a araph’ N=L81, YA, C(A)= cheapest way to

3

\Q connedk all ugeﬂjrs AL (MST £ A N)
’ )

8

Def) Mman\m[[ Cobetbuion - tor o CFG, Foyer 1% mr%"mﬂ contetbution
ko coolifion SCNTe AR ):=N(SULTE) —\(S\$1?).

Reaall £hot an oro\efT“% of f(a%ers N s a complée, ‘wcms”\ﬁ\le\m\o\



antisgnnetele Biary relodlondiip. Dendte by Tdhe &b of ol
Oro\eﬁ“% m@ N, C(M':ﬁl where ‘\"-=\N\}

DQH Sl(\OP[Q% \;a(lkﬁi A?\a&eﬂ@'\\ 0 QaO\MQ (N.\I) hag S\/ o{
P0s= 1 2 ANSC2, 1) where SC27):= T3el| 248 s
the st of all P(c%QrS who ]:(ececles T the ordeﬁﬂ% >

= ke e vae&?“% Expe(\ses eKomF(.e)C:?iOQ& i35 P=608.331 0=6%3.33

Io‘@ct: H’ X GRO\, wite Y= D(\)__ X4 So £hat we. can Hink x
08 o funckon from the @k 142, df ite R, The velue of £he

Lonckon ok b 8 X% For game (N ,\J)J ik ot v ag o vector T
the Space @\zN—l (Jd\e(‘e are (2 (\ox\ew\p‘tb\ coaliFiong ).

Fix a sk N of n F(aaerg, ek T be 4he sek of ol) Funchions i 2" Kt
(N is o CTh. S

Def) Sdifion: funcfoo 17— K s, ¥uel” j\RN =v(N),
(S@)e R’iJ so Sen=[ S Y,o, Sy ﬂ)

M) Substitutes: Plagers 7 and § b, ¥ gome v, ¥ACN, AZT A H7
Ay =A5CA).



Mdome: DT ALY =AYCAY RSN, o Sy Sewy ST
2) TF Tandy J are subsfitutes in game v, then S0 = 3y (Suskinie )

Theorern [\(om\g] A solufion Safisfies £he vargnality and. substrtute
P\O\BQX& AaX(om Iﬁ Wi Ehe Sp\qk)[eg \/o\lue,

Foch vel’ is a fnction Vi 'R with v#)=0. So, & T o
veckor n Rlu

Def) Single Ganes: a coolition TN, T4, v+(h -4 TCAT
enma ) The cdleckion of all Smple games oo o bodis for R
Proots Lefs Prove Lhot STW\p\e gomes ore (Tnea(\% indeperdent, Suppose
towards @ controdichion thek Hwre ofists numbers deR for ol TN,
g sk © =2 0ol ond af leost o 01 mozero. Lex Thea,
cooldion wikh 0 #0 and wiimal w.ck, B protaerjc% e TeTt
= ;=0 Then, @ ZU\ \r(T%y = ZGT\IT(T*) +T2T$W
N Oﬁyﬁ_(f:r Coﬁrod”tchon Siee G0,

Lemw\a> s wfisfies mwa'(naﬁ”\% and A A= ATRY YASN, Lhen
S = S;w). (70 S:2 S ASIO < S, )



Frof ot Youﬂ%'s Thetrem: Recdl that the trieTal game Be [
hos SBY2 0 Horal § and IH(B) =0 = Vi, Sx(BV=0, By
fhe firsk lemwa, Tor any V&[T 3R TEPNY:= et oh ol
oneipty subsels of N st V=3 Onlr Lk Tvi= 2Te Pow|

O1#RT. The ?romo s bg)\ ndudkion on the chrci“\na@v% of Tauy,
Boe Gaset [Tl =1 so F some TeBeny with v=0c\r. Consider
first €T, Then 2\3(AY=0 For any coaltfion A But then,
A= A2 CAY vh. By the seand lomma, StV =S:(B)= @),
Congider, send, T3, Then Tand 5 ave sabsiitute players.

By the substhufe P(age,rs axom, S0 =S =7, Then,

e \fcm—/;z/(mi%m T =¥ =24 Honee,

S:0=9 2, F 10 (S stidis te aons » Son=100n)
Lnducfite Step? Suppote that tuel ' oith (Ten| <k e have Sn=1a)

Copsider o game Ve[ with (Tawn| =k, We shal prove that SC=0ew,
LEJC REA 0 T RQC&\ \= IQT\IT

TETHW) Te T

case 4) e T¥ Tefte Wi=2 0l e (Tl <[ Tewl =k, solgey
B foc any coaltfion A, AS(Y=(AUTD)-N (ANTID)=



2 ANAUTR) — 3, 0e(ANITE) =3 0 AT () = g}‘% =ATR)
by e Forst emmna, St)= Slwad= (o (WY,

Case 2) fell™ Pt o T¥= ET?J fhen S:QW = L.V becaunse
Siy= VCNY -2 S;an = N - T @00 = Aawy Seand,
Suppese T contding ot leagt two players. T 1€ TF, then
17€T ¥T€Taw, Henee Tand 7 ae subefttufe P(o%ers n VT,

and Chus Ehey ore subdtudes in \ sThee YA, DAY= S oA (R
Then, by 4he substifute p\aaem axlom, S =S (W)=Y Sp i€
S =T, But © dso sofisfies B axions; so Gere s %= Ec)
vielh Finally, 2_S:cn= 2 St 3 K= %QPTN [ THY = VN)
> [T = WOy = 3 0= 3 ey = o (T, Thus, Y=o, whe
IMF\Te& Ehot QY= 1) ¥T&TE,

(et thutes)

Afpﬁc@ﬁo(\) Titerpretoble A2 SHAP, Given a et N of features,
Sag INI=0. The model will be §1 XCR' >R (=4 feural Nefworks).
Tor oy subet of attributes SCN, feb V(RY=ETH(%) | =X weS]
Then, B0\ gles a O&QQ@MPOST'HO(\ of \ICN):&XLLQ. of the gechcﬁof\
ot can be atkibuted fo he feature T.



APP\TCQJYTODB \}koTng Qames: Sef Ni=(nT of voters. Voter T has wx
votes fo cagh, 4 s the Supermajorty threstold. A qane s deffed by
SES ii ;;ii’f;% Then @00y computes £he “power” of Ehe
F\cxger i Exs N=3 Mom, A\Tce,Bob,Co&ronj\M=310,S,'l, \5.9=1%.
= Here, Mom has oll of Ehe vatimg power B2 UN Securtty Counsel,

wee N=5 permanert % O rotoking nembers %“—Q buk Pevmwewk

nembers have veto power, .~ (.63 , Py O 0.Q%.

Aeication) Cliims. Rddens’” T hld o gacwent, both clain ol Then
the cre it owarded holf the offier folf. Two hold o gacwent, one o
tall, the other cliime holf, Then the ane Tt aworded 3%, the other 4
Def) Cleine Brodew a tuge Q. Q%) &5 o agents where each
agert 1 has a clain Cr2, 0nd X< TG s Ehe totol o be ared
ex) A company oS bankeugh. There are 0 Triestors /workers it dlaing,
but assefs are werth X < LG

ex) ft pRr%on 18 deceased . © hedtkers | Fach wos promised an amout Ci20),
ot when ossels were figidafed, they amourt to ¥ L3 G

o) Suprose Alke 1Bl Tohertk 300,000, Allee wos prositsed 200000,



and Bob $300,00. How wuch should each gek?
5 Aceonding to proportionality, A3 20000, B=4 (80,000
= ACQM\TV\% fo coatkded ac\m@&, A= 3[00.000) R= $> 200,000,
— This e achuoly the Sk\ap\e% Vadue !

