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What is a Randomized Algorithm?

Traditionally:→ f(×) ( deterministic)
Randomized :.

03.
t→ fcx) (depends on random bits r )

→ r is 「 bits→ Tchoices→ 2possibilifTes → Pr[ 5(×)=True] ?

Often
,
we use higher level randomizations rather than binary .

ex)pick a random element from setS
"

,

"

permuter Srandomly
"

Ls These can be simulated using brnary decisions !

Example) Is × prime? (Primalify Testing )
Want

:

Xisprime⇒ Pr[f(x)=Yes]≈ L ( 2 314]amplifred
× not prime⇒Pr [ 5(×)=Yes] =① ( ≤ Y4)

} using repetitTon

Ideally : xis prime s Pr[f(x1=Yes] = 1 sone - sided
errors

X not pr?me⇒Pr [ F(x)=Yes] =① ( ≤ 2 )

srun T trials
,
and only output

"

Yes
"

Tff all trTals outputYes
"

.

s Error probability of falsepositve
Amplification : Prferrorin 2k+f trials] ≤.( 짝 ](롯J(화

)리대

" ≤김.
그"

[류]
K

(*)
세

≤4
k

(4)
"

(*
)

" ≤(⇒ everyrepefition, errorreducesgeometrically !



Application) Polynomial Identity Testing ( Is F(x)= G (×)? )
ex) (X-2)(×- 1 ) (X+4)(×+ 1 ) =×

4
-2×

3
-9×

2
-2×+ 8 ?

Naively , expand the LHS s O(d2) time , where d= degree of polynomial
Randomized : Pick a random integer r ε il , R] .
If F(r ) = Gcr)

, output
"

Yes
.

"

Else
, output

"

No
"

.

Analysis : One -sided error for
"

No
"

( could have common root)
.

Whatis Pr[Fcr ) = G(r) |F(x) FG(×) ] ? H(× )= F(×) - G (X) .

Then
, degree ( H ) ≤ d → at most d points where F(x)- G(×)= 6 .1

⇒If we set R =2d
,
Pr [error] ≤ 팀≤ = 높

"_

Extra : for mulfivariate functions F(X1 … Xm) ≡ G(X : ,Xm) ,
the gain from randomTzation becomes better ! (exponential → polynomTal )

Probability

Probability Space : fnitelcountably infTnite set of resulls 2
Huε-

2
. F0 ≤Pr[w ] ≤

1 .×Pr [w] = 1 .

Event : Some subsetE-2
.
Pr[E]=겉Pr[w3 .

ExampleJ (" 2= [n]
,
Pr [w] = 금

.

(2s Roll 2 fair dice
.

2= [6] ×[6?

Pr [(a , b)] =쌍o
.



cs Balls & Bins
.

Toss m balls into n bins indep. I U .a . r.

2 = ! …
. n

3m
(

m- tuple of binchoices)
.

Pr[(:
" …
im]] = 금m

.

(4) Random Permutations
.
2 = Eset of all permutations of nifemss

.

Pr[π] =o where π(i) =positionof- th ifem in permutation π .

* Pual vrews : permutation , or sequence of choices ( trivially equivalent)

(5) Poker Hands . Choose 5 cards Cunordered) from 52-card deck.

12= (55)
.

Pr<w] =Y(55)
.

Calculating Probabilities : 1] If EE. 3 isdisjon ,Pr[UEE.3]= : Pr [E:]
.

2) Forany E ,E2 : Pr[EㆍUE] = Pr [E.] + Pr [E.] - Pr [ E ㆍAE.] .

For any ε.… ,En
.

Pr[YE . ]= : Pr[E .]- :Pr[E.AE,]+다.Pr[EEMEㆍ AEK] …

31 Union Bound: Pr [ 부E.] ≤ :Pr[E. ](RHSlways overcounts / Ts exact )
.

4) Complement
:Pr[E]= 1 - Pr[ E ]

. ①O 2

Condifonl Probabilty:NewProbabilily Space of Pr[w] =
E 0

다v

,

vFWEF
.

