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Exact String Matching

Def ) String : ordered set of characters from alphabets .
Def ) Substring : PTs a substring of Tiff ㅋ / ≤KIT1

,
PCi]=T[Kt:3

.

Def) Prefix : Substring that starts at the beginning of T
Def) Suffix : " ends at the end ofT

Exact Matching : Given PandT , find all occurunces of PinT.
Lo Naively , compare every pos?tion anti! (ffails → ①(mn) time

(m= 1 Pl
,
= IT1 )

Idea : Take advantage of repeating patterns in PandT
5Z- Algorithm: every character is compared a constant lof times

Def ) Zfuncfion: +2≤ :EISI
,
2: (s) =longestsubstring from T matching pref*

e×D S = TTATX TTTAT

z(s)= 1 1 ① 1 0241 ① 1

s How can this help compute the exact string matching ?

s Define a string$ Twhere$ isa characternotin 2
. Compute

Z(S)
,
and return any occurences of PinT based on

I(S)
.



Observation) θ :> 1
,
we know that :

= Z:(S ) ≤ m .

- If : ≤ m+ y
,
then Z. (s) <m .

- For : ) m+
1 , E(S

) = miff Poccursin Tatposition

Def) z- box : 2 -box :. = S [ : …「 +Z:(s) -1 ]max prefix match)
∞ The rightmost Z-box

'
s edge in any position reveals information !

Complete 7-Algorithm : : ≥= current index , (l , r) .= indices of rightmost 2-box
Initialztion :

- lir ) ← (0
,
6 )

,

: ←2

- Compute Z2(s) directly
- If Z(s)>①

, update ( l ,r) accordingly
Induction : 2(S]… 더( S]iscomputed, ( l, r )isbasedon( -1) .
- Case LJ Uninformative : r < ?

,
and nothing was revealed

- Case2) Informative: :sr, then we know some characters !
s Be careful

,
however

,
for Z- values spanning outside the z-bo× !

eg/ S
= B

=$=;
:

… :승…
물

?

… βBBABIDAXA



Concretely , define B =r -Tt1 , thelengthoftheremaingZ-box .
_

Pefine 5 :=1-l+ 1
,
the matching position in the prefix Z- box .
_

s We will use Z; (S) to compute: (S ) .
⇒ Case I) 2;(s) <β : 2:(s)←Z;(S) (π(; ] is contained in30×)

Case 2) Zs(s)> β . Z: (s)← β (outside the z-box differs )

Case 3) Zs(s) = B .directcomparefrom( r +1),update( l ,r)

Time Complexity ≈ # of character comparisons
= #mismatt #matche

Cevery match proceeds r)
SO(s$1 foreveryfermination Gonly happens affer the rightmostz-box→O(S )

⇒ Trme(2-Algor:thm) = O( Is 1 ) = O(mtn)
Space Complexity : we only need the immediate IPl values of T !

Lπmifations. RTgid ( no variations) , Complexity blows up affer I- fo-L
Ls Many - to- I takes O(kn + km) time for kqueries of len m
Next time : How to get rid of the factor k ?Cuse preprocessing ! )

Exact String Matchingy .Suffix Trees

Idea : use preprocessing to obtain a flexible data structure



bafter preprocessing , querTes willbeconstant
Intuition: All substrings are a prefixof some suffix .
Naive Algo : enumerate all suffixes of T , fest if P is their prefix
Ls Inefficienf

, quadratic time

Ideally , if any two suffixes share a prefix, store only once !
Def ) Suffix Tree : Rooted directed tree with n leaves

,
each

corresponding to a suffix .
Every edge is labeled by a nonempty substringofT
- Apath to aleaf spells out a unique suffix
- Outgoing edges from the same node cannot start with the

same character ex) FXYXYZ
- Each non- root interiorvertex XY

+→⑤

has at least 2 child nodes 각쪽 ,임있다
Construction: Add suffixes from start to end , one by one .

ㆁ O‰××) 웅** ⇒웅 ☆김⇒생셨김표,⇒
.
.임일않다
. … .

임용.



Observationl Tree)→ suffixistrivially easy .
2) Paths to leaves is the complete list of suffixes .
3) Paths are "compact

"

s if suffixes share prefixes, they share aparent .
* Not all strings have a valid suffix , specifically if Findices Ti ; s .t.
suffix T is a prefix of suffTxJ

SpaceComplex:ty: O (( ITI ) ( O (# of leaves intree))
TTme Complexity.O( IT (

β

) ( repeated character excepf last )

* There is a OCITl) construction ; refer Gusfield .

Thesuffixtree helpssolveexactmandLCA

Exact Matching: Traverse the tree until desired prefix is found .
All leaves of its subtree are suffixes that have a matching Prefix ㅇ

cfindingP) Cafferfindingp)

Trme Complexity. Time traversingPt Time enumerating occurences_
≈ # char comparisons = O( (PI) ≈ # of occurences inT

s Overall OCIPltk) where k 8= # of occurences of P inT

→ For many
- +o- 1searches ,suffixtreesrunsinO(IT 1+IP:l+:]

LongestCommon Ancestor . Find the lowest common ancestor !
Runtime : NaTvely ,

traverse the tree for O( IT 1 ) time
.



s There is a constant time retrival structure for LCA in trees
.

⇒ Overall O( IT ( +q) where g.= #of queries .

Longest Common Substring : Define new string 2 .= S ,#S2$ to

Prevent the LCS spanning both S , and S2 .

s we must " trim down
" labels that spans Sc and S2 and denote

from which string F originated from ?

s find thedeepest
"

Vertex thatis a joint ancestor of both S.&82

s recursively check if childrens have different origins ( botfomup)
⇒ Tπme O( IS . 1 + 1S21) , can be generalized to n strings
* Complexly for suffxtreeseanbedeceiving due to large constants

Exact Matching# : Suffix Arrays
"

Powe really need to sfore the entine suffrxtree?
"

DefJLexicographical Ordering : ordering of alphabetinI
s Assume that delimiters ( $) precede all alphabet .
Infuition : Let α= E :….3 . the set of matching suffixes withP

Claim : any suffix ; not in2 must be lexicographically larger than Of
smaller than all suffixes in 2 .



Proof of Claim . If ; is between some aandip , 4
mustbeinα.

,

' All possible sets of prefix matches will be clustered !

Def ) Suffix Array . Ar[:] . = start position of lexico. smallest suffix
How to build the sufflx array?

1) Mergesort . nlog(n3 Comparisons , ①(n) per comp → ①(nβ logn ) time
2) Use Suffix Tree : DFS the tree in lexico . order ! → O(n) time ,space

Algorithm )ExactmatchingwithSuffx Array :
- build the suffix array .

-binary the array to find the Land R window .

- return all indices between Land R
.

Runtime : TCbinarys + TCenumerating between L&RX
sO(log((τ 다) IPI ] sO ( k) ⇒ total O (log(Iπ ]이미

Speedup : If Ac[LZandAc[R ]share aprefix ,wecanignore it .
Even better : Gusfield proposes a ①( IP () comparison scheme !

→ Practically , runtime looks like O( log( (τπ) + ( P/ +k )
.

* .Canweconstructsuffixarrayswithoutsuffixtrees?



∞ Yes
,

KS Algorithm [2006] is linear, using mengesorf&radixsort !

AlgorTthm) Radix Sort . set of n strings of length ≤k→O (nk) time
s Sort by the first character, put ties into bins , recurse on them .
⇒ NaTvely , radix sort gives O(m) for suffix arrays (: k= n) .
Intuition) what if we can sorting only the firstk chars of suffixes?
→Tfk isa constant, radixsortwill run in O ( k (π ) = O(πI ) .

What if there are ties? . →consulfresultsfrom(+1)us (j+1) f

(Tt2] vs(jt2) 악 … 안 (i+k)us(jtk) !

Naive Affempt. sort 3-suffixes uia radix sort . tiebreak by looking
at the lexico - order of the next 3 subsequent suffixes . In fact ,

replace all suffixes with lexico .order of 3 subsequent suffixes .

Runtime : Ocr) since n teration takes O(n) time
.