Oet) Contesfed Garment: given o el problem (€,C; ;%) witth Logents,
|e£ M, = N\O\YEX—C\) @} OI\& MNyi= «\O\XiX“C?. @% —H\e gdU'FKOV\

oo e £ S M KRS (10 o Kol

ex) Alice: 30, Bob: 60, %= (00, = Sp= 40+20-60, Se=20vW =40,

A Trdblendiic Exmp\e: 4‘08‘&“’?8, A e ,Rob, Chana, DaiTq, *=000.
14 A R|C D - Alice and Rog SP\TJVS 200 Jiffer en&(%

600 | 260 | 300 [200 (300 drom Lhe emmp\e abave !, = Teondizkent

© | (bbb | (833 ] (666 | (R3S

E%TC"\@\C% and Folraesg

Reaall: A assignet problem 18 o tuple (0,%,R,1 = 12AT) where

O s a finde. set of dogects, @15 the odkside chale, A s afiite tet of
o\aet\{g) and = 0s o stAdt Ere{lereﬂce on QU873 tieA.



A ssume (ma"w\\g Yor convertience) thek
Q [Al=10l=0. 2) s canked (ask LO% vieh = Al\aé,el&s canaef(
an o(ogedc ) and we cay assume WO Ts(\ore the out<ide OFFLD(\.

Ls 1o £he coge an ass'iaw\mevxjr T & Funcion M A=0 ot f a%o

)

then M@+ uca’) (Kection actuolly)
Ex) A=§ 0,05, 03,04F 0=10,,02,0;,003

Z

>»L kg }Cov ~ PDS%H\NE PO &ss?gnmenjtsl

O,
Oq
O3

Oa

1 N
O, 03 O‘f- O\] OPY 231 O( {32 O‘ 123
03| Or | Oz 6 | 0] 221 (), o
Oy 02| O, a3 03\\ 03 Olj
Or | Ot | O Qq | O4 O4 O

lek X be o ceal M%N matrx wikh one row for each o%ekk and. one
column for each objed. Lef Xop be the pfobak”\lﬁ% thak asht gebs o,

X =

L

rt/l Y% O O ’FD(‘ the QX&MP‘Q sbove. o %GCJ(, the

‘b s % O wmodrix and candow assiguents ave
o Y 5/5 Q) bTJechT\/e-
O T OO



let (0, ¢, A %l 1ep3) be an aS%TgnmenJ( fFoEIGm snder o
OSSUW\PJ(.:\O‘(\S ((D(=(Al=0, & ranked lost) Then,

Del) Randon Ass“\%nmeﬂv(tl an X nakely, Wik o€ (0,11 vaeh,
o€ s.t. i&%m: 1 \me(-\) 2) Qj%xm:i v <.

Lo RA s M U Yo (0)) for sme aef 0a0) and Ts M
U Xao=30,1% voep 0e0. Aa Tnjreamﬂl RAis also called a
permutotion matclx. Lo an obuse of ferutinol Qs WR coll £hem. just
asSignients . — Rf i cm%mll% a [&gfar " of megﬁ\% ed assigments !
Oh&) I Xsa RA, then cach row Yo T8 aweckor afh w\{ln;eiQYmo—ij
o Wsa loHerg over 0,

Theorem) Birkhotf - von Newnant TF % i¢ a RA, e Fa cdleckion
¥ XS of asSignments, ond Numbers )\‘,._.)\k i
) N20 vk=CKT D3 N-1,2) x= 3N
Tdeo” Rourd bhe RA oofil we reach an ass“gnme(\{:
De?) F\Hemﬁ% Cac(cz" Sequernce of orkies Tn Ge RA wobix %
Xaioy, Xousa. .. Xayo, €(01) <t 1) dl (s 0), . @MQO are distinck
9_)13“ mis odd , Kamow ang KanaOpe O ON Ehe Same oy (A=t J and



T4 1 is even, they ore on the same colunn (Om=Owme)
3) On=0, (last and Fiesk ore W khe sane cduran)
Lemma) H X 1s o Frackonal RA, £hen tthas an aﬂ%ﬂ\oﬁh& Q%deo
Prw@l Fust ste X & fradonal, we can choose a frackional enﬁg Y01,
Defe Xayon g wndudon. TF w T odd, we know, Since BE qu:i)
Hot T some Kguor Hot i frackena. Defie Kopon s Xamo' | 5
mTs eten, fhere Xy, &(0,1), IT d/om =00 S 1< m, stop
and cedbel T, - mee M Offerwie, lof Yoo = Karon.
The cycle. must close Since Ehe entries T X Ts fintte.
Rourding Algorithu: fractiaal R X — asdiyoment X
while ¥ 1s frackional, do*
{)Fd an aijtefmﬁvg cycle (h% construction T e lemma )
2)Find the [argegE & (can be calaloted QXF(T&JV@ <d, T we m{iace
Xanon S Xanon ™ E Tor odd 1 and Kguon s K 0.~ € or eten w,
ten Yo 0,11 (= T Xaon <10, 15)
Obs) Ry the lenna, the olgoritm i el defined. Atter eoch

treradion, X cematins o RA, and by our chojce of €, Ehere is one
(or more)) fower frackional entries T X.



1S meons that €he dgortth terwinates T O steps and
ouputs an osgignment X with the property ek 1§ Xeo=1,
Ehen X >0,
Chs) Tf ¥ i an ixf matrix St 4) Xao > O Wag)eAxO for sone 00
D3 Xeo=C Haeh, 3) 3 X =C Yo, then zX T o RA. So,
by £he lewma, F an asfgmert X sk, if %= [ = EXDO>%0,
e, the lemwa applies to ang oty witth 2> entries and. consta-

(ows and columns Sums.

foed of BN Theoren: APP\& such olgptithn o o contruck Y qud 1\,
L\Pkﬂr RA x. Titfulize XK<p N=d.
While %#Q, do
1) By the coundhig algortthw, Find. an asmert X s, Fo=l %070,
2) Find min Xoo»Q s Yoo = | Let Kiic value be A,
) XeXUTKT, A A VIXE,
)X <X =A%
Outpatz X ond A\
L The alaor\{k«m proves. the thenrom <Tnce X = Z XeXe where



A=SA,.

At and ’X=2X\,...,Xk§ w tth order Fresewecﬂ.//

No\u congider acld?v% hack an out<de optien &.
CXB A= 50\\,01 Qg Q«f O i()] 0- % Bre fecences are such?

% | % | > Consider F?é% Rdsﬁ[a\ gejsiﬂn% O ] = Bl s finst]
Ol 0] O 0 + Pf0or s st Prlagees secod|gor 04 TsFiesk]
Or| 0| 02] 0, =X+l l-tile 5;

s e | oo Rl gekh”né 0n 1= Relas s Firet - Rt send [ 05T it ]
1o 0, =% % 1 Alco, Pella: gering 87 =12 by symety,
oy | S| 2 Then, we can €7l oot all other vows by spanetry.

