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Whet T8 o Randonized A{éjorvt,({\mz

Teaditionall a ﬂg_% fexy (deferwinistic)
Randomized \:l——‘» Joo (deperds on random bits )
LeasT E\JYS - T cho(ces—> D posstbilifies = BT oo=Tel?
Bg%en) we use Héker level randomizatens rbher Hun E(nckf%.
QX)“FTck o candem <lement from st 8") ’ ecmuder S mnc‘om(é\”

L> These can ke simdated using Bidc y dedi<ions |

—_—

Bxample) [ % prime? (?ﬁmﬁ%g Test ”8)
Want? X 13 priine =Tl fon=Yesl 4 (2 %)J awitFied
X et prime = Trl¥ oay=Tes |2 Q) (< Va) g e
Hea“é X 18 Pﬁme ﬁ?r[?(x}z\(egl =1 _=0fe- Stded
(DS
X not PCTm@-%’R‘[%P&BQ\fQSl ~ ) ( < A)
S cun T s, and on\eg onirfu{“ Yez T JtrTaﬂ& odpu{\\fegr:
= Frvor fm&n&(r%% of false postfie < ol
Avitiation”, Felemein i ] € SEIE TG
¢ Ark(% )k & K4 @J — evefy repetttiod, error feduces 89.0«\&&@([&1




/-}PPchoéﬁoﬂ) ?ogﬁom'{aﬂ Heﬁ?&% Teg‘{lvg (Is Foo=Goa?)

x) (2= AL = X T=25 — I =Dt & 2

Nof\\le_lg] expand the LRS- ()(d?) £ine, where dlz= o\e%me of pfynomia
Raﬂdo«ﬂz@lf Plck o random Tﬁe%er cel| R].

¥ ey = GCH, Oulrpch“\(QS“. Else, output “No .

AnaﬂblsTa: Ore-Sded error for “No' (could have comon rook) |
LUI\QJC 18 P(U:Cr} = GCV) ‘ Foan# chﬂz Hcﬂ =t GxCx\ .
Then, oleavee( H) <d - ok mozt d points where Too-Go=0)!
>T1 we sk R=2d, Prlerorl< % S —QC% = %0//

Exteat for mulfvasiate funclions Fox, . xm= CleTR

e gal from randomization becomes better! (exponetfial - poly poral )

Trobabiltt Y

Proboleifity Space . Sie/countably iofiite sek of resalts (2

Yowe () 30<Priwi<d. 2 Rlwi=1,

Event Sove subset E2 (). P‘([E—,&:%R"[w} _

Famgles) 0 (1=[07] Frlwl=4. @Rl 2 fir dice, Q=ta1x1q
Prilobyl=2




¢ Balls £ Bins . Tees m balls Tt n Bing Tdep. % uac,

0= ,,._]r\i (n-fuple le of i chdlees) TrLC,. i) ] = n‘“.

e Random Pormutadions. O = i set of ol Pevw’m\:tot\s of (\AKJYQW\QE
FHCT= Aﬂ—l_ whete T(1)3= position of T-th then ™ Permutakion T,

% Dol vrews ?, permutation, of sequene of chdices (frivially easivalert)
& Poker Hads. Chosse 5 cards Cunordered)) from S9-cond de,

Q1=(%). Pelwr= (3.

Coleslotng Trobolbilibies & ) T 363 s disgat, RIVIEL]- TP [B<]

2) For an £ B REEUE =T BT+ R IET - PeLEOEN.

for any E‘J...)Enl ﬂm E]= ZP{ Bl ;P([E—\ (\Eﬂ)r_\%?ﬁ&hﬁf\h]
3)Urion Bound: TRLQET < I FLET (RS always overcaunts /s wwact),

AV\Cmﬁen\eﬁ;’P\‘[El = |-T{E1. @Q

Dt wegF

Condional ool LJc& New Proball \\g g?ctce of Prluwl= % BLd 5 e,
For B2 Q- fiie1=EEEL o RlE(FT
Iﬁclegenda\\ceZElL‘F T REEFI=RIED / PAEFT=PlET IR
%G(%ES) Rue: T LENF]=FIEF R PR IFIET T ET

|
s F[E(F= % X




Lterodtg REMFT=RIEFITIF] redts @
RIOE 1A% Rlnlel PURIE BT R IR AR
Lowo of Teol Brebbility: PrlE1=TelEAFI+FrlEOT
‘% =T EFIR R+ REIF IR IE]
Con ke 8enem§—lze& to any Fmrﬁﬁo[\ SRR G
PlE]l- 2 ATEIRTRORT.

Emmﬁesy Otcer Relsumof 2 dice rdl = lD]= %—6 (coun’s“maﬁ

R secand die > Fiet die=((—F [ej;u& values] / =% C%mme%r%)
Ralls?. Bins? Pl frest bin enpty [= (B =" (ndependence)
(- Cao\mhn&)) v "N s M- 00 (&&%w\?&v les)
Formedstions s R-11 s o Fixed pint ] = - (seqpence Tepretation)
(n-NHL /! Ccouﬁﬁn%\

Bl M are fived POMQ:;\%W (Seguence Trkerpretofion)
Pl contrns o fixed pint 7= Pr[\n)‘ E] where Fra=1 s fored
Defive P=b. Pa=vhy - D=y where Diexpoie are foed,
>Rl QlEz] < ZP{YEI] ”2{\){5-\ NE 1+ -

=0-F - &\Pﬁ(%?& T "’%‘\,*é‘\, g



STrLTT o deragenert] v |~ Cagymplatic)
Poker Hands: Pﬂjcwo*?cf\r hand ] = Zoi%gfﬁ‘\rht:‘fsg

lé_ X 49'_9‘>< E:]_-—%} (ulus\ (Suts) xCremainiing one cand.)
- (1P N O T S B R L

Appliation) Bagesion Tnferencet 3 comg wikth REH] o@ é | ?f
e gick o coin at random and foss T, T conet up heads,
What can we condude about, B mm&m% ot £he «in we choge?
RICT=RIGT1=P = 14, Cprior disteibution)

[UGWEP\{C:\H]. This T8 eosy to coleulote uﬁﬂ% BRG]

= _ BNl GITEe | L RIRIGT
>RIGIHD= BRI -9 {;Prik\lcml\’r{c#éw%ﬂ)

SPIGINT= 10=5% G, Gm &5,

/J\Ppﬁc&ﬁoﬂ Modeix Mullﬂeﬁc&ﬂom Testing* 3 oxn Metfices AB.C.
Ts AR=C" Noﬁ\le%] mﬁ‘ﬂg\& AB and compare with C ~ 0
Rondonized . Pick o candom vector e 013" ¥ A(Br)’— Cr) then
out it * ey, Else, aufpuk “No ", = Qi) with (Mot xeclor)
Eror Analgdis Only 1§ AB#Cand ABr=Cr. Deffie Di=AB-C,
D0 W&, 4,05 >2.d;;=0

Chor omulgs"ls' ke >0=- j:djt_i Q\\:\ (‘3




>0t D=01 gun%)ue _>PFtDr O]{—L (&Qgeﬂ’gﬂdeQ\S\oﬁ )

Concretel f RIDe= O}é Prﬂﬁ gﬁlol\ 0
—cﬁj—_mp\iin l‘\'L rﬁl Beln..ml <5

A(&oﬁ%kw& Karéev’s QCMLCQO(Y\T'ZQCQ MIM"CUJE

\/@Mm -k, Parfon (S, \-8) s, # of edses
Cross| g S cu\cﬁ Y Te i ized

Co%meY St o <> o € cuk

s canke dane Ty OCo- l\gﬂo% 0) & O)(pt)

Witle % verfieer >0 °
fPTQk an edcc)te 0.0.C and. conbrack
Duivgﬂc the, CQW\CQV\TV\BL cuk .

ex @:—ﬁ K@%

WA

Tendinadion, U (g S @D < ]
& |

a(m LQJ( C e an MU T N & Then FVEA%QV\H\“‘ 0“15911(3 Cl} 0GR .



Corellong s Run T= Oy indep. tls and output £he best uult .
Pl bo fid €< (1~ 2) L %5 < 6™ #f Ta=(005

P(m‘? Tix C.c=\ClL Lek ernt Eit= C sumives Ehe T-Eh cound..
Observe Ehat U\Q i &Q&(\ee ot G C (oklenie, Hhok s e o).

L 4 of edges n & > e (diide bcg 2 Sor double munbvg)
RLEI=% ﬁi?ﬁ:i\étgc S A 5 ﬁFCEEli —~H
LE | B < mes @_\3Q/2 ﬁPf[E1\E1>\
PFEQ\ET] PFU:]XPVY_EJEW e Bl t:(\...ﬂEm] ‘
> (=3 e < ((=3)
-FIREEER) - @ &)=xw.,

Runtmes Oce) PR output, Ocmy eradions — Oty Klme
* Karger op‘chv\Ize& the Qroce&ure up%o O Qog n) .

Racdom Varables % Expectation

Da% Ram\om \larable: a ﬁmcFor\ X: (- E ol O ?ro\n SPace (.
B B X=a 1= BLwl X LY # Bix=a] LRTY=b] ab.

wel st Xw)=a

ox) Xi=Sumof 2 diee rollg, RIX=2T1=4¢ P(D( A==,



Der) Brpectafion’ for a RV X Elx 1= Q- Teix=a 1.
o) Q=N \1R RIX=11=¢ = >Elx=t 1+ >00

does not need 4o be X LY !

Fireortty of Expectaion. WEW I=EIXI+ R

* EDy 1=ErxaErva aly i X LY.

ex) BT fum & 3 e o] = ET1 < ED1 where Yi=Yoi=obe o a o

—E= 2 Exa=2-5=".

ox) Bolls L Bins: mballs, 0 bing, Xi= % of npty Bins .