For EE2 : Pr[E] =Prs= Pr[E티 F ] .
Independence:EIF ifPr[E 티F] =Pr (E] / Pr[ENF3 = Pr[E] Pr [F]

.

Bayes
' Rule : Pr [ EAF] =PREEIF]Pr[F3 =Pr[FIE ]Pr[ E]

.

SPrCEIF 3=Pr[티



Iterating Pr[ENF=PREEIFJPr [F] results in

Pr [QE]: =Pr[E .].Pr[리ㆍ.].PrEE3IE,E] ….Pr [ EnE.].
Law of otalProbability: Pr[E= Pr[ENF]+Pr[ENE ]

①은 = PR[ EIFJPRCFJ +PEEIFJPR [F]
.

Can be generalTzed to any Partition EF. 3 π<≤ )
Pr[E] =Pr[E티 F. ]Pr [ F.] .

Examples) Dice: Pr[ sumof 2 dice rol! = 10] = . ( counting)

Pr[ second die > first die] =/ - Pr [egulvalues]]/2=큼 (symmetry)
Balls& Bins : Pr [ first binempty]= (몸]

m
= (나김)

m
(independence)

( n- y)m/nm ( counting) , ∞ e
-

m/n
as min→ ∞ (asympofics )

Permutations : Pr[ Lis a fixed Point] = 금 ( sequence intepretation)

(- 1 ) . / n . ( counting)
Pr [7 & I7 are fixed points]=금) ( sequence Tnterpretation)
Pr[π contains a fixedpoint] = Pr [E .]whereE . =; 「 sfixed.
Pefine P = 금

.

P2 =금m)
.

. Pn- no where Pyo= xpoints are fixed .
→ Pr[웍E.] =:Pr [E.] -:Pr[E . AE.] ← …
= n .P

,
- (모]P2 + ( B )P, … = 1 - !+ 한 … ve

"



⇒Pr[ πTs a derangement] / -회 ( asymptotTc )
Poker Hands: Pr [ two -pair hand] =

# of 2pair hands
#

ofall hands

=
( 불 ] × (시]

2
× (52- 8억 (Cralue)× (suitlx( remaining onecardlinands"

I J = 004n5(55]

디 a s

Application) Bayesian Inference : 3 coins with Pr[H] of 최 ,
중

,

1
.

We pick a coin at random and toss it . It comes up heads .
What can we concdude aboutthe probabilily of the coin we chose?
Pr(C. ]=Pr(a ]=Pr[3] =B

.

(prior disfribution)

Want :Pr[CilH3
.

ThTs is easy to calculate using Pr [H | CG] !
→Pr[GH ] =Pr더=한

Pr [⒗Pr[H(G]-Pr(G]-(호+자 )
⇒Pr[CGIH] = EC .

= 름
,

C2=봄
,
C3 = 음로

.

Application) Matrix Multiplication Festing : 3 nxn matrices A ,B ,
C
.

Is AB= C ? Naively ,multrplyABandcomparewith C

, ~O(
n"

)

Randomized :Pick arandomvectorr εE, 13
n

.IfArIB = Cr
.

then

output
"

Yes
"

.

Else
, output

"

No
"

. s O(n2 )with 3Mat yrector)

Error Analysis :OnlyifABFCandABr =Cr .DefineD= AB-C .

PF 0 →WLOG ,d.4. ]⇒옳"d, γ= O
(for analysis' sake] ⇒ r, =

-하×diγ,



⇒ r, s.t. D= O is unTgue ⇒Pr[Dr = O ] ≤호
.

(deferreddecision ! )

Concretely , Pr[Pr =O]≤ Pr[r=-,옮 d ,γ;]
≤y2

=
옮…
mPrC =- Pr [2 . γn] ≤는

.

Algorithu) Karger
'

s RandomTzed Min -Cut

Min-Cut : Partifon (S
,
V-S) s.t . # of edges

5

crossing Sand U-S is minimized

* max S- tflow min δ- tcut

"

행진
…

:
?

nante
doreinoaninlognlaonel

while # vertices>2 %

pick an edge u .dor and Contract it .
Outpatthe remaining cut .