Obsﬁ RA codd be ford by wettig fwo extra

Qo g/')_ \/7_

columns that sum Ufko i, corresFohc\\T‘\é to g,

O4 l/p_ S\/D_

So, 6 A% wokeix T8 suffidierk representafion.

Houwever, 1F we “frade Y chance of one agart o dnother wikh Yo, we

obtdly X= (/w

O V[

which s more efficenttor ol ager&s (

DfareSSqu\'. Let (A,O, ?5&9,:;\ Ie/ﬁ) be an assTanmew% Froh\qun, Dgﬁr\e a
?roha\flhlt% pe A(OV1g) as a lojr%eré{, So W we dende (F=00igT



fhen a (O"HEWB sPecIFTes o probaliifit g p(0)20 v 5<()* and > 0*3(9\ =4

Given o preference %z on 0, denofed by U, (6)= T8 (| § 6% ¢he

upper contour et of ks at 6, We say bk o lottery p fest order

g&ocha&ﬁcdl% dominades (oHe\‘a fjJZor £ (dencted p FOSO, 1) tf

40, pUx(a)) > 9(Us(B)). Also, we say Chak p stricky FOSD 9

P FOSDY. and ot east ane <guality i strick.

Obs) p stricty FOSD ¢ ¢ p F0D 9 and p#q. Cproof as exercise)

Deb) Let & be & PRoer (F and v:0F =R be atunckion, \ @M

U & 6%p voge .

L Given such o funckion v, we ay caleulade s ex[:ec’:e& le ;
Epv=2_ PECEY under loftery p.

(J&W\m&) ?FOSQ‘} W Ef\l > EQP\J LAVRN Py mpreseﬁs Y% Cyroof in Pet2)
Aol cxgnox'ﬂc to cardinal valves of v, as long as ey are ansivtert

Dot Ordval Pacefo Donsinances o random assament X OPD another RA %'
Furep e lottery X7 e Al ’(:OSDhi )(;') and @ S&F\c&l& RO,
¥ for ok leost one e



D&BDC&T!\&Q E?@T&%cg(?mjto Ogﬁmal) " o RA x fhat s nek ov&“mallg PD
by any other RA x".
5 Tokbe prefois canple, X T et OF st o s OPD by .

How do we find sudh ordialy effictar RA?

Al&aﬁJchM} Probobilistic Sertal (Ir\{‘\ovmau\@l s\ % %
o) A<t 03,030,003 kim o & O

Think of each ogert having o *“Pac-man” thot sharts anfing awoy Ehele

favertte chelce untll exhousfion, Ehen mowe en £okhe pext one,

e h® @

%— Os @3 02 Oukcomel XPS: Vo Vo Va
%l‘ O& 03 Q) |

@ R, &, B,
Rack to He firet emmple, '/1} Of 0, O Q5 and we are dope .

The akeome T8 emc’t\g Y=

Clan) % will ke OF and Eouy-Free,



Alaorttmn) Prebalilistic. Sertal: Let (A0,8.3 5 L 1ef?) be an assfgment
probem, for any ubset 0’20, let MCD' 0) be the £ o 0gents
e thet rurk & ot Ehe top of O e, 17¢Al 0%B ¥8 (3,
Lapukt Axgroers probkn (A, 0,8, 24,11 A?).
[nfaltel X @y A=A 0 <O
witle, (A1>0 and O[>
1) let ye[017 bethe (ot number ot vo- ()
“‘s‘iﬁl‘?“lzxw fy M(Om ¥ of ageks <afing 0k 47 Tronlon
9) Xeo < Xoo 4 y1eM(0'0) voc(,
3) By def. of 4, ok [eost one 0€Q)' sofsfies %Xi,oai. Remoe ol
Such object Srom (',

/—) no cortest

4) Remove. From A all &%eﬁ& who cank @ above ony obje& WO,
Oﬁfu&i % Rurfime: Ocio1) Herotions.

Zn K
O| O\ 07_

EX) ({“‘OVW\Q“\Q A?EQ()Q%QQ,0230\)021013 Yot O2 03 Os

©3 02 0, .,
XRSD _ Vo L /6 \/S X?S: \/2 \/q— (/4
20 % B O .
o %% A o % V4 .




Def) Envy-Free t RA x thot ¥1ah FOSD, X; NG#T
DQ{l) U\Ieﬂk E(\VH" Rﬂe: RA X S:t ?T\SGA XS ki Y’i .

Ohs) X s nof enfree. Corsder the previous example. U (00= 107,
U 0270,08 Up (00)=10,0,,0:%. Then, we cnwedhe o +able:
R ax® | Ber Xy so nler (U%% FOSD for &,

wod ‘A > O

W Yo < %

Uton| L # 1

DE% EK"?DSJT PO RAx <t 3P0 QS%Tgl\Met\jVS X, Yoy Xk and numbers
Al,..,%km,ﬁxi:i a4 x:i XX .

Obs) X s ex- Post 19 U)@ defiition)

Theorem) Let (A,0,6 151 7eh?) be an asigmek problem. Lef " e Lhe
oUfpt of the RSD al%oﬂlihw\, and X e Sl of the PS alﬁaﬂ{hm.
Then, 4) Y ex—gm& PO and meak% el\\l(\]rgme bk ay ot be OF e FR,
2) % s OF ad EF,



Guven o random dllocaion ¥, define o Umavxé relafion T on O,
Say ok 0 T, 0 f 9 some agent { b whidh 0% 0 whitle X >0,
Def ) Te T agyelic ¢ Ehere T no sequence of dfck objects 0\ 0?0k
st. OTQ, WG, .. 0" 0.

)Ty the emw\?e we had [Zz sf{i] O, T, O, becaue &, has

Ao 2|

Xio= £2>0Q while 6> 02 and 02 has Ya0,=Y2>@ and 0> O,

Lewwa) A candom allofon % 18 OF T Ty s acyelic.

Frooy: =) Suppate that: x Ts not, aquelic. We should prove €hat x 18
not OF. Since Ty & ot agyelic, T o sequence of distinek ofjects s.t.
T T 0. Now, O T O™ means £hot dsome AR T
st Yoo, >Q and 0" > 0, Define X' by having 5o =X

€ X(Qp¥ Jor Yo = X~ & and Wi, o= % + € Then, ¥ix,
2> Yo =1 Slnce we are cxcidmg and subtrocking € Same & of Kines
Sinlary Tor each object O, 2 Xi0,=1 because we £& once ach.
Ffml15| e Ko >0, X—’kDK}@ e some sl enougk £ and
Xl | Since ¥, e D Tmplies €t Y < |, 3,8>0

/3X\snc{-05

Small enugh 3, 0,,= Xl | X#X, and X! FOSD, X 9Tef,

O

\x Q\&\ Uk, Oxx

4



<) Su?{:osa X ok OF, [ebs show that Ty s net acydic. let x!
+ % ko o RA where ! FOSD,. X ¥T€A . So &here must exst sove
ogent T and fwo objedks 0 and 07 b, Koo >Nl 0 20, XS Xeo 20
and o >0, Chsewe &hen, bhat o T, 0. Moreoter, Stice X7y
there must exist some ogent § S8 Wy o> Xy 2@, But bearse
5 FOSD,, X, there sk es some dlgect 0 ot Q7> 0 and
X, o> Yo 2 0. Sowe condude bt 130,0' st 0T 0, 2) whenerer
OO, 3o st O'M o, Thus, stnce O T furide, T Rquence of
disfinct objeds Wikth 8RO 0 - T,

Lemexa) % < OF,

Broof Suppose, touads a conmadickion, Ghok X s et OF. By the
previous lemmd, then 4 0 ¢ -, dickinek ofgesds sk & Tt 65l
=S O[HFY}OKJ 0" Te0'. For each Compurison 0" Ty OF Cmod <),
Fanagent 1 k. X5y 70 while O™ OF, Penste by t*
the fiest €ime thot 75 Pacian starts eaﬁﬂg O i PSA,
Observe Hhak ok Gime £, 08 must have besn exhausted.. Lo,
£5 must come sty affer £ (£ ™) Sp, 547



S SE >4 which s absurd. Condradiction, X™ s O .,

Pro(;%} Tdes _S]b(' 25 o]Q X\DSZ observe thot the coke 03? Q&JYTR%TS the

Sane for every agart. So, for each agent, nobody eats more
of ones specific ?I‘Q(‘Q‘WQC& ordertng (Werfica 1 same ).