X=Xk Yook ¥y wher Ne= 4T bin s enphy § 04 R
= EIxT = Bl -4 Xl = BRI EDG T - +EDxT,
e b, Eo=(5)"=(1-h )" = Ex =004,

% W 0= Ts \mgeJ Eﬂﬂzﬂu—lﬁy\ ~ ﬂ/@, .

&) Xi= 4 of {ted PANS t ¢ andom permutation T

X= iX; ohere Y= {37k Fixed POt § .
%EEX]:QEEX—J%i’%: =4,

ex) Yi= 4 of qydes i o Candon pROM.

Fix an element T, Lok 5= Jlergch of cycle contalning 7.
Clam: Bl 1= k= ( \ ( (\\X X( W\E) T\J—k—ﬂzjﬂ'




"ol He kth hep, we have {2 (k-1) forbidden clemerts . On
the k-th hop, we have to Pick exactly T ouk of (-ktl) elements.

%Yiz\l%\ —E1=2 Elirl= ifi%ﬁ‘—k}ii&“gg
Ls £hie woy , each c%a\e conkribufes eXacH(\S { +o Y.

Bnartial Digtribufion

Toss a cdin with heads Pro\mm?% P, 0 Cimes, Yo= % of heads.
lPr[X k1 =(}) k(l P 1Cor <k

E[X]—Z( )PkC P} or X "IX whete Xzi=1 Jithesn \SM%
- E0s TEDa- 2 e 05,

G\eomek\“\c s tebutlon

Sare experment, but 07 unbounded. V(3= 4% of s unfll fink fids,
ROEEI=U-p)"p foe all <k,
Erya= ik(\-ps“qs ek §: i{\@hiﬁ, S EDEN(E Y

Stce ETY1= P b= E

A\J(Qmjﬂ\lelgp we claiim H\O\JQ B = IP{\’)H (o] 2um)
Then, ECOI= L (1p) =




Poet of Cldins ElX]= ik'PrD(=H 1
Pelx=l1+
PeIx=2T+ Belx=21+
B X=37+ PrixX=3]+ RIx=3]+

Pl RDe2lx -+ =LRDel 7

COuPDﬂ Co\LQCJC(oY\

(L coupons, X:=#of boxes Purchased urtil we have f clifinct coupong
X: XﬁXﬁ T %Xn \Mk\e(‘e X‘\:: i O% k)OYQS Ul\’ﬂ QA ew QWPO(\ gﬂ)m l(l%'\",

ey, Xe=1. X ~ Geol 1Y) o cscunt o ceeed puls.
S EDX= R ~Ea-SEDa-Tn =0 -,

O~

Afp\"\c&ﬁom Qu}ck ot PH: o PTvoJf X*eiXﬁn U.a.0. Compare al|
clements with 3, and par Eikion them ko Ko X*) i
rec,urs”we% O\P{D\g Quick wrt fo X@a ond Y>X* and concafenate .
Clam-E[T,1= Znﬂ%(\ + B(n) wher Tai= runfine of (S on (A0,
Froott of Claim: Let 4i<ys<- <y be the crderfy of e wried fit:



VAT T CoMpArisons ade béx QY on wpuk X, Yn .
A= %ﬁ \ng where, ZTJ = ﬂiﬁk\egﬁr GG T mnvqmrecl log Q%E,

=\ 3= (a3

keé observafion s (Y:, ) s cOumd T etther YooY s Ehe Tesk

pivot. selected T e sek £, Ve, -, 55, TS hdds Since 15 any
other elerent e Selected; Yo and Y; wil be pit oppolite KU
Sor the nexk Q8 Trerations, oewer to e Com]?amcl, 7

— PeLC%, Y s compared |= 555 = L_;_Z__ﬂ_\ _

—tEEZ 1 :“Z_lujﬂn‘;ﬁ , eparareferizing k=3—”\&\J‘E\‘_ﬂ=2‘§%.
Clion: EL71=T(0+1-R)2 = 2002k ~20-10 Lndgn +0my,

¥ T aﬂaﬂg&?& A7l hdds for o detervinisiie QS for o candom petmitafion. .

Concentration lﬁe%uﬂijﬂeg

How \'ikel% & He RU X fo deviede o ot From s mean ETXTY
Det) Moments & Thh moment of X=ETX 17
Det) Markor's heq;mﬂﬂg 420, :PVEXZDJ {HETXT T;

Rroof + Assume Gt O} o] >HETX T Eixi=2 SRS
> KFLK 2X ST YT, Contradiction. P
o) X=Ri(n A). Brixe )< &-Eia=4. 0=l




o) Yim #f fied pih in 7 EDYI= |, RDY2101<[E],

Oef) Vortance t E[(X-EXIVJ=EDF1-ExT 0.
Def) Stardond Doviotion’ 0 ) =N (X .
tack® tor oy RV XY War(XAY) =ar 00+ Var (N £ Cou O
where Con(XY):i= ELOCE0AYY-E0T)]
Justificnion’, Expand arORY )= B0 ~EDxT-EDYIY) .
Ry T LY, CouCXN)=0. o EXYI-ExTEe =0,
> For X LY, NarOXAY) = NarlX) +Var (Y] |

Examks) X~ Bilnp) EOXT=0p. \ar(X)2

NarG) = Va2 Xo) where ¥e:= { T hesds for %h e,

— \Jar(X) = i \/MOQ because each ](“P \8 Tvxcieeef\deﬂjc.
Nor(¥e) = EDe1-EDX1 = (Y — () = PUL-p).
= \ac(X)=n-(pChp) = np(l-pI < 0p

X BN OQ XDXQA PQLY\JYS N Q& V&Y\dDIV\ ?erv\ 0
X= IX where Y=197 ©a fird PQ(Y\+§
Enxa=txgr=1. Va0 NarlX)= ECe1-EDT A4



~—=1

Boxet = EM AT =L ED + 2. B4
LD(XJ] Lt and 7 are both g&xed\ POW\JES] U(—};)
- Y E(%%]- 12( Vo= =Nl I -1=1

Ko Geop), D~ b. \arX)=ED01— ET,_
Elx* = Zk C\ p) p — can be coleulated with 2™ dertvodive
ED1= BTy st lip s totlsT-Pe 4t fipis 1l ] +
B0 35t Fip s beads]-Peldst flip & beods]
= (P E O] st Hpts todls | Ped_; experinent Jerviinetes
=(~PEIZ+\T +p where, Z~ Geolp)
=Lt—e>[E£xm2E[xm> tp Sine Z-X
= PEOe]="2{FF)+( E“P =280 PRk
= YorC0-Z)~ (¥)= ‘2 <7,

De“ U\ebeéxe\){s L\eqmq?%l BRI 2x < M%—)

Foors PrLCEDAl > =R [((K-Era1l} 2o¢].
Let \{::((XfE[X]Dz) which 1S non negdﬂve.

2 EiYl HOWO(
> Bl ] < £ )



Qbsruodions) Pl IX-E0x1(>p500] <l 2;

RO
RYDEDAN2 7 EDA] <20, MaCh ool ki,

W e ofificd roflo dorsnt “blow U\P“ deviatlons Ckﬂlrood\ 0 oz ¥-=>00,

Exanges) ¥~ Bi(n, ¥2), EX1=%: VarlX)= %

BelX>2] < P\*UX—EEX]b%]éT“‘%%— _

0.

K=t of fied pinks o EDXA=1, Var (X) =1,
PIX2107 <Pl [X-Erx 297 LAl = gy

A?‘J\I&\'TOH)P&“AONIZQC& Median Hvxaﬁrg AL@O&J&\W\

Medan, | %2~ elemenk T o sorfed fist Cossume Uiyt elemeirts)
Obviousy, sorfing i Olnlogn) sdves Finding the median

Canwe find, the median without gowJﬁn% the erfire T2

f\)&\oposﬂ STMP'Q Ocny candorized aﬂgor{hw\ la Saxmp \n% / stJcc}\m&

Ls pick a. candom gamP[e of O* e{emeﬂjcs R, « b
SOVJQ R JC\NE(\ ng\c\ eﬁe CQWHCLQ ge&m C og; R (OU\% Qog((\!/* ))

Hopeﬂx 8 the (Y\QChcu\ W o+ S T < contained T W [0\)\}\] \le\llQ
C 18 nafrow ex\oqah to on\gj have oN) elements |




Given Fhok m € Ld U7, the medion can be [ocated 5& Brting,
C ond get the (P4 T- 4 1) ~th elewent wohere J,:=
4 o{“ clemerts of S amaler than o[ witeh 12 m Oceny Gine
Paeadocede? 1) Pick random sanple RCS of size ¥ (uith repl.)
2) Sort K.
2) Locate Tdecval of Stze [5 —W\fi(\y“ 1| ot the caer of R.
Cal Ere boundTr\% cements tand d @Sfezﬁvel&s
4) Find, o] elements CCY €had (i bekween Td 0], Fnd .
the 4 of eloments 1 S fess than d (L i for Semerts > )
5) Serk C and output the (MA1= 144 1)-h Slenent T C,
*TFIQI>40™ then FATL, (8= (12 40%)
¥A, 15 m doswik e Letween [d,kﬂ, algo s, .
Clain: let 41| reR| e Lnd| <EN4-(F
Sur=| TreRl e m3| <L (5. TH neikher €4 nor €, happens,
Hel H\e SQQQ(\d /Y\QQ{)Q G@ wczft\uve CQOQS(\{J: V\GWQY\.
SRIATILI=REUe0 e < Rie+RisI+RIED
AmiasT& or E47 Lot Xi= & oF elomefs R Gk are <




X~ B( * 14) stee Xy are b&ﬂml\& cotn Flips of p=Ys
SEDx= 50 RlEaI< RIX-EDal> [ 1<E0
_ L (‘\\% - Zer;f Same applies to E.
A(\oi%{\s o 8.5 &= ) demerts oF (< ,
Eotm 200 CoM eehier
Ec = conkofd i S <L 0 -20% =R vust hove of least
A-(n elements Witk e st S0 - ~)n olements of S,
Lejv Vo= 4 of clements of R Gt fie in fird S0~ ckments of S,
Y AR 22 SR (7, S - 2,
SELT= 5 -2 Nor OO =15 - 25)(4+ 2x)
= 34(4 n/z) = 3/+ — 4 < ’L .
- Priaz—?r[\(zz (0 T<PIY- Em>ﬂ§“‘*’“ =
Sore QFF\TQS b e~ Rled<RleN+RlelT

= RITLIL felesr Rledr P Pren hap-

CE\QMO%P ( Hoe%o\”xﬂgj Bounds
Meftuation ) Consider X, Yo of coin tosses of heads prob. P.
- X= Ti\IXT ~ RN, p) %RHX-EM\EE“P] gé‘l—\?" Can we do bHer?