'용
,

θ

..!
;

= 업(「협.1 → . ⑮ ⑥그표
Termination

,
return

( 1 ,2 ,3)

(4
,
5
,
6) .
⇐ ⑫⒗트 고 양) .그δ

Claim. Let Cbe amin-cut in G . Then Pr[ Algorithm outputs C]2지) .



Corollary :Run EO(a ) indep . trials and output the best result .
Pr[ fail to find C] ≤ (1-IT≤ e

-, ≤e
200

:f T .= l0o.

Proof . Fix C
.
c=디C1 .LeteventE .

.
=Csurvivesthe[ -th round

.

Observe that the min degnee of G≥ CCotherwise , that is the mineut) .
s # of edges in G2및 (divide by 2 for double counting)
Pr[ E

,
] =

#ofalledges( ≤n2= 름 → Pr[E.]미름
.

Pr[ㆍ리E. ]스)2 =름 1→Pr[EIE.]다1 .

Pr[앉
"

E
.] = Pr[E .] ×Pr[ElE .]×… ×Pr [En. IE.? …AEns]

.

그나름)×(나+) × … × ( 5)
= 뮤( 7(체](>() -~ … (주)( =서). 에

Runtime : ①(a ) per output , O()iHerafTons → O(n4 ) time

* Karger optimizes the procedure upto O(plogn ) .

Random Variables & Expectation
Def) Random Variable : a function X .2→ 1Ron aprob. space ? .
s Pr[X= a ] =vt.xw=aPr[w) . XIY if Pr[X= a] IPr[Y=b] Ha,b .

ex) X 0 = sum of 2 dice rolls .Pr[X=2 ]=
6

,Pr[4=금.



Pef ) Expectation : for a RV X , E [X] =&d .Pr[X= a] .
ex) 2= IN ㆍE03

,
Pr [X =:] =한화 ,E [X] =김속후 →0

sdoes not need to be XIY 6
_

LTnearityofExpetation : RV X ,
Y
,
E[X+*] = E[X]+E[Y]

* E[XY] =E[X] E[Y] onlyif X 1Y !
×

ex) E[ sum of 2 d=EEX ]+EEX 23whereX,=420=valueof aroll

→ E [X] = 2 . E[X.] = 2 . 일 =7
. "

ex) Balls&Bins : m balls , nbins ,X # of empty bins .
X= Xi+ X2+ . tXn wher X* =1 Ebin: isempty3. jindicator

RV

→ E[X] = ECX + … +Xn] = E[X ,] +ECX23+ … +E[Xn3
.

θ :ε [n]
,
ECX] =( 끔

]
" =[1 -

)
m→E[×3 =n(나

"

* if nam is large , EEX] = n ( 1 - II
"
~ Ye

.

ex) X .= # of fixed points in a random Permutation π.

X = .X. where X: =IE: isa fixedpoint3.
→ ECX] =닭E[X:] =닭음 = n .금 = 다 . "

ex ) Y . = # of cycles in a random perm . π
.

Fix an element 1
.

Let L, = lengthofcyclecontaining; .
Claim . PrCLi = K] = [ 1김)× ( 1-*)× … ×(1* ×금.



0

: untilthek -thhop ,wehave 1, 2 , ,kl ) forbidden elements . On

the k- th hop , we have to pick exactly : out of (n-k+1 ) elements .
→Y=옮현→ E[Y] =로 E [급] =닭v [ .* ]=닭쁨 ~log

bthis way , each cycle contribates exactly 1 Ito Y

Binomial Disfribution

Toss a coin with heads probability P ,
ntimes

.
X= # of heads

.

Pr[ X= k] = ( 업 ] pk(1-p) for ①≤ k ≤ n
.

E [ X ] = 옳 ( 업 ] Pk(-p)↓ ,or X λ, where X= I Eithcoin is headsZ
.

n

→ E [X]= : ,E[X+ ]= P = R._

Geometr?c Distribution

Same experiment , but nis unbounded . Y 8= # of flips until first heads.
Pr [Y =kJ =CL-

P

) for all ≤ k
.