IntuitTon] Pivide IConquer : create 3 copies of the string , starting
from positTons 1

,
2

,
and 3

.

Order two out of three usingrecu

radix sorf
,
then efficiently sort &merge with the remaining third .

A Details for kS is omitted in this note .



Suffix Array as a Permutation : F an Tnverse Suffix Array As!
GKS Algorithm actually wants to construct A '

s
instead of As

Burrows-Wheeler Transform

Mofiuation] EfficTent ompressionwithTnvertability
Naive compression : count the # of repeated characters
sworks well with low-entropy strings , not so well with higher ones .

lexicographical sorting : efficTent , but not invertible.
BWT . list of characters that precedes each rowin a SA .

Intuition :Stringsoftenhavepatterns, i .e . some sequences are repeated
bThus

,
BWT is likely to contain long repeated characters !

e .go
'

h' Ts likely to be preceded with
'

4, so repeated
't

'

s are expected

Construction of BWT . Consider the cyclic rotations ofS . Sorting
these yields a suffix array with nice properties containing BWT.

Def ]BWT .π(S] = rotations of S , πs(s) =1ex . sorted (Tstof π(s)

F, L= first &last columns of πs(s)
.

which Ean be reconstructed
from L as with S .

sFis simply the ordered listof characters , and Lis the BWT .
&& Pointer to $ )



* Using KS algorTthm, BWT canbe constructed in O(n) .
Claim : we can unambiguously reconstruct Susing only L ( and F ) .
bInother words

,

BWTis inver

key Obs : F and L are order-pres .
Proof of Claim : all ties are broken by their nextpermutations, which

are exactly the sfrings that end with that character ! Then ,

since the SAis already sorted , appearance in Lis orderpreserved .
ex) A$BARBARSARA$BA $BARSRA$BAR

Reconstruction from L . Obviously FC ( ] is $
,
and the last char-

acter in Sis also $
.

Then
,
we can chase down its preceding

character
,
L[ 17

.
Next

,
find the firstoccurence of L[ 13 in

F
,
and let its index bej . Chase down the next one , L[j ] .

Continue finding the n- th occurence of L[T] in F , 5 . L[j ] is
the next preceding character, and update :←J .
Efficiency . to find the m- th copy of characterk , keep M ,

the finst

index for each character inF & C
,
the # of occurences of LEr] in

string L [ 1 : r- 13
.

⇒ M (L[r]] +CIr3 is the index of rinF !



* There also exists a
" forward decoding

"

that is equivalent .

bIntuitiuely , we chase down characters inF instead of L !

Querying BWT

The Perfect Match Problem : IsBWTany useful for this?

byes
,
BWT compactly stores the information of the suffTx array !

Idea :scanthequerystringaand update pointers
Sp&Ep that points to the first & last matching rotations in π

S
(T )

.

Update Rules : ra query of length 1 , consult M

SSp ←C) MEC]
,
Ep (c )←MInext(c )7 - 1

.

Then
,
look at L[sp] and L[Ep] for their matching occurrence

Tn F again using Mand OCC ,
where OCCCC

,
T 3= # of

occurrences of character C in the first T positions inL .

, Sp (CX) ← M(C] + O(C[C,Sp(X)H]

Ep (CX ) ← MEc3+ OCC[C ,Ep(X]] - 1

Whydoes this work?OCCincreaseson theinterval sp(X)[
,Ep(X]]

as long as L[ T]=C ,
the next character we are chasing .



_

다했…
…썼Xdppmateon.

⇒This solves half of the problem. the # of occurrences of PinT .
sIf Pis exhausted , output EpSp+1 ), ifEp<SpontputNULL .

Claim. If X occursinT
,
then cX occursinT if Sp((X)≤ Ep(CX) .

Proof : OCC [C ,EP(X]]= OCC[C,Sp(X ) - 1] (C never occursbfwnsp , Ep] ]
⇒ M[C3+ OCC [C ,Ep(X]]-1 ≤ M(C3+ OCC[,sp(X) -1]

⇒ Ep (CX) < SpCX ] . "

Runtime : OCIP 1 )
,
but still need to find locatlons of matching

Calso OCCis very demanding in space )

locating Matches: simply return EA:[Sp] , … ,
Ar[Ep]}

.

…butthisdefeatsthepurposeofnotstoring A 딩

Idea: Only store some values of Ar, then recover as necessary .



Sparse Storage of Ar : evenly store a small fraction (~2% ) of AT .

→ If AT[:] Ts nof found , consulf ; = M (c3 + OC( [C ,-1]
,
which is

the index of cX if Tcorresponds to XC . Then , if A +E; ] is

found
,
return AT[j3t1 for A([:3 . Else , recurse on TeJ .

⇒ This introduces a time usspace tradeoff on how much to store !

Next Idea : Approximately matching strings !

Inexact String Matching

Why ? Sequencing Errors & Genetic Variation

Given two strings
:

overall level of similarity ,
which parts are similar?

Pairwise GlobalAlignment ⇒Inserting to enforce matching
Events: Substifution ( ε )

,
Insertion [ ≤ )

,

Pelefion (ε ) : : : DeseendanAncestor
L ∞Betweensiblings ,insertion/deletioniscalledTnde

Scoring Aignment: Total Score :Z(scoreofaligned pair) +I(score of indel)
s amino acids CxC. will have a bigher substitution score 「f that

substitution happened frequently in evolufion ( assumption)



Score = log(Pr
(c→c2lu] JwheveR. = related, U . =unrelated

= log (.qc.)wherePa,an =frequenciesofC 1&Ca both in a same index ,
q,qea =marginal probabilities of C, and C2
= σ(a

,
C2) a amount of expected .→C2 mutations

⇒ Score =Ʃ ocac2s + Eindell score) ∅
aligneh[a7,Cr

Indel scoring : LTnear→ treat every indel independently :(Wsx# ofindels))
Affine→ treat consecutive indels as a single event :

( eps(Wgt Ws. ( #ofindelsinthegapl)whereWg(gaplpenalty)>>W' s$ !

⇒ Score=Ʃ σ(a )a)+ (# gaps)×Ws = , σ(C , ,(2 )whereδ(c ,)=Ws.
aligned(a ,(2)

Global alignment : Given strings Xiy and O, Ws , find maximal alignment .
s Use DP through defining appropriate subproblems !
Claim. If U, is the value of optimal alignmenffor X[ l : :] , Y[ ( : ; 3 , then

VscanbederivedtriuTallyfrom, ; 는, V
+

,
Vs.3

.

→ find Unm !

Algorithm] Needleman -Wunsch : X .Y ,
0

,
Ws →γ (n , m) ( l×kn , ly= m )

Base case : V (o ,0) = ① ,

for ①<: ≤ n :V( ,
0
) =v⑤(XCk],)= ToW's

U (O, 5 )=,
σ
(-

, yCk]) = J .Ws .



Recursion : VCi , ; ) can end with L] (XE3 , y[;]] 2) (x[],-> 3]( , yc; ] ]

Then
,
we need information from IJV (,

-1) 2 ]V ( 더,J] 3 ]V (T, 5- 1 ) to

calculate each possible Vi; score .
FUs =

Ws

Take the max of . EU(1,5-) + o(X,Y코, V( -1, ;)+σ(*)- ),γ (π ,5 -1 )+ 6(-, y;)}
→ Fill the nxm matr?x , then back track pointers ( path notunigue ! )

Runtime : if n= Ocm)
,
total Ocm ) time

.

space : ifO(m), naivelyO (n), can rease one row for O(n) space .
s can also do a diagonal zig-zag fillout , which is parallelTzable !

Variations on String MatchingI
I] K - bounded Alignmento allow at most k mismatches (sub indels)?

edt distance
βAssume o(n ,m)= 온요 탑 m

OR Gap.Obviously, In-ml ≤ k .
Idea : onlyfill in the relevant portions of the matriXV .

Bordercells ignorecells outside the zone .
K However

,
a path in the zone canstill have more

Zone"
than k alignment . ⇒ If V(n ,m)≤k , trace back.