SOQTOJ C,['\OTCQ

Deb) Soctall Chéie: tuple (XA, 2= | 1€A?) Tn wiitch:
1) X & a no«\eMPJra set of eubcomes. ) A Ts a sebof agents.
Nt % Tt a metemme relation over X .

Obs) Preferences May Aot be. S, Also, we uwa\\é assume Chat

X and & ace fitke. b= B P A S
' J =
BIX=3xg2?, A=faoncel & 3 %

Vofe bebween Xandy— %i(13),4:(2). XNns z—>xi(1),2:23),
sz = 4:(12),Z1(3). Majoriky vete has X>Y4>Z 7% %27

= Cordopeet C%Jef,



EX2> 3\&8&(%\@(\& Agavegfﬁon Cnok Pealla 2odal chotce. )

CO(\’R‘O&QJC [a\u: I‘F obr\aa\'ec\ Confmcﬁmﬂ% and \Em‘i(@ %o Cswuel\d %ﬁub(e.
Three Sud%es‘l Alice, Bob, and Sudy.

ob(”\éecl Faled | Tuble
Al Y ¥
B N Re N
J N N \
Maj A Y N =777

EXB) X= iﬁl\bﬁld}, M\=ll Wik Four Kinds of 9@‘?&(\@3;

@Y B ME %  Suppow Qweryofe votes Ehele

g\ g (t;\ E JYOE C(I\DIQQ‘, Ta(\%j QC\C&& QP %o
S80S % peteshiden.

LThis Ts bad because (2 pel regar&s o as the worek chdieel

- Borda. Court (Scere); & | b | ¢ | d
— 3|11 2] 0

0225, b=t C=3, [ g 3| |2

d=920. (b>add) ™~ 0 2| 3] |




Congidef a Bmfb\ sk, tef of vertices ~ et of outcomes. Eo&ae X—>Y

AN 1‘? a Major'[&ké P(E?QK‘S % ovel X,

a >® Rosed on £fis grash, should be elocted!
/\\ (c? a Condorcek Winner)

<

Scod“g&quegl Suppese XK Fix numbers S(<S<0 <Sy
Assﬂgr\ aufcome xSk Po"erS each Cime one a éeu\% ranks X the
top k- £h POt toN (K s fop position, Lis last). Then, ey,
Borda 18 Sk= k- P\wam% T Se=145k=K3.

Ex) Women's Prsiit 206/15 TBU Bisthlon W.C. T races, ach
okhlete 86{“3 Sk PQ&S For F\adv\g  +he ‘EoP‘k Poﬁﬁon ™ ol
cace. Total poUtS ore added up. Scores are allocated ag sudhe

1,2,--.,31,32, 24 3¢, 38 ,40,43 44 34 GO,
Athletes | Total Ponte Ahletes | Totod Potnts
MA[C(‘(’:[Y\Q\I g W 8 Ma\(rORV\Q\I %q %
qlo‘zgﬁm
Dom Fo\\d\e\lo\ %W () Rﬁc& Do mrocheve ’5(“ % C ﬁe&rﬂte:%r\%
Gs\azzl\l"ma\ | Ol O = S




Recol thok (XA, Tz 119AT) Tsa sodtal chele problem.
¢! Aé‘;\)?,... ,(ff) We can wrike PWS%QXEK\CQS of the a%e(r\& as

a JmPle C=(&, 7. = E“)) which Ts called o ffegﬁﬂ\cﬁ prof Tle.
Fix X, afitte o of ogteanes. Fix A=TnT set of agents. Dencte
by L €he set of ol stvick preferences over X,
Dbs) We asish on stid g&e@\@zs (0W.
Obs) | T¢ £he set of al mecere(\ce fro%\eg,
— How do me“cxggveao&é' indiidud agents' preferences !
Def) 1) Secial Chdice Function A funckion £:10—=X
2) Preference Aa%vegajﬁo(\ Rue (PARY: A funcion t: [ —L .

Two Normafive, Pro?erﬁesl A TAR safisties 4he Pares Rrinciple 1§
el o Xy wief then X (%)Y . Dencte Nixxy)=Fieh]
XS, A PAR safisftes Tofepedonce. of Trrduvak pbrmafies
Wi rel, W Nos gy = NCExwy, then f0xy should. eank
X and Yy e save as NG

Theorem) Accows Theorams TF [X[=3, Hen o PAR § wrfisres the
Roreto Rinciple A\TTA UF 3teft sk ACx= % ¥ixe [ Cickator).




Proot: =) Let fil®=[ Saﬁmt% Faceto and ITA.

et Boxy de the set of ofl coddttions T for which 3 € L" s

NG x)=T and xTcxyy. Oboserve that Boxgyis never emphy.

By the fareto Rincile, A (coalton of all) i aluways Tn Bexig). Consides
the et of dl coaldTns Ehot Belorg to ok et ot Bxy Wx#yeX,
et T be o rivimal set Ty Es cdlection. Vo, # T'CT=T does not
he\o“% fo any Boag). We clotm tat such T a singlefon(T1=1),
Suppase, towards a contradickon, £hat [TI=7. Then, we can withe
T=TUTL st T, # ¢ and T\ To= &, let atbeXst. TeREY),
let C#ab (edists as IM23) and condider aQa\“Rcdm fﬂo]tue el
which & os fllows: Fiest, Sice TeBa, 3% sk N(Zab)=T
2 1e AT and o $0¥). (Sg\ HA,

Z‘THGT\ >:-l \ Te T'l

o} C
b a
C b

o
C

QJP(H b, Second, T we
had a T »TeRae)
bud £lits T impossible Sl ce

Tis awinimal set, Sowe
must have ¢ §(x)a., By



tronstivity, C fxb. So L,eBlek), TL.ET. Absucd.,
WLOK, let T=313. Sollf e Rlab. Ned, wecldim that 313
- &Y(g) YxAue ). Fust, lef c#ab be arlfrkrcxr%. Condlder the
profile where | Fist, Since $13 € R, af(x)b. Second, by

K’ \ AT Toreto, C fexYa. Egg Jm(\éfﬂﬂjcg, 30N b.
C b So 111€BCek). Now consder sane
Pl S dfbcadtepofer | AT
5 % Then, Sce 113eRemby < b

TIA, < foar b, Alogents cank b over d. So, by j i
‘Rrweh;) 2SR R ba Sr\“av\@v—\\l?%, efend,

But then, 3 13 Reed). So $13 ia Query ar bitrary B(Y‘gl//
To firish, we shall prote thot ¥ x€[") 6 %y, then X301y,
Chaose o cwmmr% X+%€X ad e’ Suxﬂaose chak Xk‘a.