ECY= 여조 k(-p)*p
.

Let S .=. ( 1-p)" =금 . &p = 옳으 k (Lp)
*

서

=
P
.

Since E[Y ] = p . dp, EC×:
Alferatively, we clarmthatE[Y ]=Pr[Y2 k]

.

(tai / sum)

Then
,
E[Y 3=옳 ( 1-p

)
서 = 금



Proof of Claim :E[R =×k .Pr[X = k] =
Pr[X = 1] t

Pr [X= 23 + Pr [X=2] +

Pr (= 33 + Pr[X=3] + Pr[X =33 t
「

< \

' 1 1

、
、

∴ " …

Pr[X21 ] +Pr[X22 ] + …=Pr[X2
,

Coupon Collection

n coupons , 8 =# ofboxespurchaseduntilwehaven distinct coupons
X= X,+X 2 + -tXnwhere X= # of boxes until a new coupon from last

TrTvTally , X , = 1 . X, n Geo (7) to account for repeated pulls .
→ E[X:]= 1→E[X]= E[X:]=롬지 = n.늙혀

Applicafion) Quicksort : pick a pivot XTEEX13n u.d . r. compare all
elements with X*

,
and partition them Tnto kx*

,

XT
,
Xsx*

.

recursively applyQuicksorttoXx* and Xsx* and concatenate .
Claim: ECTn ] = 2nlogn tθ(n )whereTnruntimeofQSon lAkn.
Proof of Claim .Lef y,< y2< …<ynbetheorderingofthesorted



28= # of comparisons made by QS on input X. … ,An .

= 늙게더
"

Zπs where Z☆=IEthepain( Y,, ;* ) is compared by Qs3 .
key observation : (Y* ,Y,l is compared iff either Y, or Y; is the first

Pivot selected 「nthe set E, Y" ,
…

,
Y
,3. This holds since if any

other element is selected
,
Ye and Ys will be put in opposite bins

for the next QS Tterations
,
never to be compared . ,

→ Pr[ (Y*
,
Y* ] is compared] =..

….**
)=
_

→ E[Z] =.
"

다다
.
reparameferizing K = j-:+ 1,E[2]=았어따름.

Claim. EL2]=됐(n1- k)급 = 2c)굶*- 2(n- 1 ) ~ 2nlogn,
* This analysis still holds for a deferministTc QS fora random permutation .

Concentration Inequalifies
How likely is theRUX to deviate a loffromits mean E[X]로

Def) Moments : [th momentof X= EIXT ]

Def) Markou's Inequalfy : +X20 ,
Pr[X> a] ≤스EEX-

Proof : Assume thatPr[X>*] >*EEX ]
.

E[X]=
.

kPr[X=K]

2 .α.Pr(X2×3>E[X 3
.Confradiction

."

ex) X .=B:(n. / 2 ).Pr[X23 모] 수. ECX]= 삶물 =]



ex) Y.= # of fTxed poits in π . E[Y3= 1

.Pr[Y 210 ]소미
,

Def) Variance : E[(X-E[X ] P ] =E[X 3-2O
.

Def) Standand Deviation : O(X) =Var( X)
.

Fact . For any RV X ,Y
,
Var (X*Y ) =Var (Xl +Var (Y ) + Cov (X .Y)

where Cov (XY): = E [ (X-ECX]](Y- E [ *3]J.
_

Justification : Expand Var(X**) =E [X×Y -E[X ] - E[ Y]
)

)
.

Fact: If X+Y
,
Cov (X ,
*)=①

.

. .

. E[XY] - E[X]EEY]=①
.

⇒ For X IY
,
Var(X+*) = Var(x ] tVar (Y ) !

Examples) X~ Bi ( nip) . E [X]= nP . Var(XJ ?

Var(×) = Var(동X:) where X1 = 1 Eheadsfor ith flip3 .
→ Var (X) = Var(Xi)becauseeachflipisindependent.