Otherwise
,
there is no k-boundedalignme( iff relation ! ]

Area(Zone) = nm - 2 .
(n-k별= K ( m+n )-k

2
→ O(m+n) =Ocn) time !
_



2) Affine Gap Penally . treaf consecutive indels as single events
→ Score =2,⑤(C,( 2)+pWgap+1X 1 .Ws

.

sNWalgorTthm nolonger appies since we introduce dependencies !
Wel might want to go back and fTx previous indices now )

Naive Algorithm. Consider all possible consecutive gaps→O(n3 )
amatrices

Idea. keep trackofthreepossibfor preceding solutions

M(π
,; )
:= bestalignment of ×[ 6 : :3

, y [ 1 : ;) ending with X( & Y ; match

I× [i , 3 )= " ending with Xi & gap

Iy(i , 33 %= " ending with gap & Yj

U (Gi; ]← MaXEM (;) , I ×( πi5 ) , Iy (, J )3 .

⇒ I× (T ,;) = MaX M(π
, ; ) tWg +ws 금맘멈생…

a newgap.

I× (- 1
, ; ) +Ws{

Iy (1, ; )+Wgtw

,□문성범…금↓
⇒ Iy (T ,5) = Max M(G

,5 - 1)tWg+ωs금맘망…, newgap.

Ex( Gz1 ) +Wgtws 멈몸몸…
Iy (T,5- 1 ) +Ws 점…몸

⇒ M (G
,; ) = ma× S MC

1

,
; -1) + α(X; , Y ;)



I× (「- 1 .5 - 1 )+0( X , y ; ] UC-1, 5-1 ) +o(X , Y:]l Iy (「-1 , 5- 1 ) + σ (**, Y; ]

Base Cases : M(0 ,0) I×(0 ,
0)= Iy(0 .0) =① .

Ix (T
,
0) = Wgπ .Ws

,
Iy (T , O)& M (T ,0) are not defined . ( o< : ≤ n)

Iy (o . ; ] = Wg+ j . Ws , I× (O , ; ]&M(o , ; ) are not defined . (O< i ≤m)

Variations on String Matching/

II Local Aignment : alignment of substrings of X and Y
→ find the highest scoring alignment , considering all substrings of X&Y
* makes sense when XandY are very distant or have very different length

Pairwise Local Alignmento outputs substrings a and β , naive solation

is to enumerate allOcm) pairs of substrings →O(n3 m3) runtime

IntuitTon : allsuffixesofall prefixes3 = Eall substrings3
s 5 bestalignmentscorebetweena suffixofX [1.:] and Y [ 1 : ; 3 .
s best local alignmentis m☆E ☆3 .

[

Smith-Waterman]



V(-1 ,
5 -1)+ o(X; , Y; ] .없다

y다

:1)

→
0(X: 1

-]

V(F-1
, ; ) + Ws 금명×제다

.;☆ !:V (i 13 ] = max

U (i
,5 - 1 )+

W;0 -,

y"□금김피)×(: " "

Recursion :

{
① ( is selected when all above are negative)

Base Case: V(o
.0) =√ (π , 0)= √Co .; )

= ①
.

* Affer taking m☆EV,3,backtrackuntilwehit a ① ( restarf point ) .

21 LTnear space Global Akgnmento How to recover with only the score?

Idea: Record "mTdway
"

points , then recursively confinue . [Hirschberg]
\ n1고 nk+ *

otHow to find where itpasses at i= k? □□" 엄P-

I J* j*
+* m

IntuTXon:F ; *
,

V
(XC: n ] ,Y

[
1. m ] ]=√ (X[6.nk),

Y
(1: ;*]JTV( X[엠Y [j*3 )1:n),

+
t.m

(V,E3) ( V2(j ) ]

binotherwords
, J
*
= argma,EV(X[ l :"k3 ,

Y[1 :5*]J+V (XCk Y[;
* ])n)

,
1.m 3

.

→ Compute NW with XCl :nk ]andY→lastrowgives V. (5)Dλ Nis;)

For thebottomhalf .findNWofX( n :nk+ (]andYβ∞Vk(m;)양 은L→ Reversed !

⇒ j
*
= argma:Vi(;)+V 2(;J3

,
Path passes through point (

"2
, 3
*] !

sFor the rest of the path , recursively find smaller midpoints until Missmall .



δpace : ①(mtn) =①(n) (no saving enfire matri×]

Time: First iteratlon → O (MM ) ㅱ
Second HeratTon → O(쁠]

□
□

Third TFeration→ O(없)
□□
맘-

… [ th Tferafion→O(꿰 ) ⇒Overallnm
다

'옳이=O(
-

"We trade some constant multiplicative factor in time to reduce

space reqirement from quadratic to knedr !

Phylogeny

Def ) Phylogeny: a weighfed tree capfuring ancestral relatTonships
s leaves represent extanf species , branching is a species divergence
s a rooted tree will encode aflow of time

"

for mutations

Why Trees ? " we only consider
"

spliffing
" and nof "Joining

"

( not always…>

Applications : IJ Taxonomy 2) Ancestral Relations 3) Human Erolution

4) Erolution within an Individual ( cancer mutations)

smax l?kelihood , maxparsimony, .

Two Algorithms: 1) Pistance -Based 2)Character -Based



PTstance-Based :GTvenapalovisedisiimilartlytablepathlengthscorespond to thedissinl
a

Parsimony-Based :Find atreethatrequiretheminimum #ofha
stree
→

label map

Def ) XTree : T = ( T,
φ
)whereφ ( X) confainsall vertices

wTth degree≤2 ,
and the label set X ( φ is not one-to- one nor onto )

ex) T(T
, φ삶

"

,

X = [7] * degree 2 vertex only is
3

introduced to pat a label there .

DefJPhylogenetic Tree: X-Tree where φ is a bijection of XaT .

Theorem! [Schroder] B(n)=all inequTvalent unrooted brnary

Phylogenetic trees with n leaves3 , then (Benil is superexponential .

Def) Pissimilarity Map : funcfion 8 . X×X→ (Rs .f. δ(X ,× )=①, δ(X.Y) =δ(×1Y) .

* DMis pseudometric if :f satisfies the friangle inequal?ty , and it is

metric if δcx
,Y) =①± X= Y .

s How can 8 be " represented
"

by atree , and how do we find π ?

⇒ Make 「T with edge werght w(e) s.t. d(riw)(U,VJ 6 =uwnWa (e) .
Def)TreeMetric. δ on X s.t .JT,w.ㆍ→

1
.s
.

t.δ (Xy )=d(w,(φ(×) , φ (y))



∞What 「s the necessary I sufficTent condTFTon?

Def) 4 Point CondTtion: fa .
b
.cidεX ,

δca
. b) +δ[c,d) ≤

maxE δ(aid)+ 8(b.c
)
,δ(a. c) +δ(bid)3≈

* 4PC impkes TI , δ
'

s nonnegatvity ,
and 8

'

s pseudometricness .

Theorem) Tree- Metric) Fora 820 on X
,
4PCE, Tree -MexrTc

A
two ave equal and 2 than the thind

Def) Utrametric : a, b
,cEX,

δ
(a, b
)≤ MaxEδ(a, c

),
δ
(b,c)3

.

* (UtrametrTcsTree-Metric,and Tt arises naturally in phylogeneticXtrees .

Def ) Equidistant Representation: A phylogenetic X- tree T (T ,
φ )

rooted at p and an edge weight ω . E (T)→ IR s.t. :

L]d (w,( β, φ (x]]= de.., (β, φ(y)) HX . Y εX ,

2) w(e)≥① He ε E
0

(T) where E(T] .= setof interior edges of T.
b useful to think that current spectes have roughly the same # of mutations

(distance) when compared with a common ancestor (root node ) .

Theorem) If δ is altrametrTc onX ,
then F an equidistant representation

(Tiwl such that δ= dciws
.



Def) Gromor Product: For a δ onX ,
fTx an element reX

.
The

Gromov product of x andy in X IEr3 is :

δ
.
(×

. y) = 호[ δ(×. Y) - δ (x. r) - δcriy)] if x=y , ④ otherwise
.