L Given thet Y s ace "mAQPanLQn‘V, Ch%ﬂ\o% gwes § %XP(’Q(\\ bound (

DE.’JC)Mome{\JF GenemEﬂ% ﬁmcﬁsnsl Mx (H::E{etx], A(\ MG(F eszJrg
U Mgt s fife ™o smal eeglon [=6, 87 avound @.
Claim: ¥k>Q  the k-th voment of X Tt defermined by M Cod.
Prodt My =ELe™=F trex+ 84 -]
= VP BRI BB+
— Mew=Ema+ £(EDxlx - ) = Mo =Ex1,
Sm"\lay‘lg) Qm%erel\ﬁaﬁng M) k Hmes 3"\eld$ EDx¥] of Muloy.

EXawPle)X Geolp). Mycor=FEfatt= Z( +p- ™
EU" Fet J\fﬁ(u\ 5 ”WW

MW 5 -l (0 =G =5,

X Ber(p), Myth= £ Te%]= pe's(i-p)

Fa ) For Fncieiea\dex& XY wa(ﬂ“ MXCHM (). el
Ttoof) My ()= ELe® 0] = [ e =Fle*1-Erer.

= X Bilyp) = Myt~ Wytor= Cpettip)',



Fad) I Mett) & Me@ ot and My =M® then X and Y have
the same distribuion (MGF uiguely deffres o KV)

Os) Pl Yon] = Peles e 1< B = B Ly

Dej) Chermoff -Type Baunds® R{Xza]-RLe%> €T (£50)
g Elfe**] 1 Mx(’d

e | T [ € |
Rlx<oT=Pr [e% > e (1<) < e -t

AT éyi where ¥ 1= coln HTPS where Bcf 1=, :?i;\ ENe] “
- I X =z ()] ﬁ%%%)ﬁ Jor any €>0,

Myen= TCpesta-po) = T (4Rt 0)< Texp@es-n)

- (L et) = exp(u€-0), o= SRETL
Set £=n48). Th%n)% ‘<Elé+x§‘*"’\ o

2L

NS -
Clmm.(tHe&ij ﬁe\(P(“%%) (m‘“&‘ggx? 25+ >
Taking, logs, - (S m(143) < — 5. Take the ek thob
JJN\(H%\>\—%Q for £20 (sinple cdlaalus). = () o ([H9)> St 2
= (ol Il 8) > (b = B - $ 2




ﬁ,vaD(> (ko u]< eXP(—g—gMﬂ&v al $50),
#\gexp(——gg—m (For €31,

Lower Tai Cose’ IDvD(ﬁ (FOM] L ZEPE&&;);}
Set k= (1-8) < ezrgy?éétl - (u;ﬁ N

Clan: (%su)ﬂ g £XP (‘ > (H,\“ o L€ W‘“& 10a
§ (D182 £ Take e fick ot () n(Hoy2 8¢5
the proot T8 trivial.

> P XL (E0uT iexp(—ﬂ—) (for @S,

Com\lm“g Pﬂ(}(w\\ 20 ] < QGXP( > Hor R<8<1),

Def) Hoe%cym%& Bound s Lok X, Yo be Tndep. vav. s EDRT=
and st 0L Y L b, for same consfants aebr
Lef X1=5:;><1 Cthen EDX= i/*/l
Then, FlDeal=A] < IQKP( %%%—\ >dBK
.- I“ S, Pel \X-pl > 3}/\]&26@( %?5, M\
WX o Ol cu. ZQXP(N 3 Qe_xPQ%/A’P)\




Exonples) Faie Coin BI(n, 14), M=EIx1=3, Nac0)=%
Chernof s R [I-"%(> 847 < Zexp(-22).

1) 804 = €01~ exp(- ) =D (-250)

2) oNA = Cﬁgelexp(— Lg)

2 8= CiTagn > 2exp(-25 fgn) < 20
Comporison with Chebushen s Te[IX- M >8] < Vel _ A

78RN N
b This gTveS o looter bound, w.r.t. bounds on &.

(ioal estinte P = propor fion ot Democrats T population.

b piek v prople wua.r. (with rpl.) Ai= 1377 Democrat 3. X‘-=§\X-\,
Ou‘vguév estimate Pi= % EIP1=p. We wart n [owae enw%h s
elIp-pl2epT< 8 = Rl X-mlzem1< 8.

Chernolt Pyi[xwyzé/ﬂ < QQXPC— %} C\n ant < %j

—> reqiire %}_ %(%} —= N2> g_ga In(%% )

P
Assume P24 we wark < 1% of absolute erfor, cenfidence 8%
B i TSy W
= 3=0.05, €=0.04 » (= 3(19) x5 xhi4o)~ 23,000,
¥ coddd also sauMPle wkly Cheb\éshgu then compute expected number of

fals widh Cher ﬂo%, should gue the same order of m%nﬁrhmle.




Ex) Algorthn oufpifs esfimade 7 o quartity Z.

SQPPGSQ PVU 7-Z|> = | gz\?_ e [ + =

Ferform € ndependent. £als, and output the nedian /““(““T‘j;&:“j‘;‘gjg_“g
L P ew alao ts bodT =P medion fulls avdside of Z2€7< &

(7} we sek £ = OCQD%(%) due to Clernott)

Routing 1 o Hégercube

Hgfeccukel Vﬂ@,ﬁ“) (unel #8 tond v differ by only ote Gt
> N=2"verfies, NN directed edges.

Setting: A pocker ot cach verfext & a Permt&aﬁon Tof 0.8
Gioal® Send each chcke‘c [ to g destnation T,

Sb{(\c\r\ror\ousl O(\e ?oxckejt W\d% MOVe CloSS o “\mcjrecl ecﬂge

at any guen Cestep.
@ueu"m%‘;FIFQ (or any wel-detined Hve\%” queying protoce| )
Ic‘eoﬂ%, JQQ\Q P&H\ 0’? PQC\(%EI should DQK% clepenél oN ( and T

' GoplivTousness

Thawer) For any defermiistic eblivious schene, T &hat reqgiives

O(NgY= 0L (™) sfeps.
Theotem )| Voo, Brebner | There exisks o simple oblious scheme s4




For every T, P takes more £han T 3%QE>§] <7">Q as >0
The Scheme Phase 4 = each Packet T choowes a destination g (1)
0.0.7. and proceads fo 60 ustng o Bk -Fiing pokh.

Phase 2> eadh packek pro ced s from 6C0 fo T using o
- jr\“xxﬁu\g poth. ¥oco s NOT o pewvxuhxﬁon,l,
B ~Foding fPoth. Correct any lefmost dTbfertng 0T of al Limes

[k D)1= deay suffered by pocket Tt Phase 1.,
Claim A) \packet T, PlOm> =01< gt
Cofo“dfg) By Pk Dty > Ln|< a /é 7"
Prool: P11 sk Doz L0} < 3 RlDwo2tn} <2< 2"
Coro\\cma) Whote Pase 1 ferminates tn <940 Steps with
probakility > (10,
I

Cloim B) Dendy< [ 9en)] where Seryi= seb of packets | whose

- -0 L ) i
ooths Tiderseck pucket 7. & e 2 =

De?”me Haj'F 13 J ESG& _ﬂxex\, DL %HTS ]
@bsef Ve Enat 1Cor Q FTXQ& 1, H;J— are hmde?ev\cﬁenjnﬁ Q\QW\ O(l{lz

charge o different Pmkefc 3&%('0 Tor SO cle\qa




Fix Le P&Q\\ = [ebel,--- )eM]_ Tocus on one e(ﬁ%e eehP..
Suppose ec&ge e 8 :(Euhl,.--,hl,\,a&sdm R O

(buba, s byt by, Qaae, -, 80) CﬂTPS the J-th bwt) |
How maty Pockers J hove & pokh that wses Ehis edge e?

b3 must be of form (%,3% %, Gy, O, - ,On ) | SO 3ot
posdible js.
b Pelsuchj actuoly uses e f= Peloeg Ts of fom (b, -, b,
=2—&. @E[#O% using Qd%e & =" = \/2
=L 1< .,

o > )]

Tel L He > (eHu]< e»(p( SR lua (0 u="% | 8=6.
- Pv[;?—.’r\q?r{/zﬂéw( 3% L)< exp (),

* Pl\rgg\% il /M:%_ is Justified by fuping (B )= A=8- Aj,(ﬁ
> bound becomes ex?(—m

3_{_@‘_#)//“ > QXP( A*/“ ) - s o‘ec(’e&srng_

— worst cose 1S whe i Ts maximized = u=" Ts a vdlid upper hound
Taking Ehe urion bound for 7" veckices, Prlaydelag> %ol < 2 ”.//



Bolls and Bins Mekhod.

w balls, o Eine. each ball choses a bin 1id. ear.
Some Fundanental Questions |
1) Collistons & How big does m have to be before o colliston?
L Birthday Prdolem: 0=365 bins, m pesple —Rlcollision 2% e n3,
TIn gererd, Pelno cdligion] = ﬁ(k%) ~ jexp(-%) (I-x ae™ for x4<{)
- exp(-525) = expl - 102) = pCT) - et <&
— exp(~5x=3 > 0= =O(F),  (Foc 0345, w205 !)
7) Empty Binet What s the expedecﬁ 4 of emply bing!
Yo= 4 of empty bins = i W where Ya=17 bin 1 Ts empty’,
s ET=( -4 = Enxa= o () = pent
LIEm=cn, Erxle ne®
2) Masimum Load & Xz=max load ™ any, &in. Assume. 0=0

=0,

L>\U3\P. , Xe I{"‘QM'\‘“ + O lawer order) (e.g, t=0=(0°, thef 1%)‘/\7(\ QEB .