Consider o PV&%@\C& th\e Zel" and an edcome Z=#xY S
X5 ZYy and Z VA X Y Gi# wikh XY and Z3 yy
X 4T | wibh %X, St $13€Ba@), we have x $(x1Z.

Z > 18 unanimous, So Ea Pareto F&ﬂ&{b\@, Z g(t'\é. BBL
fronsfrity, X FOx 4. Al agemts fank x £y €he sam@ Tn i, ad



%, so by TTA, X £()y.

To Ehe cose of fwe dMemdies: o secial cholee function , dot
chenses ene cufeome, s Ehe sane Hitg as a PAR.

Def) Permdufions o Sundion 02 —A Chot Te one-fo-one |

DQ'D ngme‘tﬁc SCF: ¥ e|” and ¥ of A, )= ]E((&Gm);aﬂ :
.. the tames of the agems dortt wakten 01\(3 PrRSN of carlaly preferns
Def) Monfonic SCF \{x+ge>< =967 and ¥ %l if f(x)=x
and any &86!* who canks X over 4k aso canks X over Y i b
then £()=X, PR
Theorem) May's Theoren: Suppese K=30(63. A scf §: Lq —X Ts
g%wxmemq and. monatesic, L?lﬂ 3$€R st {l( =\= ii \iw:ﬂ:\c“b%‘
I =) This sufficiert o prow fhat Hhe dedLion to choose X
BWRr Y 18 o monafone inreasig funchion of £he & of agenjrs who
P(Euter Xover u. ek ke 1" ek Fy=x and let Yel" be
st the # of ogents who ik X ever 4is 2 Lhe ¥ of u%eﬁjrs
who prefer X overl in & . Now chese permiation 0 sit. any e

who rdnke X blery i & also ranks X oker 4 Tn (%m).\% We can



do e because He + of such Q%QI\JVS n = T8 > such Q%Qﬁ'k&
% B 4 !Y\Dl\ojtoi\"\&%, X=§((E€m\"\ep‘3° Bé S%W\N\ejﬂ“éi X=%(>:’\° 7
%=\ Tn HW.

Lncenfives (Slrr&reg% Proot ress)

Fix o sef of autcomes X and 0. sekof Q%Q‘\JV%. let R ke awebof
all preferances over X (may ot be stick), Fixa 2eR" Then
we obfain o pacteder sodal choie problen (XA T\ TeA?).
'De% Sodal Chotee Runcfion a function £: R'—=¥X. Q\ow alloing R)
Det) S&m&eéé Prooiness > @ Scf st 4xeR' wieh od y¥eR |
0 \) S AR50 = AR (o, S md s, P08 20) T
| Eoclg T8 Tnentivized to fle ahouk £heir real preferences.

Theotem) [ Gibhand L Satkh. 1 Suppose. Chak Tia scf sk Hsa inge (F(RY)
has of least D elemerts. Then s Sm&eaa—ﬂocr? W gef st veR"
f(%) s a top alternefive for ;. ( Proot onviked, Simlar to Aorow's)

L (e ccmjw% to ouota dictador gk‘\f hg res‘vﬂdﬂn% Lhe ?COHQ!Y\,
Qﬁ) Lok Pg e Qrelcere\\&s Ehot Q\o&ﬁ'& X o fwo eﬁ;ﬂ\l alence éasses,

)




Lhe 800& (the bod, <. ol elemerts T good are strictly prefered 4o
thete T bod, Now condidkr the s £1RQ =X for wlich x=fx)
means that Ehe UF cx%eujrg who oeacxrcl X 68 8&0& e Maximized.
L>This T8 SJVYQJYS%%~?W@F brcause [%Tna would on\a work: agaiet %ou.[

Hoedvess of Mavﬁpx&aﬁor\l MANTPCD). Gien 2eR" xeX, and 1, desy
fere < & st x=1( % %!~ Can we Find @ seb fhat
cwaisu’m\a\e b& means of g0 eHicent ((ﬂaﬁm&) alg artthm week, 0 QXL
sb. MANIP(H) = (NP haed?

ex) S"N\é\e Tansfercable Uote ! Tralize C <X lek & be i top
cheice Tn 3ok €, TF seme alfemative gete %814 Vol choose . Else,
choese s alfernadve uikh he (casf votes, say ¥, and sk C = C\x3.
Re?qcﬁr il o winner 18 dedared o¢ all olfernofiies are exhausted.

Ls [ef ]Dgw be a scf cgm‘m*ed b& STV, We o €t MANTPCE™) s haed .
(proot onitied | use reduckion from 2-SAT)

Trcenfives Asfﬁl\men’k froblems: Cuven an QS{%(\N\QVL{ PNMQN\@,QIQQQZL‘-.ITGAQ
where & s shvick preference aver (0fi= ONT#T) lek X e £he seboh
all cxs&?%nmem, and Sy hak Xx:X' if £he cement of OF £hak T gefS T x



|’ % fo that W X/, T chrjrh\cul&(‘, asef LMK where 2=
setof ol stack frekm\ceg over 0*} [ S&m’re%%- groc)% Furel,

vieh, and e | T0k k) 2 05 ) when J05) s whot |
gefs Tn the asslgmmert §(k).

Ob&) ?SD) the sef obfuined from Sertal CY\QJCQJYQVS\ATF, IS mﬁaa-ﬂoog.
\%"u\% about Your ?rek(el\ces Qan o;\lé make 40U, WOrse off,

Now cendider o sef T30 =X, and X T khe sef % all candom assTgt\«\e(\Jv’S;
Deb) Shrotegy- Trost < fot. wixe [ Teh el 46 RO, s s
vqlue A
e he ltfry Ehat T ek by rpacfing bk, FOD 3wk &“3V(>~ T
Deft) \Deahé Sjvmlre% Prood 2 5 wkel” ieh, el F0% %)
Mk'ﬁ(k él,\ /_,Tm M?\eba otder

Ls | lSSuQ f (N ) o N\d g( - | mc% be mcomE(mHe Clccor(r ﬂ%‘(o%%h
.. Some Value ISS cl\scxa(ee, SP 18 much thm\%er Ehan weak SP!

?regog\lvfmj R s SP. ©S 15 not SP bk 18 wecxk\5 SP.

. N C = Pe
Pmo{} 0\0 FMIVS 0{1 prop consider such tnstance. ’5" (E)Lz ij
Qo O Oz
[O{':—g) ﬂ:go o 03 o,
el & &




The “Pacw\ow\" will eak as Sud/\?\ i @x 2, @g
A‘r\cl H{\Q N‘(LJY\FLX wll\ &)Qa, \/:L 0( Q4 ¢
\)?S Y% 0 % ! 4| o, o, o
= L \ \/Ar D& D R O3
o b ﬁ R
N NcmJ whok k\aﬂ)ens W o%evxjc { N\\&QW‘(‘S thee
- 7 We@@e(\ce s, E/‘=(®2>Q> 0> & )Q
&3
%o ©. O, A
blo 0 0= 2=k B Y%
\/é Qs (0% OF} %) \/3 Q/% 1

T e upper covtour st O, ()= ‘{o\,B;i\ obserte £hok under X7,
thiis has probobltly 4, wille ander 27 T hos probaliltty /6.