Theorem! A non
- negative S onX satisfies 4PC δ risanultrametric

on XIEr3 rEX. ( Proof inHW , key to proving Tree Metric Theorem ! )

Phylogeny Reconstruction Problem. Given δ on X , find a phylogenetic
X- free and weight function w : E →(Ro that minimizes :

[ (d(r
. w) ,
8) =××* gab [ δcaib)

- d(r
,
w, (a,bl]

.

(
gabarescaling factors)

bIf T(T, φ ) is given ,optimzing ω is in P. However , if Tis

unknown
,
this problem is NP- Complete .

Distance - Based Phylogeny
"

Given a dissimilarity matrix , output a free that is as consistent as possible .
"

Two greedy algor:thms : I] UPGMA (ultrametric) 2) Neighbor Joining (treemetric]

VertexRepresentation of Ultrametric :Let h: V(T) -R be a height function

Soto hcu)2 hevl if u is an ancestor of V
,
and d(π h.=E 2

h(L(Ar (41×1
)
,4(y1)

⒃ :f ×x= y .



JAlgo UPGMA : hweighted Pair Group Method with ArTthmetic Mean
∞ Input . δ onX , Output : PhylogeneticX- treeT& height function h .

* Always returns an eqaidistant (ultrametric) tree .

Inturtion : Find the "closest
"

pair and merge them , recursively . Then ,

we need to update 8 based on the new supervertex (Collapsing) .

Algorithm : H :εX , assign cluster G .= {:3 . Inifialize D(G ,
(;).=δ(T , 3) .

Define a leaf node θT and assign a height of ④ . Iferate :

Find minED(G ,
(,)3

. Merge them intoCm=GOG . Assign a beight
of DCG

,GJ /2 for a new node Cm . Update dissimilarity by
D(GU(;,(K )=D(G,Ca)+없뛰D(G.(.) .
(* D(G ,

(;] = 1
Ʃδ (X.y )originally )lGI대

XEEE ,YEEj

Runtime : ①(n3) (n iferations , R to find the min- pair at each step )

sCan reduce down to Ocn)withoptimization.

But what if δ is not alframetric
,
T
.e , one edge of asibling is longer ?

G UPGGMA might merge the wrong nodes !



Algo) Neighbor Joining : Return the correct tree if δ is tree metric .
Intuition :Findclusters to merge like UPGMA ,

but the update rule is different !

Pair Selection : m,
온Q
(G ,;) 6 =δ (:1;)-(r ( +5)3 where E = *2Lδ(G . K)

????

.

LSQC
,5 ) ≈ distance btwn (1 ,3) minus mean distance to all other active leaves .

Theorem) If δ is treemetric , then EQgminG"

,13
)3 is guaranteed to be neighbors.

L, Justifies Neighbor Zoining , proof in HW . (intuitively , confrdence boosting)

Update: Leverage the tree metric property to derive the rule .

δ(x )m = (δ(c .
b) + 8Cia)- 8ca .b)) /2 when on is a merge of a and b

.

oa
m

L → dca.m ) = 호 [dcaib ) +ra -.]
.

d(bim)= 호 [d (a ,b) + ra- ra]
o

D D rastive vertices C
,
d(m .c)=*[dca.c) - d(a ,m)]t호[d(b,1 -dcbim)]

→ intuitively ,
take the average of the two estimators

Runtime : O (n3 )
.

Character-Based Phylogeny

A character on A captures aftributes of the sample . exIDNA seq. alignment

Pef) Character: fanction x:'→s where X
'

Ex and Sis aset of states
.

GX'Tsdefinedinthswaytorepresentmissingdata..



A character Xis said to be :

IIFull if X=X
.

2Jk - state if / x (X)= K (# of state outcomes)

3)Triuial if there exists af most one state with multiplicity≥2 .

* Nontrivial characters imply information about tree topology !

Def) Extension : for TCTiw)
,
an extension x .V→S of xonT has

X . φ(a] = X (a) HaεX
.

Ci
.
e
.

interior vertices also gets a state ε S ]

Parsimony : Given a collection Cofcharacters on X , provide a tree that

gives the simplest explanation,i.9. minimizes the number of mutation.

Pef) Changing Number : given T & X ,
ch(*

,
π) =E (uv)εE(]l *(u)FX(u)31

.

bef) Parsimony Score : π(X ,
τ) = minxaEe서 (T

.
x3
Ech (* ,T)3

.

Small ParsimonyProblem: given a rooted Phy. X- tree T(T. φ ) & a full

character X onT
, find an extension Xof x minimizing ch(X ,

T )
.

Algorithm] Fitch's Algor:thm. leafu , ψ (V) . =Ex(φ-(v )]3 . θ inferior Vertexv
with children U

(
W
,
let Ψ(V) .=ψ (u)cu)? ψ(

w) ㆍ

cw)ifif
ψ uaa,?ψ

cw

),태임 . Then,
πCX

,
T ) is the number of union operations called . To obtain an



optimal extension , pick an arbitrary state in ψcroot) , then for a parent

p with state sp , the child c
'
s state will be sc← E 물if spε

ψ (c)ψ

cc) otherwise .

Runtime : Ockn ) where k = IS 1
,
n= tXl (AvEV

,
takes O(k) time to findpoo))

.

Weighted Small Parsimony : θ ? , ;εS , a mutation :→] costs m(T,;) .

Algorithm] Sankoff 'sAlgorithm : tuEV , Aran array indexed by S such that

A.[s] .= OPT costfor the subtree roofed at V wTth state sεS
.합티콤

Base Case : leaf l
,
Av [s]= $① if s= state(l)Dotherwise A

penalize asmuch as possible .

Recursion: θ V with childs a,ω , Av[:] . : mias[Au[] ] tm(T(;]]+ Ms[ Aw [ k]+M (:,KI]
o keepa pointer for argmsandargmas.Then,π (

X.T) =MEsEAr ..+[s]3.
To obtain the optimalextension , find Sc = argminas EAc[J] + m(sp ,5 )3

.

Runtime : O(kn).

key Idea : There is a fundamental equrralence between X- trees anda
certain type of collection of binary characters on X .

Def ) X- splts : a partition of Xinto two nonempty subsets (AlB) ,
hatt is

,
IJAUB=X

,
2) AMB = 0

,
33 A40

,
Bt 0

.

Ls Removing an edge e introduces an X- spit Ca cut )
.



Claim :

Fora givenX-tree, notwodifferentedgesinducethesameX -spkt .

Proof : Ifso, we will have an unlabeled degree 2 vertex , which is invalid . ,

Def) Compatibility. two X-splkts A
. IB ,andAlB2 if at least one
_

of A
.
AA

2
,
A

.
NB2

,

B
.NA 2

,

BiDBz are emOtherwise , they
are incomsallfour"quadrants "arenonempty..BB

β

!샴

Pef] 4 - Gamete Test. If all four combinations E00
,
이

,
(0

,
113 appear in

the two columns corresponding to a given pair of binary characters , they are

incompatible .

Theorem) Spl4s - Equivalents [Buneman ,
(971 ] . Let Cbe a collection of

X- splits . Then , there exists an X- tree T(T, φ ) s .t . Ʃ(T )= C iff

the
"

spltsinCulbnary
characters

are pairwise compatible . Furthermore, the X- tree

「s unigue upto [somorphism . (Iπ) EXspl(t(e) / e εE(T)3 )

Pef) Convexity: a character X:X
'
→ S on T(T

. φ ) s.t. Fan extensTon X :

V→ S of xs.t
.

θ SεS
,
the subgraph 「 8=: vEV / XCu)=s3 is connected ,

T
. e. we can label inner verfices such that each subgraph consisted of the same
state 「s connected

.



Remark: a binary character xonT if Ja bipartition of Xinduced by x

is an X- spkt induced by an edge of T. Cand that edge is uniquel
⇒Biologically , homoplasy- free ( no recurrent or back mutations)

Def) Compatible : a collection Cof characters on X s.t . 7 an A- tree

on which all of the characters in Care o.( genTzederal tok- states)

Def) Perfect Phylogeny Problem : Determine whether Cis compatible, and
If so

,

find the X- tree on which they are convex .

sFor the binary case , Cis compatible iff pairwise compatible !

Naive Algorithm. If IXFn ,
ICFm

,
Ocnmsforcheckingall pairs .