뎌

Var(X. ) = E [X? -E[×]β= (P) - (P
2 ) = p ( 1

-

P) .

⇒ Var(n . ( P ( -PI)= NP ( I - P ) ≤ nP ,

X=# offixedpoints in a randomperm. π
X= ., where X: = IE : isafixed point 3
E [X]= n×= t .Var(X): Var(X=ECX3-ECI



^

E [X3 = E [않 X: ]P =ƩELX=+,E [X:X; ]
ECX:X;]=Pr[ : and; arebothfixedpoints ] = 금!*)
→ 닭: E (X:X;] = 2( 모 ] 규세의 ⇒ Var(×)1단,
X ~ Geo(p) . E [X] = 금 .

Var(X) = E[X23 -E[X
EC×]= 업k(5p)

서

P .

→ can be calculated with 2nd derivatire

ECX정 = E[X리 IfflTpis tails] .Pr [Isffis fails] +

ELX리 Ist fip is heads] . Pr [Isf flip is heads]
= (l-P ) E[X 리Istflipistails ] +pnexperiment terminates

= IPPIEC+p] +p where Z ~ Geo(p)
= (1P)[EC×β) +2 E (×] + 1 ) + p since 2 =X

' PEC×ㆍ] = 2(음) + (-p)+P =
2- 2→E[X] =저금

⇒ Var (X=저금이= 름 스 ,

Def ) Chebeshev 's Inequally . Pr( 1 X-E<×] / 2×]≤ Var*
Proof . Pr[IX - E(× ] 12×]=Pr[ ( lX -E[ x ]

I

) zX3
.

Let Y . =(X-E[X ]I , which is non negative .
→ Pr[Y2x]스타앉 =v ,



ㅗ
Observations) Pr[ 1X- E(× ] (2βo( ×) ]

≤V(×) = B2 .
Pr [1X -E[ ×312γ .E[X ]]E(×) 2

.Vx2~→ crifical ratTo,
If the critical ratio doesn4

"

blow up
" deviations approach ① as γ→D.

Examples) X ~ B: (n , Y2). E (×]=물, Var(×)= 무 .

Pr [ X 24]≤ Pr[1 ×- EC×] ] 2 수] ≤= 솜.

X =# offixedPoints「 nπ . E [×]=1 , Var( ×)= 1 .

Pr ( X210 ] ≤Pr [ l× - E(×7129 ]스급 =
1/81

.

Application )Randomized Median Finding Algorithm
Median: 「 n27 - th element in a sorfed /ist Cassume unique elements)

Obviously , sorting in O(nlogn) solves finding the median
Canwe find the median without sorting the enfire lTst?

Proposal . Simple O(n) randomized algorithm Via sampling /sketching
U

ortarandomR,thensample
of pl4 elements

,

find thecentralsection
.C
.f업(nm

Hopefully ,
the median m of S is confained in [d

,
u] while

Cis narrow enough to only have o(n) elements !



Given that m ε [d , u?
,
the medTan can be located by sorting

C and get the (「k?- lat1 ) - th elementwherela:

# of elements of S smaller than d
,

which is in O(n) time
.

Pseadocode : I) Pick random sample RES of size n314 (with repl . )

2) SortR .

3) Locate interval of size [* n34-
n
, n34+B] at the center of R .

Call the bounding elements uand d , respectively .

4) Find all elements CES that ke between [d
,
u]

.

Find ld
,

the # of elements in Sless thand ( lu is for elements > u)

5) Sort Cand output the ( n7- la +1 )- th element inC .

* If /C124 n3
k

,thenFAL .(ε (C124n
3× )

*Also
,
if m doesn't Ke between Id

, u] , algo falls .
→ omad

Claim . Let εd /EreRIr <|≤ n 34-π
,

_때

εu= 1ErERIr2m 3 |≤ n34tN .
If neTther Ed norEu happens,

then the second mode of failure doesn't happen .
r [FAIL] = Pr [EuUEaU Ec]≤ Pr[En] + Pr[Ed] +Pr [Ec]

Analysis of Ed : Let X= # of elements in R that are ≤m .