POTSSOQ APPromeﬁor\i ><“— load T kin LXN TC(\’\M,
B X s ET@\@ where (P= Te constant ( X=| T €his CaR) as N0,



Claim: BI(0 A iy any Toxed X caverges T distetbudion 4o Po(X).
St vk, ROk I~ RIK S Yo R0 (RIYKE= 24 6
S RO (AN = 4 € - RIv-K

M\( CH= E[e\‘t] :ki:b N e e ZO\ SO xexet extek—n
SELY 1= A by ML (0) cmd EDY2 1= Nt A= \ac(M)= A
| B I S S . '\

ks TH XN{%U\\ Y v POO\Q Lhen YN Bo( At M)
ROOJ[\ NX*YQV - My M) = Me B e)“te n_ é"‘*m@-\)

‘v

Chervoft for Pah): RIX (81N <EE where YoRo(N),

Prdt: ROY2a =R 1< M £ 45

A eexi-n = QW P T ~ Choose £= Ja(%4) > @ when @ > )
A

~ expla-) ~a h(R)- & —’@l . R =B <o+ss§‘*“3 Y

ek [X, . %a ] be the teal bin loods B, 41 be iid. FoC).
L observe Ghak E[ Y11= EDNI= A,

Cloim: Disteibuion o LY. Xa) T8 € same g [ ] giveq
£hek z\ﬁ'; 0 (sumof e%uo&s the Fob Boll S)a



Pm%: For any K)___)k\ ST, Dke=, PF[?=?]: (_k%v@l
whexre (kr)h} e o mulfinomdl coefficient of #“—)E; %%@\ )
Now congider Pf[\?ZE\I\G:(‘ﬂ] :jﬂ[ﬁ#&%\"j\ﬁ:ﬂ'(\fﬁsm)
Obseree €hat 1% R (). Then, NE (A1 e - i

Cordlocy ™ Lot € be any evert dePenclTvxa oﬂhé on £he Bin loads. Then,
RulE1< e E)
Proot: B [E(7)] = 2 P BN VIR Yok T2 oo
Prfo [E(\ﬂ | ST 2 =m]= SRR P@iﬂ =]

=R IER]-E" U e Siling uprec band of m) ST
>R e Rleq ek,

*Imeroxlemeﬁ: If €% moacblﬂcovué ineracing / clecf‘a&STn% .t o (balls))
then we can wproe to T [ET1< D R LET, (ke Ghe enfive 4all)

?(‘00% o&\‘ N\G}EIW\UW\ I_OCIA.: SQQ M="0 ’Szo(“ eoxe o%\' mlcu\a\:(\o N, ﬂ\en ;

mox load ~ %;\_MfMT\- \MME Coi\crejfekg, €,:= Sone bin contains >

\__“ISAAQ/‘:‘\ halls , and €50= 0o Bl cantaine < L@@l\%n ballg)

then P({QJ and PCS:E:]—5® AL N> 0, (Supfjf\'\der\‘r fo prove
Lhat T €1=0 and Pq,o\:&z]%@ Shce £ E, are monotone )



Defire Pri= R LY 2k] wheee MvRUL-R=2€ 50
Clam' g ﬁPk<1L oot = Je?zﬁ“\i\e % R- e\u(m)
T4 Case; Rig, 1L 0 LPV[Y\Eﬁil'L“—l Uua WAToN Bom\oh |
Then, consider Py where k=L550m0  RTe7 A
BB <~ Il kL) ok (kL) = “Uﬁ)ﬂﬁ"v\“ (U (42 + S =~ Sudufan)
~ =) = B~ (\m%(\ Boon® qees t0 Q) as >0,
€, case: RIET=(1-R.) where k- @*@f;y ( Bins ove Tndep. |)
é“ e\<\5 e/ekl So we want g SR [, el Meﬂ = SF

~ Jan =1 = Jn(kl) ~ fan =1 — kel = Jan -1 = Cl=€) fun ~ € un

8088 fo 0 as N—00

7

HO\S\MH b% wivesse U and o amoll subset S Pm% xe Ul gets
sfored T hash table T through perfedly candom undion hiUT,
S This maps fo S balls T—=bing, TF we wart no coffstons,
we oeed (T1= 0 (\SI3), Ekeys in abocalfion 1='SE Two Tsues”
1) Worst-cae earch €ime T had (max load T QCQMQW'
[25 Random hash Tunckions are unwieldy Chuge") sl

/!
One solufion 3s  double I\U&‘\F\\Y\g)r{\) 4o Kits 4o QEQCT% h s O(\Ulﬁogzlﬂ)l



— We can wee © ?cf\m’\se 'u\clefeh&ehjc” M&‘t\ in\mcﬁor\s O(\T\\ Slze f

&I\AOM Gmmpb\g

Ercﬁés—pé(\éﬁ Model: GCn,p), GeGlnpyi= put down 0 Clabeled)
Verficeer | Tnclude eads edge 17,33 Tndep. w.p. P.

LRI6]= P‘E'.([—@@“"‘E' (e, of s spectfc. graph appearis)
Xe=[E], then X~ BT((L),p) » EDX2= () p.

Y= ot néighbors for avertex Y~ B(+,p) = ELY1= (- 0p.

Ti= 4 of common ne”%kkors for 2vertices | ELZ2]=(nN-2) PQ.

Te= % of trigngles | ElT1=(3) ¢ R,

1= 4 of Tecladed (10 neighbors) verfices BITT = n(1-p) "

*P=4s a theeshold for the “oppearance” of triangles, e 1 p=0(a),
Lhen Bl Ghosa A1—Q as n—>m,[>=wﬁ),‘cket\ =00 A% N> W,
%= bus 3¢ o thveskeld B connectitty , Hawithofian cycle - perfect watelng ..

Stondard @eg]‘mes', P=\/)_ (untform random %rmPh% ] dense)
p= % (sprrse candom graphs , *real worlel" Y oy. degree =d.)
p= C-@‘ﬁﬂ (g{)qrge QOMQCJYEC‘l nejrwo&S)



@(Q(W\\ mode| s a random 3ka with @ verfees | m edges at it Form prob.
L%?ou&f\lé, Gonm behoves like GCnp) wikh M=@>P (90"&0!\'{2@5’0(\)
Fo(‘ Spocse %00@4\3, G\Ireaﬂ\ld). candom ¢~ m%ulow SPQP&\S, 18 olso used.

Clowm: Lt Ge §lap) With PZAC—O;\M,, Then F a @o(éﬂw\e aﬂaaﬁﬂnm
Jd(\(ft, N&\[J.[ ’F ds o Howelltonian Cgc,\e T G

ol (Vi breames head)
Her 55 oo\ ()

reverse((P) — \, becomes head. | extend (Bu)— new verkex i becomes head,
ASSUW\F{:[OI\'. 6w (e?&%& as follows (avoidling deperdencies )
— cach vertex v has o list unusedCu) of r\eTgE\%orSJ whiieh dudles
eoch possible (dhbor U “w\ci!e?endewﬁ(é wp-q, and Tn candom order

— [Tets anused Cvy are all independett of each ofher 2

Aleettho: 4) Stact ot B-303
(®
2) Repeat vofil HC \3 %Lm& or unused Caurrert heod) = & o

(€9

Zg n Jn 0 Terations . a(ldeollé, BrICAY] domnates Lhe otiner tuo)
— WP U reverse (P,
— W.p. %ﬁ&c K)I { \< ecaae (e AARIH(N \Crow\ U\SQ&C\I\Q

— W.P. \ l me\dmi P\c k frest ecl%e (Vg W) Nrom U\V\USQCIC\‘\Q




€} U=\, then rotode (P \), Else, axtend (P ).

)IH k=IPlo0 Q u=v,, ourpet HC and habt.
L Gsed (V) are all edges thot were shifted From unused ) after uge.
Ano&%'iisl At any step &, let hy be head (P). Provided unuseckhe\aé;é/
then all yerfices are efpmﬁla like(% tobe e next head, Te.