— 7 is ot bhe cose Ehok £ (2 FOSDL & (%%, ), Ths,
P3 % oot SP,,

Whet abouk RID? [et's witke SO %, >) for £he ohgecjc Coc @)
fhot 1 8&3{3 w SDA wikh Frofr—\le Sel” ad om\eﬁt\g > of 0 aael\lvs,
Fix a dflty v 0°>R for agert 7, Then, Encic expected efility under



RSD with PvaT\e Reld % TR (SDi(x >)) (akin + SV
Stee SD Ts S&m&ea%“ Fmoqo, no matter Wiidh el and >eT,
V(D% ,2) > Ul SD(%, 2). Bt Sinee His & true for any
o(&aﬁna we. obfaln ; :U'(SD(& >)) > Z\]’LSD(E = r2hy
Sive Vi was ackitrary, RSD( &) TOSD,, RID(%i, %)

Ouesilinear Enviconrents

(ak.a. ecnomic eniiranwents, “ofilh money”, er ™ ojtkh krunsher’ )

Now, assume outeormes hate o Spedoﬂ shruckure T % = (4,6, -, £n) T which
4eY a wtof decidions, and tef ca monetary fransfer 1o AGeNt, T
Exl) Pblic Good : Y=1017, TF Y=0, they we dont bild/acgite €
public Sood\. If =1, then we do. Tronders & (pofitve. or neaq‘r?ve\
may be reaived o cover he cost ot ku'\(dTV\a the Pub oS %00&

% Somebies we shall work i Y=[0,1] and ye( s a prb.of Jowlclm%
Ex2) Prvate Good ¢ A su\d\e disble 800& Toc Sale,\(:fgem 3
2 1= (F Conebit Jor who qeks Hhe goud).

Sty e e o Y- 3400, S48, 34 3
a pro bo\bfl?vg Jetribudion.



Fom\ov&é, a 20¢ta) chotee th (XA {xlief?) i 9u0S1 (Tnear
environment o YA KR with v bem%\ the sef of q)ossdole dedidmng
2) Each k; canbe reimese‘\)secq by o iy Funckion of €he foom .

Urx) = WY, B B ) = Vo) T A whiere W YR,

Der) Paseo Oﬁ\maﬂ?%'. an oeone (4%, &) T8 Pareko Dowtnoded U
0ot outeome. (g k-, th) SR \KUI T 2\l + £y vieh while
rﬁ‘c' < S“Jc (morey i contirdined ). X 12 PO U Z an ot eome had PDs T,
Deﬂl) EHfdent (W dore N\axwm&ma\ Dedi<lon - ge\( . ﬁ\! (C): ﬁ\l )
W'Y Te. Y soes Ehe prdden of wggﬁi__\v Ol

Claim) (4,68 1 PO W y Ts ebfictent,

oot <) By CDW\YUPOSR’FNQ) ippote (gt ) s nak O, We shal
prove ot Y T not efiient, Sinee 0ok PO, 466 1L wikh
Vel £ < NG Vieh il 2h 22 Sowe hase

R QY > \ty) +[ & -5 \, and suwxm"m% o TJM> \i\l-&g\
+2Etz -t 22\@), wiich meang %Ts not & Hidert ,

=) lek (4,6, %) be on odfcone T ulich g is not efficent, We
shal| prove bhad (4.8, &) T ok PO.



Then, by defiifin, Stppote Gok ye( sk, 2\1—&\3\ < z\h(\a'), Lk &>Q

be Sjr jU“C% Jre < i”i@gﬂ Define tramsfers £7o= g€~k
£ Now, by) Jch = UG & > Vet T wiile D6 =

Z\J ) E\ngeivit < ke, Hene, (g, Ts 0k PO,

e\ be o ok o fundfing VLY%E, then we ihayy c\egfne Q SC‘F
EA-X The Tv\w?ﬁoﬁon Ts Hhat when aae(\)rsl ufilifies ovep
dedions are, (V. - \n) Wikh \ e\, they e outcome Aep‘am\& o) them
e, T 00 - Nad = (U0, ) R e T ). The Fudig
a) \f“—%\( (¢ adediSion e and ke funcfins £:0) V'SR 1<
8 transher rule wieln]

Ex) Plvote Good Envicomert with \<=fﬁg‘,-..)\3n§e[®lﬂ“\é_\f\‘a? =I9.
Assume o class of et \ of. weall 38<[\T st \R(T) = 9;\51.
The number O s the Voluation Hhat agert 1 has has for Che qood .

s Ohe <of s posted prize. Fix a price pe(0,11, Yilb,, 6n) %igfg
Where 3 3= 131025, te(8,.,80)= ~ (8, Bu)p.

L Ayothee SO T8 £he “iret- -price seaed bd auckion. Y:(B)=17B-rariags
£(8) =4:(8)-0;




b A Had QMN\P\Q ® &\‘Secm\&"?ﬁce waled Kd" auction g-\@): 136183,
Howerer, the trantfer e, T £(8) =Y (8)- Max {8 | 3413

Def) Efficercy for decidon vule? 41 s %030, LW > D@ 3.
b e, ore khat dwoys make efficint dedions.

Det) lickney - Clacke - Growes (W) Transher Rkt &0 & 50, )
= 2 U0, ) £ helq) where s an efficient deciSion ke and
e ;?fﬁ\}r’@ s @ funckon €hak on\\é depewd; 021\,{‘4 for T

= =194 Yok, 022 Voluofion arer {22 12 2 5 4, masinees \ivts

Voo)a 1g 21

L \JCG\ *W\(\Sij\"‘i‘( IS %\(\I( Nl\:k&* (ﬂ\C\J'L\, ﬁz(\J\Nﬂ:\%'\' hz(\lﬂ

D) (6 Mechariam: scf £2\* = YxR" st e dedidon rue s et
and each cxéet&’s fronsfer rule te UCG.

Cloim) A(\% \C6r mechanism i %&m&e%&-?roo{

Proots Fix a P{‘OFT(Q (V.. Wy e ", Consider agenk T ond QPOSST(O S
M(srq)regemjﬂor\ v:e\, 85 VQ?O(JVH\ﬂa \; bekh M%,"\ obNNS uﬂ”\w
VRCYf Q) A B ) = V(U (N ) ;\i;\ (0 Y e (V)

=§\15 CyUes \’ﬂ A (V2) zé\\q—, (! \;L) the (V) = Velwtw v s 60,

L 4 \L-\\ /
y 7s eff et




Daﬁ) Pluct Ride > o UCG transter vule of £he form JQ—.(\!-\,-..,\I“\=%T\I3Lg‘]

~ 5> wel fore of other aa&ntg :,— :
- i {ius(%“ 86\(? . ot on <ff, dedilon withont T wellae of Jtheraaang

h ok aneff. decision wikh T
- 3y

b<> pr2e ké %13 ﬁ\(\h,\lﬂ:[%—Z\Z"BJJQ(\I\,\M:\X"Q_O”-”Z.