Gusfield 's O(nm) Algor?thm: Assume that root= all -zero string .

L) VTew each column as an n-blt binary number, radTx sort in decreasing order.

2) frowr, letkroe string of labels of columns with Is in row r +$ at the end .

3) Builda " keywond tree
"

for stringski, kn .
.

,
kn

,
akin to suffix trees

.

_

4) Check whether each column label appears exactly. Ifso ,
the

tree is correct upto permutatTon of labels on the same edge .

Why does this work?→ Foreach character λ:
,
let : 0= E×EXI :( ×)=: 3

.



If Fa perfect phylogeny solution , then affer radixsorting ,
τf character x,

appears to the left of λ; , then either O;드 O : or O, MO : = 1 .

For the anknown root case
,
take majorTty string as the root, and swapf→0 .

L, If data is consistent, the majority string will appear somewher in the tree !

For k23
,
we check for compatibilkty Via convexity ( pairwise nof safficient)

LSNecessary ISufficrenfcondtion is a chordal completion of Int( e ) , the

Parfifion intersectiongraph(xa ,
Ba.l,(xb,B;] )ε E(Int( (1 )ifBaiNBj# 0)

.

s full characters runin O (2knm
)

time, anypartialisNP.C .

Probability
scertain subsets of 2

Probability Space: (2 ,
F )

, sample space and 0- fieldCor δ-algebra) .

Probability Measure: lP , a function F→ [o , 1] wth such condrtTons :

I) (P[$]= 6 . 21( P[-2] = 1
.

(normalization)

3] AsA 2…ε
F

. A : ΛA ; = $ (43 . Then
,
IP (A :]=옳(P( A :] Cadditive)

Random Variable .X
,
afunction-2 →( Rs . t ."X ≤ X" =Eω ERlXcw]≤XBEF

* α
.

CumulativebistributionFunction :F×(× )= 1P [X≤×]
.

Convergence in Distribution : segq .X,$ 2
,
and X

.
XnsX as nso if



bis.FXn( X )= F×CX ),HXECFx )i.. points in lRwhere F* is continuous .

Central [im4 Theorem. X,
X
2, … .r.d with finifemeanu , finife varlance 82.

Let Sn = X ,×… + Xn.
용
몸 !- µ )→N ( o. 1 ] as n→ D .

Condifional Probabilfy:LetB besomeevents .t.( P[B]>④.
E

1
,
Es are events

.

We want to define a new prob. space (B , F# β , (PB ) s.t .PB is consistent
.

IP[BOE ] /IP(BM] = (PB[BAE ㆍ]/IB[BAE2] (relativesize)

IPB = ClPwhere cTs a constant&B) .⇒ /PCAIB] =1 PB[ BOA]= IPLB&B] .

Independence : ALBP [ AIB]= P[ A],PCBIA] = IPCB] .

⇒ If A *B
, IP [AMB]= IP[AJIP[B2 .

Theorem) Lawof Total Probability : Let B,Ba , . EF be a partitTon of 2

and AεF
.
Then

, ( P[AIB: ]Pr[B:]=.P [AMB-]= IPCAADB:)]
= IPEAJ by addTuty of IP. 에

Stochasic Process : Io Ber(p) where P[I=①] = P , IP[I= 1] = (1P) .

I
1
,

I
2 ,
.

.
T
.

T
.

d
.Ber(p )
.Sn= 4 of Is upto b frials =옮I: ~ B:(niP) .

Wi : = warting time of nextI vGeo (p) . (P (ω :=]= (L-P
]"

P , k ε IN+.

oHow do we think about continuous processes?



λ>∅
… one trial in given time .

ㅇ 1

kwotrials.
ㆁ ^

λ써 λ/m
…-째- - arbitrary trials .

Yn 0. # of successes o B:( n ,
M )

.
Y,Y

.
…

Yn→Po ( λ) as n→p
.

Similarly, Gn~Geo( 슈),thenXn EXP(λ) as n→D.

RTSOnPOILPROSSP"i*
. . n WEvEN

=

#ofitsninterlL .vl
∅

LsThis will be useful in describing mutation events !

Markov Chains
[statespace)
fin?te)

Def ) Discrete Tπme MarkouChan : { Xn / n=④, 1 …
3 , An :2→ S .

IP[Xn=; | X=: ∞ …, Xm=τ m. ] =IP[Xn= ; /Xn1=im ]AnE /
N ,
.… in,jε S .

her one-stePIPEX = JIXn=T ] =Pi ,nEIN ishomge , and the

elements can be represented as a matriy PCi ,5] = P :s .

Some Notations : tin = (IP(Xn = :) )as
.

How to relate this to Um?



IP(Xn=; ] =. (P(X; lXm = : ).lP(Xm = ; )= .P; 아PCX에터

s tUn =UmP . sthn= mP
'
,andsoon

.

s n= lopn
.

Denote P
"

[.; ] = P.

Chapman -Kolmogorov
:

pn , '
=
2sPk " Pa;

m) ( fotalprobabifity again)

Def) Accessible : J is accessible from : (π, →j ) , if Fn ε IN s
.
t
. p, 20 .

Pef) Communicate : ( :← ; ] iff [→;] Λ ( J→ 5 )
.

Def ) strongly connected Componet : set of states s.t. θ i , ;εS , (π←; ) .
Ls We can decompose states into SCCs & fopologically sort them into DAGS .

Defl TransTent Component . All states not in a sink SCC , OT OT

Def ) Reccurent Component . All states in a sink SCC . R홉→ for finTfe S, atleast.
R

Def ) First Passage Time . f=( P(X4 ;, …
,

X
1F;, X 1X . = : ) .

bef] Return Probability :f =f "' (every f: are disJont ! ]
Obs) Transient ⇒ fF: < 1 . Reccurent⇒ fi: = 1 . Cactual definitions of these )

Def) Irreducibilty:MCs .t . θ:j ε S , (:∞; ) (one Sccfor entiregraph ! )

Claim) Suppose jES is transient .Then ,p=① □ :ES
.

(without proof here)



Decompose S = A UB where A is absorbing (ε reccurent SCC) , B is transTent .

For iε A , jEB .
what is ;= IP(EnterAthroug 1 X.= : )

.

First Step Analysis . h; =톱sIP(ε; 1 X =
k
,. IP(

X

급다.Xdecompose참
IP(×

예양,
∞] ;금[

5ven
,

KEA

☆B .

가=최옷
s Of course

,
Q)needs tobeinvertible

,
which italways is .

LemmalSuppose asquarematrix Msatisfies.
M

"
=
① . then

,
(I- M51

exists
,
and it is given by . Mn . (proofomifted)

∞Then
,
because i

.

Qn =①
,
[I-Q] exists .
_ "
_ Fundamental

소g☆고

T
π
me
:TA =ME☆☆

고ㆍ대,
( XMEA

3=.I EXn = j3. -hactderivationiunu
Recallthattin=mP. If π=πP, π is a stationary distri.

That is
,
π is a leff eigen vector with I andnonnegativeelements .

If MCis finTte , Fa sD .IfMCisirreducible , π isunigu.

Pef) Period of State : For :ε S .
d(π) = gcd(EnEN / P:2①3 )

.

s MC is aperiodic if dc)= t .



Consider a MC that is finife
, irreducible , & aperlodic .

.

[PnJs
=
π 5.

Def) Reversible MC : π. , =π,P : r,; ε S . Caka detarled balance )
L ,Infact ,ππ[ Pn]s =π, (Pr] s : holds by induction .

A simple model : Latent root Z ~1 ,
n
,
I n. mutations for X&Y branches.

z~1
⒗

* 「]*속 좋
.

지]E
IP(X= N Y= IE )=× IP(ET Λ=JIE .=K] JP(러디티
= 톱sIP(리티K 1 IP(=JE , =K)πk

.

}
= ×sP" ]k :[

Pn

]
a;
πk

. Assuming reversibility ,
→ Es [P

"

]:π;[Pn
.] ; k = π; [ Pn

+m

]
J:
= π: [ Pnm

+

m ]s .

Continmous Time Markou Chains

∅ t

£. . EXt / t ε lR203
.