P L ben=u History of dlgortthn] = vue\,
Proots Lek P= (v, W) ot heaVe Pelhea=WT=Y via rverse(P),
T U= Vg and (N, Vo) @ tsed Uy Prlhea=Ven ]= ]u&f\“ﬂ '\JLA_(\M\—"}‘\B
TF U= and Qo Ny used (W o 0P, B ] = Dbiesdal
= ( itk unused CUe) ag o black box eutpetting o 'rew’ u )

T (userk\}k)l
’5@3 Coupon co\edw\%, w.p. >+ '2(\9/«\(\ Ureroftong willl gee ol verfices,

(. Rlue P1=(I- 1"”’"“§exp(—29m % - REuEPI<Y )
Then, ~ 0 lnp Theraftons to close e cace o Arom Un—>N( (let %3:—%“)
A(\m&gé‘\s U whek e Frlunsed(ud #2877 Junused (| » BT (0-1,9)
at the ot — Eﬂumsedﬁv}\] 40 = QD”Q”‘“ (D=0 <] dan,
Clomm: Pel unusedCuy= g5 within Sndan LJchlt&o(\%]=ﬁ~[S] <t
Frodl s €/1= af least one verbey has < D o edges T Tts Titiod wnused, [1s



€= ot leost one verbex has >F Jnn reighbors @moed. fam s unused, list
SRIETIK RIS+ R T siee for €10 lmfpen, < or € musk hagpen
£’z X =[uwed )] = ETXT < 0o, RIXL 0] =Fc[><§(\—%/ﬂ
< exp(—@—/‘z“f« [9fnn) = expl-Eghan) < P BRle<o-f=
€t =4 of verfies remowd from unued(v) =2 Bi(Zadna - 47) ~E1Y] =3ﬂm
RIVYSI han]< BN 2 () u] < expl-25 30m) = (3-RiE 1< .
Andysis 3% Reprocessig (& Gy, p2A0M (el 9[()1]
sofiefy P=3(2-9) 7., 9= [-{-f 2 o= pOn epues o0l
¥ cuwe ElGY: w.p. %& (Ue onused ) Vedunued ) same for
Viee vexsa, and |~ —ét%% 309 (both are T each other’s list)
Rluebnusd cnl= PLm 0 +%%& % = eopul proalility

P( [ue uused Cv) AMe unusec\m\] = PLV(ZQ_OP)] :Cf_ - 1.d, 7
(% can olso cmuﬂgze when both are notTn each ofter’s [, omitted here.)

The Rrobobilitic. Mekhod,
Ecdas [ 1947], Rams:aé Nuwbers: R, := smalest n sk, in oy 9:coloﬂw\% of

Ehe ezﬂgeg of a comp\eke 8mpk W musk ndlude o monodwomalie, k~C\"\oJ,u\e.
(]tm‘ué of people musk contaln €ther a set of k wotual friends or  muudd a‘mlgm)




Cldim, Rg =6
Fros - For some vertex U, there are ok least 3 eAgeg of Ehe ame

Co[oﬂﬂgo Then, we cannot ovod a monochromatic, Jtr\\o\V\(gj(Q. ]

Rf \Z) RSEH‘S, 4%]) - )R\DG UCTQZ, 235567 Trtrackable !

Theorem) [Brde] R > 2% h
Cwono chromatic)
Proot: Colop edge& of K, wa.c. Pr[io\ k"Ch;,ue:[ L4 of k-cliges -
telo k- cigues 18 nonochromatic | = (ﬂ) Q( < k’ 2 Rl IJC
|-*% +% k/ x|

1=2% Pefe]< @ )L e k3,

— ﬁheve must st @ colorwng Ehat containg no aenochromafic. k-c e |

Mox-Cut Roblem’ Madintze ceossing <dges, NP-Hord.

Theorem) Ang 8(@()}\ GUVE) contdins o cut of stze 21%['

Froot s Plek o at woa.e. Lok Xo= 4 of ek ecges_ Elx1= \‘Eg—l
épr[le%l] SQ=>Fa ad of size a&(eastj%l%

b)Y EfX= S E[Y|we L) 5 EX | weRT, iy,
EDX|,, v $ed 1= SEDAN, . 00, Ve LT85 E NG00 N eR D

= Take the choice Ehot waximizes Ge oext expecked value, and by tnducian,
we can alwc\ag maindatn EOX - w6 T > 1EL . (Condtond] Expecfion Mekhol )




MAX k-SAT 2 CNF boolean focmula (ANDs of ORs) P — assigmert hat
moimizes &he 4 of clauses safisfed.

Clotw: Every k-SAT CNF fomda, bas an asiigwent. that offsfies o
leost ([~ %) fraction of Ehe clouses

Proots PTek a. rondom QS&'@\me‘\J( wae, Xi= % of safisfied clquses .

EDX=3 B =(-27) m where wi= # of cbuses .,

L oo 3&&3 o determadic gﬂeﬁ&g aﬂ%or\ﬂnm M\M\Z\!\a E0X| n...xkl .
Computing EDXT s a b more subtle, whitch depends on # of wrialdles T dlage

Xﬂdeisenciehjc Set: Troblem: QU E)— largest, Tndep. =L T (10 edges bhn)
Theorem ) YG(VE) of moy deame d, Fan fndep. b of 2>
Pcoo][: ASS%Q o red volue €el@.17 %o each vertex ve\l, U s o
local witmum 1§ G < Co ¥ weN . Observe thek Ehe st of [ocal
M. s af Tncle{senclen% ®t since local mifna. canast be (Eghbors. let
EDXI=ZETG> (-3 stnee ELKT S viel.

Theorem) Assume 1> Such & contelios an dep. sek- of ste}%‘
Roct: Lek de= 2&— (avenuge degree ), Delefe eadh vertex ve\l w.p.
(-4 =15\ For each emaiting <ge, ®mowe T ad one of Us



end pdints. Oukput £he cendfiilg verfioes. » Produces an Tdep. ek
et Y= 4% of verfies cendiing af ter dRlefing vertices » E[X1= 4+

Yi= 4 of edges retdining of fer delefing verfies =+ E[Y] =%- 12’2(\3“‘
ECieof k. k] = EDY 1=~ = & = I

GmP\\ CrogsTh% Namer s CC&Y3= mTnTnum 4 of @ogg“m%s a M
drawtng of .

Fuler’s Formula TF &t o comecte) planae, < 306

Cloin: 4 comected G, ¢(6) > m-3n+6,

Freot: Take an opﬁmal em\se&&?n% of G (4 of crossing = (&), Nake He
dmw?ng P\ar\ar E% odolfv\g vertex at S crossing . 0 —>0FC, M->nt2e
By Buler, m2e L3(ntc)~6— c2m-3n+h.,

T}\GO(‘@Y\\ Acsime > 441, <(G)> &(_\iz

PPomD > Choose . fandom S\}\bam()k ot G \Déﬂ PTcana each vertex wp. P
Lt 0o, Mo, Cp 2= Comdiitng Verficss, edges, ond arossigs remdining . Then,

CP > W\P —30\3’% 6 — EECP] EEY_\Y\P]’?)ED\F—_( = OP —% (Y\PQ‘

L hok ) - = ~ - M _3n
E[CP] = CP* She tF femgis 0‘\1% W 4ierfices Survive .= C 2 N

3
— choote P=£_r3\j then C> g\—"mao//



Threshalds T Random GNP(I\S

For GeGup), we can ask questions such as’;

Ts & comeced? Conkdlns & HC 2 Contdin o mhgmg\\, Wy, k“C\TC}MQZ

Det) Thresheld Cirfornal : value p*Ca) <A 16 p = o(Pen), Ehen
Pel G hos property] =@ g3 0>, and. f p= Go(per), €hen
i (6“ has ffOE‘&‘”JC\A]—B 1 as oo, 0 e (nthe limid)

1> peny

Ex) Xi=4d} A-cfgues T Gop. X=X X where Xet= 13 <5 a4-cligue§
EDXI=TEDGI=(4)p = 00ntph). TS sov=o(74) F0A-> 0
If Pcm (%), EDXI>00 (as a—00) plem= 7+
@ = P X707 = RIX2) {E[&Zﬂ - ag (=@,
L & e Chebyshey (Second Moment Mekhod ) n s way'

RIX=01< RlN-Eal2 BT <At = )

Atternafively  stace Var(¥)= EDCT-EDCT, show fhot E%&% 1.

Nar(¥)= Vol TX) = 2 Varl Xe) + ;@CO\JCXQJXU\
® \oeYe)= EDCT-BEIXT < BEDXeT=E 0% = S NarlKe )= EIX.

® Cov(¥ Xo), Ut case amﬁas'{s',




CNCIL =X 1o > ConlXe Xed= Q. TN e
AN =2 = Coulfe, Xo) = EIX N T-F TRAE XA E L¥eXe ]
W = Re[Cand Core both cligues | = ol of such (€,) pafts=B(nb ).
oy [CACT =3 CoulXeXer) L EIX X =, 4 of paies = OGP,
- Lol [ ED+ B 1B 1)) = 6<“§{§§L§ a2

8 I O A I _ ¥
NN —(Q as (0o and p=wln=),

What abouct when pm=C- Poy=0 (Pram) 1
For Av-cﬁvj,ues Y pam=_C- (\%) then X ~vFa(c%4) asn—smo,
Lo the scle of (1% the thredeld look [fke a smooth Tncrening

‘F(“\Q‘ﬁo“ O%O:U\ — - Coarse MWOTkH a'tve\r\

W /o PFQQ‘F_

B o, Hhrechdd for o qlank” comecred: conporert of size HCM, plemy=-5.
Il{ pead= %J then: ) el lwaeﬁ cow\[meﬁ has Stze B (Jan)
2% >, Beny, d w c=|, B(pe) - " s\mg Hhreshold” l

Theorem) E\!Q‘{‘% monatone %mf)}\ PW has & Cnot (\Q(QSSO\(HK(H shar?\ JC\\FQS\\O(CL
Dees G contaln o Fixed sub 8(‘(1?\\ bl of u verflees @ QOlaQSrZ\
L%EE% 0{‘ CO?TQS OJ% Hl N C[\}BPQ == 6((\\/ Pe s P%a\): D—\I/e rz



L This 0“\\& hods uhen ec\ge cleV\STJV\d of H> ecl%e olen%?té of Su\samPh of H
Tndodt, pfem= 4 where di= wax edge deréily of subgrogh of H.