Vo oja g 21

hopficafion) Sivgle indivisible. private geod s (=1l g <L 3y~ 17
and each Vs Ts associoded. wikh o seadar B72Q) sk (Y= O

S Eificent y sdves M) 6 sk Geelon, To=1. So 408,00 70
Oﬂ\éﬁ? Bc = Max3 B; | i<74nT — Pluet ke gles the second price auction !
£(8,....8,) :gesg:f(e\,...,%“\ L W\wi% 0; 4 [0< g« \43+1JI§;§3=\§. So
8> 65 N3 1S uﬁ\”ﬁ& Q B‘WJVI%QJ ‘5?(8‘,...,?\\ —’(W{‘eg@
= By - Max{6; 18,483 Dbrerwiise, o 61 < By, for some Jo, Een 7
by Te BTG, 87485~ By =0,

AW\TCQJV/(‘O(Q 6\008Kels (l& PFTCET\% 5 Muz\el wdvch k SMS Eo\ck SlDJY has @ Q\Ick\
Jx‘(\muak cate (CTR) w,>0Q. Orcleﬁﬂ% 18 XK »Ke. There ace N

bidders, Nk, Bach hag a valudtion B:> @ Lo (\o\\ﬁng tsie od

C\TC\(QCQ of, ASS(MN\Q, %or (\GW{TQ(\S, that we (/\wa xtra, MIYTJ}TQTCLQ
SLU%Q UJTH\ Q) CT@, K= Kgg = - - =(X|\=®Q A de&TOﬁ \6 ® af



assigen of dot o bdders. We iy fo mafinize ?;Nng where
e T Ehe Bdder who gete dot k. Obsene €haf 1 e > M and 8:79;,
thet YO+ B; < ®eByk % B5 . o, on oHident decidion will o]
the bidders cuch that 8,7 02> > B0, and slot k goes to Gidder k.
Then, the UCk givat pay meglvstc:)tl\ be (for Bidder 1) R T
0,80 :i X; B; + ZNF{Z X0 + %0(3_\%@:;@(3—%\%3_
b this s colled o “generalized second - price auckion’ (GSA)

Oks) GSA Ts not sfrafeqy- Pro@@. Consider k=2, n=73, ®=0.),%=0.4
8=10, Bz, ©4=2. TH 1 bids Hrubhiully, they get 0.2(10-6)<0:3
Uil Rtk L ceporfs some. value 6> b, they get OfY((0-2)
o b, which s clear\a the hetter opfion.,,

Corthatortdl Auclons

The model? ot of tems &, n Bidders, each Bidder T has @ valuodin
funckion \Iil\m—aﬂi and gasiipear prelf@d\ces V(AYE €5 TF Bheyare
awarded AC G and 4ransher s £ Aa ATyRIT 1S a collection
ALA,, - B digyént subsets, Note Gk some ff; wigt be enphy.



ex) (@ilroad. Seamerts, fadio speckrum auckions

Lk Y be £he wkof oll qss”\gx\met\lvs. Then, we may wrste €he wfility
DOY G%QHJ( \ ok oudeome Qélj(\, ..-,10\) as \lt(‘a\'&b\ = \':(A"\\ '\'JCI. The
wellfare maxiniizadion Tx Mox i\h(Ax\ S-Jr-iAxQCw, A OA= 25

Del) Single Minded s bidder wikh aluation Vs where 3R.C.G and
>0 st W)= "1 13ReAT s e
Claow) S\mme all Bidders are Shgle vinded. Then, welfare mainieatf
problem & NP-Hard,

@C&c{?i QQA&QHO(\ %m\m k—lq\c{e‘)ej\&exr\‘ et — Well. Mox.

there o assigwent (A, A sk iuxu\x\>k'{

Gwen @ amf\\ G(VE), a(\"\(\é\fe?ex\c)e&ae& i3 a subset TCV st
Jc\ﬁeg have no e&%es betwesn them. = 13 Ehere nd.sek of size 2k?
- This P“@B{m © jQQMouSl% NP- QOMP\QJVQ,

Tk an Tikanee GOVE) k of d.sok. Define an skance of Wl Max

Wih Sinde Minded Bidders by Lek \ be 4 seb of Bdders T, 0§
and (e EL For coch bidder T, let Ti= | ad B; be G =t of



edoes €het are nédent 4o t. Ohsere Ehat 1 A, M) s an
&Sgﬁaw\me«\, ) i\l:(m = 4 mQ o\%ex&& who obtadn A2 Bx
Thete @8e“¥g bsom g Tndefet\&eﬁ sk beaiuse 1§ (33)€E and
AJQB:J Hen ey wille (1€ Ay g0 W)= 0. Cox\\rersek&,
from each Tod. et of size 2k, we Moy obtdin an alle codiion
it 2k Ths 30, - A) s 2 2 T T an wd.
et wtth CM&TMWV& > k. Reduckion © QGN\P\QEQ, 7

Reverue

Metwotion . Selfmg 0\ ST“%XQ ndiisible e, Bugers have valuofions
0> @, e wlligness fo poy for &re Them . (Feor={" fods)
l‘#\Sﬂd\ﬁ\% et O NF ohere 18 some CUF on IR*.

For o Tied prep, a buyer will acept Ge price ot 0>P.

= ExPechedl eyenye (8 '?( \”FCP\\_ (dsuire [ on mw(m

¥ Ne assume T e Q&;So(\xthL\é contiugis wih a cﬁex\éYJr%i: where T=f
Then, the marimum fevenue. i Jound by €he fiest order condon
L] p(-Fep) = - Fep - plpy =0 = p'< lﬁ%?\.




Remarks: (,\'\:CP)B cap be H\ou%h% of 'DQW‘Q\\CMP\, and \—FCP)—?%@
s a Mmalmﬂ Revenve. MQ@M& Cest=0), 0 %[PU?C@\%@ works,

Def) Peéu&cxf‘ Ttk t}%? P 13 monctone &QCVQO&TY%‘
LI F G reguﬂcu‘, ten Erere s ungue o\f\mo& price F”(‘,

Gl Se\fﬁna + Sigle ndivisibe geod, bgers. QLE o (XR")
wikh \(={(gu.-.)gn561®\t]“\ig&l? 9P, ["2%7 of Sler eepiy Jc\weaamﬂ.
Assume each bu&er”\ has valuadion 6- 6[@35&@?{ a.t. helr
uﬁﬁg From oukcome (3 (Ereeo e LS T Y tr, Also assume Hhok
eacl ©; ¢ drown (_mdePen(ﬂeng\ gmm CCM F on [6 B:] wikh 3&%&\\3
e Y B BRI

A scf Ts a function §(6,,---,84) = (3L8),.. g“(e ), 608Y, ... £,
The seller’s revenue T8 j( G(8)), but the ller dosen't know B s

—=3@ )ele\

—»Ex}bedecﬁ revenue 18 S Ei[fﬁ@ &Hﬁ (B~ olR(B)

S(W\l\ddc\j expected u’ﬂh‘vg m“ oéenlv 18 S S[Q 3.(6(,6_;\%‘(”6‘,@.-.)]{ g.ht.-\ (6.)
dB.d8, This s veferced to ag an ex-arke ity , when oll egerts -

port Ehetr valuotions Qmithtmug).