PPP(M) , U70. x
.

Let N(+) 8= # of mutatTons on the edge n Polut ) .
미P( N (←) = K ) = eut . (): K= 6 , 1 .2 … . indep.

IP(←= ; / X%
=; ) =P (Xt=;1% =; ,N (←= K ).이P(N1 ]

=옳 (P]. 5 .
eu +( : =eµ+ 옳(µ+ 옳 "=eut. eJtP

s
.

Consider eutz= E ① , 「F;

e
+

,
[=]

.

→ eue(e
(

P
]
, =[eutzeutPJ

,
고 pseneratorratematriy

* If [ A
,
B]=① ( AB- BA=①] Ccommutes ) ,theneAeβ =

eA+β .
en+( Jiz

에



A Tree Example
:fullcharacterX , edgeweighted phylo . X- tree T, P , M .

roofoπ

tsM. sCompute
(P(x /T

.
Pu).DefineM ←)=eue

(P-I!

."?.
.
"

다.
나목목동π:[M (t 5)],[M( tolb.[M (tn] sa[M(l]; n[M(ti].[MCtyi] kd

→ This gTves O (Is (
β

)
,
but with varying /XFn

, O ( IS /
-

) → intractable !

⇒ WTth DP
,
we can achieve O(n /Sp) . Similar to Sankoff 's Algorithm !

Consider a subtree rooted at V with children restricted tox
.

→ foli) = Probo of observing children with xgiven V is state r .
. fbw" 다

InTalization:For leafnodesl , fe[:]= IEi = Xe3 .

ㆃ

Iteration. fu [:] =[ ,[ M(.)],f .(;] ] ×[×[M)]1.fw[ k]]( cond.prob& LTP )
∞ Runtime : O( Isk ) for every node , O(n) nodes → ①(n (sβ) !

Termination: (P(XIT,PM)=π fr.+[k] . ,
(Felsenstein 's Algorithm)

General CTMC : Q
,
a generafor . Q= (9;]θ i,;εS describes the

Xtn
_

H! entire process .
_

Hz He_

_

.
: 함 : 힐_

훗 2 (23) 4
> time

IP(Xu+ e = ; |Xu= : ) =P; (+) .
→P(+) =(Pz( +1)satisfiesdp=QP
→

= eut (β
- z)

→ P(+) = exθ is the general ODEsolution .



Properties of Q ⒃×8;= ① . q := :q고, q :] # 5>④ ,q := -q.

H= infEulX (t+u)F(3 ~ ExP (q:) . normalized

(iFJ ] (

Embedded SumpChain :EYn = Xsn InεN .3 .P(Yn*=j / Yn=;) =
.

IP (Yu= : / Yn= ; ) = 운 , 탑 오=①

다 10.

" degenerate
Finally ,

An LYn
.

+olhy
case

For ①< h << 1
,
we assume that P;(h)= q5. h + o (h ). Pa(h)=1

- gih
.

∞ This yields
t=PQ = QP (KFE ,

KBE)
.

exI PPPcounter : states are enumerated , incremented atevery arrival .
Qlooks likef" *?0wherediagonalsaretanddirectly upper
entries are λ

.

→ P.(+)= [ PQ]. .=×P.Q⑫=P ..(+). (-λ) .
Assume initialconditionis

P.
.() = 1

.

→ P..(t) =e
다

. ~
Po(ilt):

P
.; (←)= [PQ];= . ,P.Qs=P떼 (+1l-P , ←

)
]λ→P,(+)=↑뷰e

다

.

Hidden Markou Models

Motivating Example: Occasionally Dishonest CasTno that has fair/ loaded dice .
loaded probability α , TnitTal fair dice Probπ , change prob aFL ,dit .
L, Afterobserving a sequence of rolls , what can we say about parameters?

Concretely ,
what is IP (=fairlDatal? ( Ifwedon't have the model, we can

estimate 「ffirst)



Applications in CompB:o : CpG finding ,
CoalescentIMM → finding time from

most recent common ancestor

Graphical Model : APAGof R.V . s (X.) .
⑪ ⑬ Edges represent conditional dependence.
*x ↓ GP (X=X, … An= xnl↓ ⑬ ⑭ = 싫 (P(X: = X: 1 Parents of X: )

⑪⑩← ×⑮ latent
£

HMMs are special graphical models governed bya MC (Z:) and
observed R

.
U
.
s (Xi ) emitted from ZT

. Markov Chain
,
Latent

Ooooan"
↓ ↓ temissiont ↓

⑫④ ⑮oerved. .…
→This way , X; will

be condifionallyindependentofallotherXige !
Penote the state space of Z: εS , X:ε A (somealphabet) .

The HMMis specifTed by tuple (A .
S

,

θ ) where someparameters.
"냐X X6 : 가

We don' 4knowgroundtruthof θsoweestimateargm
업IP.( ×%( ) .

Howto calculatelPa(X1. →enumeratingmanually
,
.업(×:( π]/
P(⑫(X1ze) cemiesion)⇒Thissum involues O(is!

'
) ferms

,
intractable !



Interence onZt : (P(= 1× 대 ) =(P(Xm,Z=K]/P(X1
.

&(X1.
t

,Zt= K]JP(X 대
!X,→IP(X따시by condoindep .

= . f* ](t ,
forward probability

=
0

. ba(←)
. backwardprobabilty

( →givenfk(tl &bk(+),(P(2 디× )
=f금(Xm) .

fk bk
ㅣ→ L ㅂ

4호팁 험:

Observe that (P(X마) =동 IP(X다 ,Zt= k ) by marginalization .

Then
,
these values are exactly옷 f.(L) ! Using backward probs ,

IP(X다)=옷 IP(X니K )(P ( =K)
진

π.IP(X배 1IP(×
채스

=

ekExi)
=동 ba(i) . ek(X,) . πK

. (X 2: t HX, 121 ]

How to fill in f. (t) & bk(+) ? s use PP ! For the forward table .

Base Case : fk( )= ( P(××
,
2

=
)= ( P( ×기=k) IP(=. ) =ek(X) .πK

.

√

GenerdCase : f(+)=P(X: e ,Zt = l )= 동IP(X 에
,떠리.P(

X
대,그+=<) IP(X레스~에P(×,러례
factyy

⇒f(4= le(,,IP
(X디떠려,=lIIP테없게~Aad (given by the MCJ



Upshot : in the parameter θ , we need Eake / kil εS3 , Ee .(o) ( KES , OEA3 ,
and Eπkl kES3 to specify the enfire table of fk (t) .
Backward Table : bk (=P(Xuzt = k)

.

Base Case: kCL= L HKES
.

General

Case:obseretlat
ba(t) =1P ( X1 녀)= IP

(
의러K

.

떼다
).

때

서때바레떼에
IP(×(Z대= l) IP(XlZt π=l) =ee (X대).be (t+l).

⇒ bk(+)=πs ea(Xi)belt +1)ake
,

f×)글

PosteriorDecoding .for녀 …L, let =argmasλIP(2
bThis has a pathologicalissuethat2

.
*…2

*

may be an invalid sequence !

Uterb: Pecoding . goal (s to find 2* * =a…
m

←(P(2다*다) .
Observe that IP(니 X다) = (P(라

,
X다] /P(X*), butthedenom.

never changes !→* * =argma×…2
자lP(

라
, X마) is equivalent .

→ Let k(+)8 :MaX…. lP(2.. "
,Ze=

k
,Xe )

.

We fill intheDP table :

DPsa" Basurd(
=P.

X)= 1P (새제이(미져이

Case: U (+)= 잖 MEsIP (,고 =K,Ztl,



We can rewrite the inner Prob .
as : fP(.2, Z

더=k ,
X.← , )/P(Ze=

l
,Xtlzt2 ,Z1

"almost" Uk (t- i)

= k
, Xi. tnJ. Bycond.ind., thisis IP(, 2 k

,Xt+JlP(e ,×이
_

IP(×1Zt =l.=KIIP(=
→ V)=ee(x+ )maes Ake.. keep pointers of argmax to backfrace !

At column L
,
2
*1 = argmasVk (L), thenbackfracetofindopfimal path . .