Jmn

For Moty Profev@e%, P’*Qr\) =T Such a3 Tsoladed vertey, HC, comedta] __
X . %QQ HC, ED(] 4 '%_U\”\}l., Pﬂ _ P’*’: 6(—‘\(—0) (ﬁH\ou\%h (‘Q(LQ I(h!QS}\O[C].TS —"!L;\A'

Tor Ge G0, (dense ndtwork), we can ask queskions Such s,
Largest k-cligue T 62 = £1X1=(}) 2—(&) crosges 4 at \<=k*’“1£081“
G For k<K= Bl G cortalins k-cligne 1> 1| and for k> Kl
Dol Greontaing k-cligue] > © as 0500, 16, TF 021000, largest

kﬂcﬁ%,ue = Size (Sor b \D'\“"E'
Cf\a\\el\gel Alaor?ckwx Hhok Finds cligue of Size k> ([4€) ﬂogz(\ [

Patcudise, IncﬂePencg.enQe

Det) Poivunse Iw\(\;emd\re(\ce; FomT(\é of RU X, XF st vetjem
\ %y, Pr D(. =X (\ X\ =33 = F([X’FX] 'F([Xg =é—_( .

Claim) We an obtain kil patrwise —Lf\c\ePQ(\AQW\' ks glen ov\kxé
b W\\)\J(\ml\\é ?nd!epencler\& BHs 3%, %2



F{‘oo’Q: Fo(" ead\ Zh—l K\o(\QW\FJr\(" S\ABSQ{'S o{“ h B’(’\S S“\;:ixu,._ ?

define Bt Yri= 2.X (mod2). Then, Y s untorm because we

can use defered dgiSTong) \dr"z X\JvXk 20O Y= Qer 1 wep. 4 cadh,
x &SN} 2

\éﬁégk ae PWT because IX Sit X €35 N XeS (WLO&), Fix

all other bifs, ond consider T [ Y- AYe=d T=FelYed |yl els
=4.% by deSerced. dedislons agan. ,,

Max. Gt Fenicited s GLUE)—> Find o masimum cuk in &

Y Fo cut with > \%' eo\%es (*c Elsize of el = \E_2\ when radorized )
New Challenge. Construct the. auk using only PUT bike 34,403 7
Xzzi Ko where Yo= 13 4e# Yo, and Yuis amemberstip In (B-seb or
1-sef for verfex . By Eis construckion, we orly teed feaps MT btis,
Now, we can achually devandomize, the aﬂt%eﬁjcl(lm by enumerading €he
nire. 2" () preb. Space $o et Ocncomy=0and delen. dgorithn

A e

PWT RVs under (med P), . under freld, $B)1,. ., p)% where o priwe
Le'k X\ JX1 l)e. UK\“‘DVW\ TV\AQP R\)S 0 }FC@ Deﬁne‘%j = X\'\'j Xa (“\Da P)\.
Clim) Y ts uftform Sk PWT .




Root: P(Eé:ﬁ\(&:\:({x\:%’sz] CFx RS, e & D(i:é]
s ur\”\?orml\g % P lYye=k A gfﬁ] = B IXiX=k A XﬁjXﬁM_
The eXP\TcT‘l‘ soluflon 13 a unigre. paic (X %) (Y= (Q~\<\(§~YBF1J Xi= o)
> ek yi=1] :JP—I stnce Ehere is ot poic ok of B pales. ,

Chebyshes Revisited s Stillholds even TF €he Xos Tn Y2 are enly PN,
as Tn Ya(X)= Z\Var O6) stce Con (6% are oll Q.

Urfvecsal Hash Functions s Unierse U, Hosh Table T. [U1=M. We wart
Y T n=[Tl2|Sl=n where we store S (). Hash fndiors
E h:U=T exist, and we want to P"lck any h ot But
4 of ks fo witke down b loa, (") = o(Mogn)
Qba\clf

Def) 2-Uversel . A {:amr(k\&]’\ of hash funcfion b U=T s.t. ¥ ael,

P Lhon = ho T< 17 (H s strongly Q-uiessal tf B [hexp=1y,
A hoiy= %’z] = J0_2 )

Clow) Let U=50,1, M T=30,. 60T, kek p>M be prine.

Define B, 00 =(0x4b) mod P) mod 0 and He=5 hap | Kadp, 0<b<cpi
Then, H s 2-Oversal. = reyive only 0ty its! i




Tooh) S, to grote that RThan0) = hao 0N € 5 ¥,
Consider the events (axtb=) and (oxa+o= V). This has o ungue
oludfon \cor a and b STnce X FXa , SO U+ (\QQQSSQVRK%. Hom Mcﬂ\a Q&TFS

(un) hove €he property s4. U#\Gedg) but U=\ CMOQ\MZ%PCP’/“FQ
(-1 Cp-0A
<R = Belhato=ha ol < BEES =,

Obs) Led Xi= 4 of collisions (potis (x4 s X2y and how= hayp).
ASQW\”‘“@ His 2udvessal, EDX] L (B4 <1 T we wk n=1?
then PIX> 1T <4, Tf we set n=m, EDL % - maxlond = O(H)!
(For tu \é mo\ep hosh funcfions, max load < £ oy \n.h.}\).)

Det) Perleck Hoxsl«ﬁvxgi Assune stalfic &Tdﬁsﬂa% (vo addtfonal data).

Clmm\ For o stufic di CFlo(\ U"’T, we can acieve Mo colfiions (O search)
|3+ ‘\'\S(
with (T QSISK *’”‘ Seend 2 ltoblelle) = O(Z6?)
T | ‘ -
L Secon&ar% hash ]Cur\ahons he tof swe b — Set ot Size oy .
=13 any colligions for ] <%, =F4 o frlel<2.
L’Pﬁm&rg hash Funchions b we want b ko hove

P({EE 2‘{‘m} S\A * o'g ITdlo0s UV\C!RF\\ E(b >




= Lz(zg? -3Sk) = 3(Z12 ~m), Toke expedcx‘ﬂor\sﬂE[ZH 1=
2 -El*of colisions] +m < 2(5)-f +t < mam < Dm i n=m.
N P([Z_\b.z >4y 1<% . = Bl a1«

"U\Aex Cout “‘_

v
Afp\'tca\)ﬂm\) Heay y Hetfers Streans T Strream of dada teng (1,0, (in ),
Define court(5, T) == Co. Oubpr all hesuy itbers, 2. 2 foc o tuple (3,6,8),
~if ctGTI 2, T must beautprtted.  Qi=Toe , S

L [ - - ] &
—ifeount G T) L4~ €Q T may only be outputted w.p. < €. X 3% Co

Tdea” molnkain o set of m counters 0 k rows and ) colgmns Cassume w(k),
Ty all @ ——>TRD

Cag s €he Value ok rowa, column; (1<a 4k, 0474 "), Use k
2-umeral bash functions has U—=10, "%~ where U= sk of indices.
When dota Ge,Ce) arrives, compute hoic) for 1€a<k and inere mert
Capen by Ce. Oefie Gag(T)i=volume of counter Cag ok ine T,

-~

Clawa) () $itens 7, M0 ic“ﬂ (M > Count (1Y, (‘WT\!TaUg frue)

J° »\m(ﬂ Noelk]

GO WP, 2> l"(lﬁg)k (ower chowce of hash funckions) , 5@&2&&“ i3S caunt( Q)
Rodt or G FixQ ). Codder e fiest counter Gy Cothers Follos by géi’“"‘e“?i)
Copen > COUREGE, TY ot £ine T, Define Z,:= amount Tnereased by ems

otber than 7. = Z =2 WeCe here Xei= 1571 A by = b1,




Sinee b, 18 2-tmvversal, EOGT=R [ hGo=hn] € ¥m . Se ELZ] L

<t é& = 1?7\@ Eg Markar, Pe{Z>eQT< k—@ = % Same qﬂ)ﬁe& to
hay . he. S, B [ Z,2€G1=-TRTZ 200K (),

= Choge M= Ja(£) 5 (ftal % courters) k = Jnl}) (& mﬂ hcx&\r\ funcfong).
Oubput oll thems with. oo, count G TY 29, and: ho ofbers. Clam’ hs worke,
ABE cou\\%tﬂz(}; deﬁn?rel% ot puL 1. T4 coumy G € 3-€Q, T1e oukprt
wp. < () M e (just 9\&3“\1\ values Tnto abeve bounds ) P

Mackoy Chaing

DQ’H SJVOCL\QSJHC PQ‘OCQSS ndex set T ar\c& a st of TS (Y
Def) Macker Charn: o stochasic process with Mackoiian propecty:

P([X&:O«c ‘ th = (. ' X\ = ﬁ] = PT [Xk: 0t \ X&—F O’c—l]=Pak,M-\ .
G\rqf\\ View «—s Moxjfrb( \}—\e‘\r]

C Cuccent PMF . PCO§= [l Q O]
® "0 NERRNEW
Next €ime slept PLt)= Pl

{
(N l,//b Pl‘o . i
L pewy=plar

&

APFTMHO(Q 2-SAT: ANDs of OR clauses oF ok nag 2 bedean vasiables
Tdea: Pick on unwafistied cloue. H’\p o, Vaciable ™ thak clause Ua.r,



RQ{:ekoT fwes. Tf the stafement is ever safistied, cefuen True, Else, Folse,
S Novely, s fakes O(T-m) where mea=4 of cloyges

ﬂmaggs'[&: Ths ts o one-Sided ecrop olgo when 3 o s, &ss’%:\me\\k

Lok W= % of Varfables agrehg Wikh \aaviﬂcolar sak. asigment < (@)n]
Observe ot R0=38 [ =31= 4 ond RlMe= | %1} < o

Take &?ess?m”\sﬁc view and seb both Tneaualifies fo strdk ~qalfiies
For eclée Ca’RS, ﬁ[X-m l \XC(Z)]:?V{XTﬂ:h—l\XI: (\]: \

l _'_/’~_> LT
0 ::Z—G‘—T,: e = @
CO(\S\K'XQV K\’\:HY\% ﬁ‘Y\QS, ({\:\,n:®, hi,h: _[i 0 —\-_\il(\:-\)n_% \) kmln: ‘\\jnp\-l l
- Solve, o %ejc hin= V=0, — T T=2ke, Rlererd < sjid

T— MaykouQumon

Clossitieaton mﬁ States? how o hink abouk (m%— term behaviars of WC
Det) Accessible: i & T >0 for some 0. (Japeth 1)
Del) Commusicate s 1 <= R T—] and N (G5e 8, e“,,\k"\VﬂQ“CQ
Def) Trreduglle MC: 935, 7= (MC s one SCQ)

\et CE = fxoh, B{ma ok ] for he Trest Kime after £ %‘vegs SerJc"W\% from 7.
Det) Recusrent Stote: i Gi=1. D Tondal Sale! i V—\\E <1



For o frandert shde, Xii= # of Eines Wv@\g t o Geom. 0

Ao abferndfive. inecpretudion of ficing Eine of Tedf s = -6
> SurpciSigly, brs can be finte ewen if 7 e recurrent Coul vectnrent)
it fhe MC e nfintte. Otheriise, all states are Podikiie ecuirrer,

ex) Zd, chooge o candom Finenion, Peﬁurh hg £1, ke d= \bl)ekre%
stoke s () cecurrent, For d=3 erry dafe T translent.