The m EXPQ&G& PO@QH (fo &36(\}? 1) af fer kﬂm?vxa Lhetr Chetr
Valuafon 18 8: 1 (6,6, = j: (8468 (6 BV 16804 6.
Houerer, Ere TEP to 7 affer knoving that B voluaion & ©c but reportiy
theic vahuafion as 8 75 (6, 8)= [ [8:4(6,8.) -t 5| F 6.8
No, Since @xpectafion i fineor, £iisTs O S: 406 0. 16.)d8- + S:{;(@.,@g
L8 48, = Bvice + Ti(6h, - =1 V(&) T l:’[}(a’.‘}

De}c) Thentie Compo\‘ﬂblel A sch (4B 4(B)  £,(8)) Lhott waelrl, ¥ 0;e
18:,60, veiel 6,81, Ue,80 > U6 ).

Oos) U(8:,0:)= BT &(0) > BVt + £r(80) = ( (8:,85) .

U (85,80 = 7RO DY) > 00T + £:(00) = Us(85,0:) musk be frue
90, 8:el0: B 7 He s incenfie cam?cfﬂb\e. Ae\o\'(v\u] the Ineyml‘&”\e&
OUVE(8t) * LAE7] + BBt 18T > B1VGLEN) AR + V3 (1) + £ty
— BB - VN BIOREN-V:(8Y) 20 =B -0 Ve 820,
Claim) TF scf i Tncenfive compafible, then 41, () s mmo‘tm(\i‘l\?ﬁig;'*
a8ing, 8. i< 6=Vl K ViR, (Freof by lost line abwie)
Lemma) T sef is TC, hen UELB):=(8:,80) Ts comex and olwosk Qvegy-
where dibferetioble. U #1s differrfoble of Bie(®; By hen Hs



decvofive, s % Ul: (8)="Vz(&x).

Prodh: (Sketch) TF sef s I, then US(0Q) > Wk(Bro0) vorel: &1,
S, e = Mo iu-\(e:,eaxi = Mox ieﬂﬂeﬁ + T ﬁ = {1080 Tt conex_
T Mlowe Ghot US80 Ts olmest evergwhere Sifferentiable.,

Suppose bhat ©re(8;,6:) s a ek of diHererfiablify. Then, & (8=
fo, SO 8 -0 S UrlBith 1)~ U0 1)
= BrehY U + o) - [ B )« Rt | = huaceo). IT B0, hen

O 8D » W), and 1 h<@, <UHBY, Thas, Tl®) <
&X%u’;(em;\wm i 7;% e = g% U?(B"&m‘;w:(&\ TR, %5 the

quee7e theopem, %M?f(&\ =Uz(61).,,/
Cordlory Th the scf s TC, then U0 = W04 [ 1rsnds.

Obe) We have, B:U:E) + TelB= U (09 = UF(8) % S: VA, Then,
T8 = U (8) - BML&HX: VS, Sothe transfers are pinned
down 58 U8 and R,

Lewa) A st 8 TC W2 D) T & moncfore oy Tncressing, and
2'5 T(B:) = Ul:i@\) T QT_U:\(@?) t S:: U(8) (ﬁS HT)HBTGEQI,@I]‘



Peoct: Neces{\%a Yollows fvom the refius lomma 9. cmo\\cw&a We
prove bt ency bere. Fix o, scf and assume condfions 1) and 2.
Fix1,6;, B¢, Then Un(Be,80)~Ui(Bc,0!) = B7U00)« Tel®) - VR (8 +
Toi] = BT -] + [t 600« (o de - [Uina
-BrTR(BN + [T ds T= Teen(Bi-80 + [ orends > wen -0)

lﬁdﬁhmoﬂhﬂ\k

+ [0 00 de =R8N(8-0) + VR8I 8:-67) =@, = B> UiBeg),

Ouc peobens 10 ° 17 S -ts, ) ThE1d6 -85 sk $=
(YO, 6N S TC ard BN 20 98ee[8,5] vislrl. Tirefen
= [ ICE, s THEdsd ifﬂ(‘cte SVTHE48,-d8,

—ZS J (6, SN BV 6 d8,d5-2 | CTERE) 48
- J0 our ?(0\3 em becomes MaY ii_. Q_‘[ T(B:\?-\ (81\&9&% Suhxec& 1o

V) s mondoe Trerading, 2) T8 = A8 -60i(80+ f, vods
) (7 (6)= (8 + S u(sﬂsz(b,
- OESQNQ that porficipefisn, consraits o egiivalent to R (82 0 bk
pacficipofion hos fo be safistied for ;= 8, and once U7(8) 20, trn L)
20 6> 8 Since TLR) >0 VS,
> So our o s Dox] 3| [-Ute 8- oo ffeads:



slject toi. 1) L) 1 wealdy monotone Tereading , 2) (& >Q) v,

> Ohsesve thaf an opfimal seff will have UH(6)= Q. Dlreuise, we an
find €>0 ond. set () = to be £he fruaster to 1 foaet mre @ene.
= |ets calewlode, it S 3('(6 J U(S\&sc\e K(\‘veamjﬂm\ bﬁ parts:
ACRUE N (B8, Sice F(e1-0,FE-, b
beeomes |- ursds- f R (8yu8yd8, L B L -Fs): i%{c&ek
Then, {{ "TBuasa-] mxc&slé?te\&e RS G AN
— Now, our problem ie: mx{jg VL&) (6 = ng?H (& d & i Subgect
b0l () T weakly monfene § inereaing

- et (8= 6”(—1—7(:2((6_?;3" which is s virtual valuation
= Trashon the chgective usng Flii: 3 U64- 489 -hien s

DI R AR GARy e ACARIE R

- [ L zgité\,_@n\ oG- TH6) 4848,
— Congider o cclaxed: problem thot drops €he consbrgint £hal () ke wono-

fone thereasing, Then, we have |

wﬁ‘ 173 4B 6) w6 - THB) - Aé% Subject 1o




- Solue e reloed problem pointuise (B byB):

W03 4:(8,.,60 G8)] suget tot lyelon, Ty <|

for sach foved tector of valuoFons (8,,-,8).
— The sdufion fo the welaxed problom is™ 4:(8,-80)= 1} mex @ (6> 0
— Assumptiont The distributions T ¥t are reglor T @(od= 6: e
afe all Sjrﬁgﬂ% IWEIS Tncx’easTv\%.
— Now, Tr(80)= JE il68:) d R(E =Rl @8 >0 A @lon> @8 v+t |
Which Ts wonofene Tereasig Tn B when G:() s mondfore Thereosing
= Thus, under regularity, any solufion tothe relaxed ordbken Ts also
soluflon to eur eriginal problem.
- ek (8= wing 6:e(8, &1| Ble120 A GB) > bilon vyt
Then 4:l6,8:0=1 < 6> 1:(84).
— Recall Kot iverin bronshere T (87) = UikerS : BUE+ , isidks
[ (0,00 = -B:%:(8,,8:) < g (5,80 ds > Aibr>4ied I 4ds.
— So Ehe tronsfers are fx(0:,8.) = ~Br 1Br -~ %(B)) =~ (B if 6&‘{#(9.33
and Q1 B:< Yilos) We can Hiink of 8f, €he value of &: st ®(B)=Q,

Qs O eerye Pﬁce.




Special Cose’s Symmetric Bidders, F=Fi = o=~ = . Then, ()= ¢ (62)
= 0= ECEL S (00> ,8) & QB> (o) = 87 8y, and Ehe
reserve price ©(6°)=0 T the same ;

1) good goes fo the Nighest bidder (fighest valuokton )

2) as longas T exceads rewerve price .

3) Winer poys (orgegg of €he Second Highest Kid and weserve price.
When =1 posted price T opfimal.!