Parameter EStIMation

Want to find Q* = arg.× Po(XrJ , butthisisnotnecessarily!

Case 1 . Latent Variables are known
,
π
…
.LES

.

Let Ake =# oftransitionsfromstatek toI inthesequencez .r .

Let Ek (o)= # of emissions of oEA from state kES
.

Ls aulphaabet

IP. (X와 ,21)=( P.(X니2 . &sv[ek(o) ] J .[&파)-
EsJ.Sincethisismonotone,wecantakealogin theangmax.
( In HW) MLEgivenZo munare: ;=옆Ar , e.(6 ) =.E.(6) .

Case 2 : Expectation Maximization .Observed RVX ,
Latent RVL

.

log p(×)= ELBO + KL ( q(21× ) / / p( 21× 1
) nofsymmetricongap . !

.
←arbitrary

For discrete RV X, U, v= prob. measures on the same prob . space .



Pef) KL Divergence : (KLCulu )곳U(×; log(없 )
.

(assume U(×)=)⇒µ(×=⑪]

∞ KL(ulv/2φ
,
and is =① :ffµ(x)=√(×) +* (same dist)

→ Since KL≥①
, log P(×)2 ELBO ,

and we can opfimize this value.

Pef / Evidence Lower Bound : ELBO =다(×,[
log(p (×12])-fKL(q(리×IlIp(×)) .

=다(×)(
log(x(, 211- log(q(× ,2))] + log(q(×)) .

⇒ log P(×)그다(×) log[ P(X ,2) - log (q(× ,2)]] + logq(×)

Λ← logp (×1- logq(× ) 그(다nlogp( ×(2 ) -dog(q*]
≈ p

q

Back to HMM
,
defined as : Q(θ

l

θ m)- Q ( θmlθ m]2 1 .WemaximTzeθ ',

given by θ' =argm. Q(θ 비θ m)
-

Idea: Devise an Tterative algorTthm that finds θo , θ,,θm where
P6.X* ]≤IP .(

X
다]θ, : .e . monofonTcTty on likelihood . → EM !

Analysis of ELBO bound. Let q=Pom .
thecurrenf estimate

,
and p

=IP&
,

some arbitrary measure . The equation becomes: (X .= (X)…,X×) )
constanti constant.
→

x010m) - Q( wherelogP(×)- loglPom(X) ≥

틈이×( [log . ((×IP급2)] ] = E [log(×(급 ,
2]] / X ,

θ m).Q (1 θm)
.

Now
,
if the RHS, thenloglP.(×)≥ logl급(×)m ,

solP. (×)≥ (Pam(×) !



Then ,ourgoalistofind
θ =argm.Q ( θ 1θ
m

which satisfies

the condition (Po
,
(×)≥ 1Pom(X) .

E[ log l급(×,2 )1×.θm?θ (Baum- Welch)

slupshot :InHMM ,
this has a closed form, sowecandoargmaxanaly-tically !

Recall that when I (=(2…21) :s known , A ;=옆다 , e.(0)
=

윙Ek(6)
EKC8)from maximizing log Pa(×, 2] )=π ( J *

(=e?.
π

, (JA다
.,

T
π ex(l)

.
o, k

If Z is unknown ,thechangeisthatnow 2 ,A ; ,Ex(0 )depends ! !
is Taking expectation of log ,

we have a nice disjoint expression by variables :

동포려Llogπ e( ) + , A,(2) log (a:;] +도E (o,2) log(ek (ol]]
Δ

∝

E [: A;(Z) log (a:;]] =: log(a;]E[ A;(2) / × ,θm)
.
Solvingthis :

;m " =ELA;(211*금E(Ac(21(× ,
θm3
.A; (2 )isrepresented asEIt= :AZ=j3

Then
,
E (A;(2) / ×

,θm ]=않서E[IEZ= : Λ Z1=j3/ × , θ
m]=옳서
(

P(러다,대lX ,
θm]

c㎥ cm}

=v
서

f.(+) d;
)
. e; (X1) . b,(t+ 1)/ /Pon(X) . (derivation in discussion )

Pseudoalignment [Guest Lecture by Sina Booeshagi]

De Bruijn Graphs : Construction & Properties
4 Pirected Graph , Alphabet2= EA .

C
.
G

.TS
, integer K >⑥ .



Each node represents a char segquence of length K .
An edge is drawn between nodes sharing Kk 15 - length overlapping .
i
.
e
,
dsb impkes a=Xs 2 b=→Y

exJI= EA ,
T3

,
K=

2
,thenAAA AAI

.

full graph "

AAT_ATT
→ ↓

A AA TAT ATA TTTa「 ⇐ ↓ ↴
TAA←TTA

some Properties of U = DBG (2 ,
k ) : In 미

↑

IJ # of nodes도/" .2 )Indegree=Outdegree= ! , hof edges= 1도 !.

ColoringPBG :Let S. = EAAT ,AAA,TAA ,ATA 3

,S .ETTπ= ATA3 .

S
.
S
2cU ,

S
. DS 2 = EATA3 . het W =S.US 2.Coloring is membership.

AATs '

「 _ SiS로 S2

AAAs
'

ATA TTTO
위←TAA

Construction of DBGG: Giren a set of sequences , extract the overlapping
_

k-mers .eg .AA ,
K=4 → EAAGA

,
AGAT3

.

Then
, identify unigne



k-mers I annotate them with its sequence origin . Create directededges
thatlink (K- l ) overlaps .

℃
_

E×] 3 length L= (O sequences , K=5 . → (L- K+1 ] k- mers per sequence
_ __ _

→ AGCTTAGCTA
,
GCTAGGCTAA

,
CTAGCTTACC

.

①_ ② ③ _
① ①

TTAGC ← CTTAG

② ② ② ③ ⑬ t ⑮ T
⑬ ③ ③

TAGGC CTAGGGCTAGCTAGCTAGCT→ AGCTT GCTTA CTTACTTACS→ ,

↓ t 과② ② ①

AGGCT→ GGCTAGCTAA← AGCTA

New segquences :CTAGGCT .Could this have originated from one of ① .
②

,
or③?

s Break it upTnto k-mers:CTAGG ,TAGG
②

C
,
AGGCT
②

.

, ② ! uniguemap

AGCTTAG
.
ThTs does not have a match s unmap

TAGCTTA
.

①&③ are both feasiblematchessambiguousmap

AGCTTAC
.
⑬⑬

,
①

,
intersection is ① s resolved to uniquemap

Memory: O( (1
K)
,

Time: O(L] construction
,
① (m) query

RNA - Seqencing (Psendo) Alignment : Experiment quantifying RNAs in cell pop .
We want genes that the RNAs transcribed from .

From references of

the ist of gene sequences , we can Construct a colored DBG .

(Kallisto! )



sBy aligning with DBG , weget a rector of counts of each gene .

To resolve ambiguifies , use EM to estimate αr, abundance of gene T.

Define a binary matry (yJ,t= AEread r could be gene t3 .

RNASeq

Simplifred Model .Let T= Et,…t.3 be the set of franscripts .
Let R =Er

,, rw3 be the set of reads from a given samplelcell .

Assume : single- reads
, reads,alltranscrptsa

known ,andreadsoriginatedfromthereferencetranscrt
_

Goal : Find the transcript from which read originated .
→ not always unambrguously defermined !

Rephrased Goal :Findthefeasiblesetoftrans

Solution t : align reads agarnsf transcripfomes asing algoritms &heuristTcs .
sex) STAR alignment using suffTx trees & arrays
Solution20 Pseudoalignment ; only care about whether it aligns ,

not
_

wh πaligns. →CompatibilityMatri*Y = (yik) with DBG !
s one issue. some ambiguous seqaences are actually nof ambiguous .



DBG does not regouire consecutive k- mers to appear consecutive in onder!

s however
,
for sufficiently large k , this is unlikely .

For matrixY
,
define an equivalence cdassforeache = EtET ] yft= 1Z;

basically ,
if the rows look the same

, they are functionally the same .

Assuming thatareadisgeneratedfrom atranseripttETwp
aabundngthoft

-

and is a small uniformly sampled segment fromt .