Def) Peciodic Stefe: 34>0 sk, Tl Y1 | Xe=1 170 orly i Sweda<g
Def) E%ocr\c Sede: o POSTH\IQ coccurent and Qx()eﬁoo&“tc stete.

ﬂea(‘.k ld"\’H\ $A\)£A1
EX\ (anbler's Run? Two P\&&ers P[‘l& o e gane unttl one qees broke.

From ploger I's (iew, lQVéQVéa @ D) ER
Let 95:= prohs. of “m'i“ﬂ”\“g' fron stete 1. 14=0,94=1 | 4= 5w+ %,
L Selve to %eJc o= f\‘i—&\ 0 chane o dnn?ng ] {:mporﬁo(\a(t fo kﬁ%—\‘\a :

Reca“ Lok P(H P& l\P HTV Tp TS & %h*\omm cl\ijrr bukton.

Theorem) Fundamenta) Theorem 4 NC: E\IQ% fiite, \rre&m\m le, cqxaﬂo& C
MC thog o unigue stuftonacy didribudion  2) 45, HNP T

s \Y\AQFE!\dQW{' of Lhe stofe - J, M= HT'\ whete Hv=ELrehwn tine o1



Ext) P Ts bistochaskie (cbwes dho sun t0 1)1 5 By =1 v

Then, T Vs unform, ¢ we wark 21 Ro=mo vy, Sk = ¥1.
Then, ZKPJ:‘;GZPJ =t (EHRER P symetsic & bistochosfic )
Ex) P rerdble waet, some distw TR=18s fe. ronsikions
on the chdin are “balanced” (detalled balance), Then T s the stofTotary.

weted 2Ry 2 W= 2R - 43R =T,
T 1 1 0

Randon Walks on a (rogh
Undiected g(\ai)\r\ GC\],E)} . =QT\QaTn it Gek, O otherwise
= P frvedudble 1 TS comecked, aperiodic 1 & s b lparfite

Clg) Pis reersible w0t wiy= %LJQ é)( “

= o ) | i QL AL
. WR \M(ﬂ“’t .(F‘P‘\) —_[EPS—\ HI.A. %%%X%m—%g?x%_ &
o

Hy 1= ELtine fo reoch 7 from 1] C(6) = Max B[ £ fo wsit all ndes
L {iis is alunys nodeled by spstem of finsg, M= 1+ S HyR,
Lenma) Wi s (i )ef, H s My <ABL

ﬁ@@", Feplace & 55 a. candom walk e divecked ecl%e&, Ths T8 a divected
araph with UE| states, The stofionany disk. T8 wiform, o e Bshehtic

T

romﬁ\]



(Obsecue that any Teorting e&ae foc stafe C‘Q ) hos prob, Qém) Hence,
\V}'C\ljx ) -["(T\j) _Qk-El HL o H GG .\3 —-‘\TS IS *—adr\/vvv\»_—)

3

which codging a commuke 1—=7->7, Thus H13+HST<HLI.S](T,S):1 El.,
Theorn) v comecked 6, CCG) CABICIN-1), -, Comess=dd
Rog) Choese any spaning free | ot . Pk o wrtex Vo and
an Euledan four around Srom Tt Lobel verfices TY\ order of

Ui, Poggdci% [ake(wx% wriies tuie. Then, QﬁZHw w\«‘“ )

El-UV-1) sinee ol v\ are corred. ok fack jC\H\QQo ,

Aﬂhbﬁcaﬁm) S—Tcm\hec\ﬁ\ﬂj(%}, slart o vanden walk o S, T T eaches
T wiiin 4 E| &*9\33, ourkg& Yet', Otheniiw, output “No'. Then,
Prlerror] < B eover fine >4HEIN < /2 by Madkan. Awslify.

B OES: AED Gwe L (W) Space VS RandowWelk: OCEIN) € W\Q(LO(I\SPQCQ

<o UR are “Jmmh\a £ive. Jor POR, and (Kine)xSpace)is conered !

e
T\\eorem\ Mattews Theorem: s contected G, CC&Y < A flnn - IMXH_

Proars Consider o, . on & of tetal evg&)/\ A Hmax -Jan, cl\\l\c&eél
o " epechs' of | QI\%U\ 0 Moo, E[ £ to i verke J oo poch |



< tnax. Then, R[J & Not Uisted I o gun e?od]g—%w’:;

RL3 T oot visted T any epoch [ < eﬂ\ﬂm\ = %& wion bound,
PC [3 Vertey oot \)\&kjre& n at\% QE)OQK:( < (\x Cn~ﬁm> G Qmﬁ

Now, choe o 81 na=4 — ﬁ[dm\k coter 8‘“&*\] < “3

- (&)< - Hoe Dun + 0"30103 worek \:vnSSlble Ry Eine

(Jekernit mmu&)
< Q/'HMM‘J)AM\ wee o o Q. oy

Fo( o fw. on o number (e (1 N H\“ (- \\Q Lenma %QL\
o CC6) < L1 = 2 n (o), Medthens el (L)<

G Ji v O(Huox)= O™ Inn] | wich T ot a8 €ight.
For o clie Ko, CC6 < DUEIINI-) = OGR), wiich T bod becae

= C w ollect thy.

CL6) =B}, Mokkhess tells CC6YL - n-(a)=Oladan ).
= Which bound & %\SMQW &Q@rﬂg on Ehe S\oeCL?tc struckure of <he ﬂm’?]“\‘

MCMC

Goal Gven o peob. digk. T ot Sample m\dom\a Teom O warnd, T,

Method? Construd a MC on O twhiich is eraochc and has SO T
Then Smwlade £he. chatn for suf. vany 34&93” until dist. Ts <lose fo T Qufput.



Ex) Si\uijfhv\a o deck of n ardst ()= setof all cermutoions o deck
1. Riffle shuble — split [/R deck w.et. Bilo ), drop each cand
from /R accorcﬁ“% bo current volue ﬁ\ | ql_%\\—m (Q%@VO\!‘Q‘\H%I
all K“Jterlea\ﬁngs of L/R are Qq)m[\\é \Tkeka).

= Ergodicy - Aperiodiity follous Jram atriiol sl -loop step
Teredudkilit 4 Follows Srom o mechafed ene-card o oine censtruckion.
- (Whot s 18 Consider the “nerse’ riffle shftle of as{igning
10,15 fo all cards and Pu\\?n% out all O< and ?Mﬂgj dem O\%OP.
This meons £hot P s Bistedestic = v s aritform.

2. Random ~to~Top — pick o card 4.a.0. ) puk on top.

I E\“Stﬂl'(c b& obvious reasons, {8 T umn\gormrl. \@S) there are

0 losk %J(QE?S Ehad bave Vi prab, of ’wmﬁ%ﬁw\% fy the curcert
step, %0 P T8 Bietochosfic.

2. Random TrangEggTeron% Plek two Tndies 17 w6.0 W/ mP\aQQw\ew{
Swikeh the carde ot postions and J.

lﬁEF%ocﬁcz Mes, Ts T i d e, n fack T S&mm&ﬂclb

Ex) (R(M\Aom \Uagvk n a H&Percﬂ&e: 00 %l l‘iﬂ, (ﬂ\= Qﬂ, PTC\< Q ‘Oﬁ\



1a." and %P . Ergoéﬁczh Nt Q{Jeﬁoc\k) but we rake T “lazy’
b& cokher than J}UFPHW‘Q; we ®t Hhe Bttty Derd wa.re, T 12

unform Since o Candom walk o o hgpevcu\be S uiorm.

Ex) Graph Coloing Sqmphng . GLVE), # of colens 9, Q= Setof ol
Proper g cdloringe of G, We wark T to be unthorm.

L Pick o vertex v and @lor ¢ .8, recdor U with ¢ W poS%TBlQ.,
o EYHDO\KQ'E QPQr"\oclﬂ\c ] but icceducible O“\‘é [Jf 42 A? L d%‘d%'
See we can fesdue contlicte B% oMferivg o “tewp' 3@&% ce\or"m%

S T utidonm Meg, P s SémmelvﬁC.

. How dowe cmc&%ze the quro?vﬁ\&ve W\Ix”\n% Bime !
Leh P, denote the dictribufion of MC T+ steps starfiog from x .

Of COUrSR, \D;E—ﬂy ag t—=00, bt how Sor 18 7 Hrom T2

DG% Totad Usciafion Didkance? for fwo dsktbutTons NV oh Q,
Lty = 5 2| plenr =Dl = tax § -~V

W) e,

we L




ex) N=n! PQ(‘M\K\'('):EO(\SJ M= uv\'hcorwx,v= i form exceﬁ QWY s on ‘mp_
| - Ulh= Mo -y where A Q Wison top> |~ o5
No‘mﬁm\ A= ‘Pf - T um) Al = MaX A ey

TeE= Mnge|Auticed Teer=max Tute), (Neke: Ade) ntore decrnes )

Dof) Qome\”mal f\(\é jout distribfion S oo (Ox Q) o mosa“w\ﬂs MU
are preweried, e, Ywel) 2 5(w,w)= mw), and ke versa,
s For M, we can o\e&”%h a me\Tﬂ% Lev= (%) st Xel M bothy

behave (ke the original MC storting Jrom x4 respecively. Let T

be the firsk Bme . Ko =5

|emmna) Suppese o coupling Ze= (X6, Ye) st way, BeDGEY ] X Yoy

{<. Then, TCe) LT,

Proot: Toc oty coupling, ot eu.s X,y ~ U, RLKEYTZ - Ty
and 3o cmp\“m% Khact acliives equalifies . Then, Aly= Mo I(Pl‘ -,
< MK B-PE < M RN Y, o] L E S TOKCT.,

Ex) {\mi%gﬁ\s of Rondom- JVO——[BE'Z Coup\e st we pTc\t the ome cand.



> The Jirst S cands will aways be bie save, wiere Si= 4 of differert
cards we have p”mkecﬁ %o for, When S=N, we woyld have seen QRsy
cord, So £he two decks are egua). “Tiis T Coupon cc)\\ec‘(m%, o He
eXPQCJFQ(ﬂ couzaﬁvxg Cime {3 (l\&o%h fom) | so el T> nluntan) < €5
= T=0 ﬂnfgf\}] Kefle shubfle s 0(1)08 n) (o prool)

Ex) Aﬁc&g&"\& o Gmk)k\ Co('ov‘m% Smm?\"w\a: Recol that the MC was pickay
o. candom Verkex yk colov ¢, Hen recslor v o i no canfllicte . To
ensure [rredu&li\ﬁfcé\ we have 42> A% T s Uriform ble Pis symetdic.
Theorew) T+ 12 A A% then madng Clire 12 OUegn) .

Boshs (e design o coupling Fieet. Tn both Xl e, we aﬁmg& Pick €he
same \ and ¢ ot ey %Jcef, ek dii= 4 of ci?so\gme'{ﬁs \Rrfices ok e
Lo U-UDoTJN(\(LJYQ\é, nof all moveg are “good\”, W fhak they do ttk decrate de.
Sped?“\cq[(a, () 8003 nale e when V 18 6 diguaree'(v% verfex and € (s
nof i the Neighborbosd of v Tn both Vi od e, Obwene &k

% of %od Moles > O{JC(OP—‘) ) s o lower boud of worst case.

A "bad" move. Lok tncrenses di V\A{;Pens when v 18 an Q%VQQTV\% vertex @
C & W 0{\\% one. of e I\Q'Ta\\hoﬁ\ood ot Xe or e, & ot bad moes <



F verfess °l°v

1 ) 1 Thus, G good more) —C bad wores) > de(4-24-24) = lg-4a)
> de Cnce 92 FAH New, E[deu| oﬁe} de +P[demderl (d’c]

- Beldea=demllde]= der 3-08d) - (- 0de = dd - 557)
< de(1- \ F\m EHH\} E{EMMHJ} (- \E{d&]
Ry induckion on £, Emg( ! EMOK( “3,) (. Sek -
Capdun —>ETdcl= (™ 0

n< e. <0 See

H[X £ ¥ l= P\{&%>®1 P(id’& 1< Etc\@ inch e aualve
we can orBiteartly decresse uitkth C, = O((\&og ).

éleﬁe(oﬂlch( o . atuen a me\gH funcBion W Q—;ERJV SGW\?\Q accordi '\%lé
Ls A befiore . congtruck an e‘aocﬁ“ e MC st TCen s W) and (kc?e&
has o ra&ﬂcﬂ Nﬂﬂﬂa Lime , SOUMPLQ Ry TSJW?&.

Metropo\"\s A\%oﬂidml Grven wi D-RY oles”lgﬂ a. connected. adifiber-
hood sheucdture (undivected %M{)M on 0.1 W‘OfOSQQ 8 KK%: \<%x.
The W\&é\x‘o?or& e s Bk Tn shote xel), p?ck a (\é\%‘\h@(‘ g P, Kxa\
Move to 3w Min{ el 1

d&wv\j MC s ergoAtc 9. T w) o& Wl W),



Proots We can show Hhat Sy OO ch.g) = (Y Py, (rerlblg
Thet T, WHOG assaning Cﬁc‘é3é W00, 0GPy = W) P By
defiiion, Wi Kﬂ\é mm = Wiyye Kx% \ So It 18 goﬁsﬁecﬂ. P

Rework: TF we can sample, T ot 6) — we can appodimode. Z= T w(w)
= —L V[ el [ [ie

= Conereldy, ¢ we can um"&orm\é ample Feom valid cdofig s o} (7 — ur aan
get an awroﬁmjre & of colorings & § Corndider o PRI of

qrophs, =G GC - 2Gu=6 and Gi= Guried. ek €

=4 of coloings o G Then, ()= G2 -G8 660 )

ClGd) Ts il Y4 CL” %CCGQ 3\) 18 the rakio mQ col ovu\ag T Gr Ghok
alwo QQ‘RS% with an extra ed%e &. s can be empeﬁc&\la Tounq

\08 m\l\wﬂv\% MCMC. on each G and d\ecl{mg & .((&) 2 found. /

Theorew) [ okiant ‘797 4 problens i &P-Camp. whose dedfion prabems are 2
ex) 4-DNF (ORs of AND dbuses) Dacidion for DNF e fvial . Huwever,
counfiog Tt s hacd.

Foct) #-CNFE % %?ﬁCamFleJree (due o Cook's Theorem )

- Supf& s DNF @JrDeMovg(m%Cl\ﬂ:n Observe that 4 DNF( &)
+ £CNE(E@) =N, — 4 DNF ¢ also 4P-Complete .,



Det) Fuv“% Pg%mmﬂmﬁ Randornized Appro}@majﬁoﬂ Schene (FPRASY: for o nonnegfie
funckon T+ TN ot on wpud (X€), cuns fme (X1, %) and
oufputs a value Acxey st ﬁ[lA(x.E)—]Q(x)Dﬁ'&x}]ﬁ \a.
(4 Belermor k21 <Va, we can boost s vio median finding n Ollog(4))
tals to eadwee Ele ercor prab. to 3)

“Tolklore” Sfadrments Almost ol nodural #P- Coglde problems <icher
P\cx\re A FPRI\S o Pm\tob\% can't be C\PPVDXTYY\G\*QCN it cmg) reosonable \m(‘;

Frowples of TRRAS 4 4P- Conplete Troblens
1)4DNF ( HWA?2 e%k?m&v”ma Size oF uion of s s o veducon)
= we can Sawple from setg (Tke T £he HW o obfain o TPRAS .
2) 44 Coring (for 42 4A%]) — assame § poly(n) €ine dlgotkhnm ot
outpits “uftformly” condom 4~ colorings. Then, &he remack abore s FPRAS,

L Amﬂga’(si each encer must ke i bownd < & to gt sl srre<é.

. colorings T G w =l &
oottt

U&"\V\% Untiosed Fsfimator Theorem, we need (Y ’{—i J‘s . 9&8("\/ ) tals.

A L ; _ ) Bod colorings
We dein &t ¥i, 523> %8 Sef up s aepping 30w —C(gg;)




For a ceKoﬂv\% 0& ((6:-)— (G, ust recolor v with sove valid
color, (heerve Gt each cn\o&f\% n CCos) Te ik of mest ence by g
— There are 4-A out going ec\%es. fom CCC\ ~C(6a) and ok mosk

1 ncont <dge o (L&)~ B > EL->% he guaid
=3RS,

Mo Jﬁv\g\aﬁ e

Di%) Z\ n (& W\aﬁm%d NY‘{‘ X X l€
V7Zs s a Pmc\m of Xy, Xa.

W EUZY\ 1< O,
T E L Zow| %, 01=Z0.
ex) Xa 1 &ek on gowe. % cesuld | Zo Yool morRy o 8awHer oFer o o

Pef) Doob Marfigale Zo= ELY1X,. Yo where (s any RV.

- 7°:E[Y] . Z“= E (\( \X‘)"')Y“:I =\]/(X\,--.)Yv\§ L/_e&ae eApaluR mﬁ?vﬂmlﬁ
ex) Ya= (oxaes\' Q\Tq,ue n 5m\>h 6“‘? = %(\(\,Yh — -)X(Qﬂ _

ARQM’\PNQ% l Y= \é( \f\J\} 2 )\,ny ¢ Vertex exponwe marfingale

ELZalX,- X =ETEDY X, Xaud| X, o] =EDXIX, M= 70




Def) Slvopls g {ine? T20 for o seguerce Xo, X, wheve event
=0 &Qper\cgg onléj of %o, Xn. (Tis a R)

ex) Ganellog. Ti=flcst €ime T bave $1000,

L 0. ton-exaple e last Giwe. T have § (000 CclePex\cQ.& o Tukure)
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et pr=Ri[coe 1.~ Elz1-pA+ (-p)-0=p =5k,
Beat o Claine E[Z) losk kL uskes 1= ELZ| Snaa ] Condiontng on Snc,
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Ayp\ﬂ\mﬁd\} Pottern Markcling © L Xe= uidornly condom siving % xe3"
et Bi=4ced pattem bibee T" where k<< How many e
dees B appear Tn X3 Lot $(X . Xa) =4 of Eimes BO\?PQO\(‘S m K.
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AW\”\C.&%Q Tottem Moﬁdrﬂn%l Y= ¥ Y, 0 long steng, (+=4, 14,
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— 1 ROXGY = KOO, owdbpuk “yolch” and half
N s could bewrong
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Quesfion: for an Tt\)ve%er N, R0 Pﬂme’{
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Clain) IF 0% oot prime % has o etbness (i, 67 #( onad 1) | L
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