Unambiguous Model xt : x= where Xe= # of times tis observed .

oWhen reads are ambiguous , sply :f into each Xt relevant . But this is

not optimal . → Use EM ! Observed variable is matrix Ythat does not

commit to a single t , and latent 「s matrix 2 that has a
"commifted

mapping
"

s
.t . each row has only one possible t .

oIntuitively ,
If we have a bunch of one tin multiple reads , we should

weight it more when splitting into Xm .

{α .
"로더"
(
E step (revising rows)

↑
Ambiguous Model Xt : Let K=때 E["

/

Y *
,
θ← ) ] =Pr[Zk=

!
/
1

, θ(]=동.이다
.
α

("☆

Then let n. "=옮따
"

.
α

"
.=쁨

.

← Mstep Caggregatiny columns]

Hypothesis Testing



Paremeterized HT . data X,…Xn dfo, θεQ. Twocandidates

θ
o
,
Q

.

Ho is when θ E θo (null ) , H .
is when θ EQ , Calternative) .

ex) coin fips X . . - ,
XnoBer(p) . H. : P = 0 .5 .

H
.
: p>O .5 . (head prob . >

a natural stafistic Ts T(X) = 높X1
.

- how dowe inferpret this value?

Def) Power Functon : π(θ 18 )= Pr [TCXIERI ]8
→ test

→ rezection region

Neyman- Pearson Framework . ( π( δ)=1 - β (δ ) ]

realkly Ho is H . is

decision true true

decide
good TypeI

o ( β3

\

ㅣ
Erron

ㅣ Error

decide

Hz
TypeI (a) good

We will consider Ho as status quo and only reject when the evidence

is strong enough to change my world view !

Define a= Pr [T(X)ER 1 θ~ θ .3
. β=Pr[T(X] 4RI θ vθ .] .

We want to keep α< C , say c= O.05, while minimizing β .

Lemma) Let δ* be a test that Ho is not rejected if ?

afo (x )> bficx) Irejects if < Thenforeveryothertest8 ,
aa(δ* )+bβ(δ

* ) ≤ aa( 8) + bB (8) . ( for simplejts



Proof . Let S . be the rejection region of some 8 . So : = S1
.

ax(δ) + bβ(δ) =As.f.(X)+ b .s.f. ( X)= as. f.( ×)+ b [L-.f .(×)]
" bts&fo (× )-bfi ( x)J. Thenδ *minimizessuchvalue.,
+ the ratio ox )deterrejection( likelihoodHT).
ex] X
,… .

An id N (U ,
62)

.
H
.
: µ=M. , H .

:µ=U .>M . .

생(×1 = exp (o
(M.- µ.]2 -. (M? -M.]] ) . We want

PH
.

(T(X)>c)=α.( *n> C=α . →

C =M.+있음.
_

sBut what if we warl to test H. .µ <M. , 시:µ ≥µ . ? [composile)

Pef) Uniformly MostPowerful (UMP) Test : δ
t
at level α o where θ 8 sot.

α (δ) ≤α.
,
Hθεθ

,
π(θ 18) ≤π (θ 18*)

.

ex) X ×.XnπdBer(p) . Let= X.. fp (X) = P
"
(나P) .

"

H
.
. p = p. ,

H
.
.p= p 1 .품(×) =[없,]

"

" [,]
"

.

Observe thatLI) only
monotone onY→ Thesedepends on X through Y=T(X2 ) :
-

condtTons ensure an UMP for [.양, P8. and EH. . p= p.H . : paPo .

For example ,
:f Po = 0 .

5
,
n=20

,
we can set Y218 for rejection to get some α o .

However
,
we do not have UMP for EHo. p= p.
⇌ H.. pFPo .

s How do we expicilly calculate the xo for eachY?



exJ X
,.
An id N (M ,

o
2) where o2 Ts known

,M is unknown. Recall

that f (X) =expl -< *) → fp(*야(I" e
×

p/..닭(X:-up )
→
f
생(×) = exp(

(Xn -호 ( M←M. )). reject when *n3 c is a

UMP for H
.
:u ≤M . , 시 ,

:µ>M . . But what is C? Itdepends on αo .
⇒ Fix α .WewantPr[ *n>C1 H.] =α.

,

and equrvalently ,
Pr[x≤ ClH . ]1- α .→ Pr[스]=1-α.Then,*m is

a RVN N (0 ,
11
.
Thus =⑥ 1(1 -α .)⇒ C =M. +음이에(α-

*( ⑥1( K) is the inverse Gaussian cdf . )

DefJP-Value : For a sampleX , the lowest a for which we will reject
the null for test δ(α) . Equivalently , F is also the probability of

receiving a statisticmore extreme
"

than T(X)
,
Pr[TIF(XIIH.]

.

exl For coin flipping , say H.. P1
k,

H
.
.
p,Y2 . We get

18ko heads
.

Then P-ralue is Pr [=18]+Pr[T= 19] + Pr[F=20] for Ho .
ex) For mean- finding ,

if *n = m , P -Value = Pr[*n2 mlM=M.]

= 1Pr[ 스]=1 -⑥-()
.

I In real experiments , we only reportp-values instead of a s . I

⇒ Can we find a way to test H.왜=µ .
,소왜FM . ? (two- sided )



We want to find thresholdsG ,.( 2s.t .Pr[*n≤ , / H .] + Pr [Xn2C2

IH .] =α .
We varyCG ,

C2
,
but an intuitive choice would be

to seteach of the probabilities to 2X . Also, o isunnow .

s We can estimate Sy o Via Sγ:헤동(X-* ). Then ,
we have

T=*. tn- m
,thesfudent t" distribution .

(* s
"

is defined with* for unbiased estimating! )

Inferences on samples : rows are genes , columns are samples .

Samples are spit into control /treatment groups . Consider gene f .
Let Xi
.

,
An nd NCU O)becellsbeforetreatment,andY . …

Yn nd N (Us , o
)becellsaftertreatment

.

This is a pairedsat
Then

,
we can take D : =1 -Y*

,

and under H. :µ .=µ2 , D. . …
.Dnid

N (①
,
금 )

.

→ Dr,S
.

givesF=. trm .

2 sample case: In this case , no samples are paired . X.… ,
Xn idN (µ ,6.

β)

and Y
. .
..

id N (µ2 ,
0221

.

We define a new statistic s, the pooled
Varlance Sp( -1)

s* +m
-2. Then, F
.Xn
- *n
**m1
.tmm-2

.

s Can we test multiple rows(genes) ? There is a glaring problem .



Type Lerror is PrfrejectH. / H. is true] ≤ α , say 5% .

If we

have 1O
,
Pr ( never makesTI error] ≤ - ( 1 -0.05

)

,

which is bad
.

Det) Family-Wide Error Rate (FWER) : Prfatleastone TL errorJ .
s Given multiple null hypotheses H.. .Hm ,

we compute p- values P. - Pm.
Wewat the FWERover P.. , Pm ≤ α .

Bonferron: Method : test P : ≤m α .

Proof : FWER =Pr[UPmIwheret =setoftruenulls . By union

bound
!

m
.≤m

,

스2Pr[P: ≤슈]vUni( 사(SOFWEREα .
,

whe

, 1 ))

µ.=# oftouenulls
,
IId

.

s This is nice
,
but we lose in statistical power (T2 error blowsup ) .

Bonferroni - Holm Method: H
..

Am→ P. Pm .

Sort in scending
P
-Values

,
소
"

…H
.

m, →Px≤…≤ Pcm.IfP (s,수+ for ;=1」 … .
:
,

reject P(r) . Then ,
FWER≤X while having more statistical power !

LoHowever
,
even this does not give enough power .

D-flFadbeDcoveryRate.
X (

asmkigeaettHofonHotme



FWER= Pr[V* 1J
.

Let the False Discovery Proportion FDP = 없다
.

FDR =E [FDPJ. We want to control this value .

Beaminins-HochbergProcedure :Sortpan ≤P.Let i. be the largest
: s

.
t . P(, ≤ 곰α . Reject Hn . … .

Heis
.

Theorem) If Pi. ,Pm are independent (can be relaxed a bit) , then the
B- 4 procedure quarantees FDR = 유 α ≤ α .