XN B:(n314
,

1/ 2 )sinceXTarebasicallycoinflipsof p =12
.

"E [X]= 2 n34
.

Pr (Ea]≤ Pr[ IX - EEXJIZN ]≤
Var금

=

( 14)쁨=In4
.

same appkes to Eu .

Analysis of ε. :ε c'. = 22 n314 elements of C≤m,
ε
c

"

.= ≥2 n
314

" (2m
,

εc=ε:UEi
.

Ed ⇒ rank ofd in S ≤ 2 n -2n34s R must have at least
314

In- ielementswithinthefrrst호 n-2
n34 elements of S

.

Let Y . = # of elementsof Rthatie in frrst In -2n34 elements of S
.

→Y ~ Bin( n
3K
,

*n -쯤) = Bin(n314
,
호 -*)

.

→E [Y 3= 쁠 - 2π
,
Var (X ) = n

β4(호 -*) (호 +름* )
= n

31⑭ ( * -* ) = 4 . 4
n* ≤ * n

3시

.

→ Pr[εc 3=Pr [Yn β
4- R]<Pr[Y-ELY ' 조ㆍ]≤V 음=*

Same appliesto
ε

"
( →Pr[ εc ] ≤Pr[Ei3 +Pr[εc" >

⇒ Pr(JFAIL ≤ Pr[Ea3+Pr[En 3+P[E ( 3+Pr [εc " ]54.* = 금팬에
Chernoff ( Hoeffding ] Bounds

MotTuation) Consider X . . Xn of coin tosses of heads prob . p .
→X =: X .~BT ( n, P )×Pr[IX-E[X]/ZENP] . Can we do better?_



L, GiventhatXis areindependent,Chernoffgires≤ exp(-cn) bound !

Def/Moment Generating Funcfions : M× (t).= ECe←x3 . An MGFexists
if M× (+) is finTle in a small region [- 8 ,

8] around ①
.

Claim : k2①
,

the k- th moment of d is determined by M"Co) .
"

Proof .
"

M× (←) = E[e+×] = E[ l + tx +
옳+ … - ]

= 1 + E[tX] +. E[X2] ←…
→ M* ←) = EEX3 + t (E [X]+ … ) × M × ( 0)= ECX 3 .

Similarly , differentiating M× (+) k times yTelds E[Xk ] af M × (①)
.

Example) XoGeo(p) . × ( ←)= E[et× ]=: ( 1-P)
서

p - etk
=음침( 다p ]"

e
다=음 ( J[* ,

M; (+)=p다e. ( l-p)e.음I(금)( -p) = 금에

X
.
n Ber ( p ) . M ×) = ECe+×= Pe+ (-p) .

Fact) For independent X ,
Y
,
M××*(← ) = M× (t)M* (t) .

→ by independence .

Proof) M ×**(←) = E [ex(×**) ] = E[e.e←*] =E[e←* 3 .E[et*]
- "

→ Xo B: (n ( p) , M×(+)=M .(+) = ( pett (l-p) )" . ,



Fact ] If M×(+) & M*(+) exist and M× (+) =My(+) , then Tand y have

the same distribution (MGF uniquely defines a RU )

obs) Pr [X2×] = Pr [e←×z e*]≤쁨 = for θt3① .

Def ) Chernoff -Type Bounds : Pr( X≥a = Pr [ e
←"
z ea] (t>① )

≤ E= M

×.
Pr(X≤a3 = Pr [e

←"
≥ eta] (t <① ] ≤

E= o.

X :=.'X ,whereX : = coin flips where PrfX:]= Pr, µ =닭 E[X:]
.

→ Pr [ Xz ( 1+δ )M] ≤
M대u for any t>0 .

M
×
(+ )= 핍 '(Pre← 1 -p.) ) =

(

1 +P .( e←- ( ))≤ 팝 exp (P:(e←- 1 ))
= exp (옳 P. (e←-(> ) =exp( u(e ← -

1

)). → =exp(ap
( t((+ 8)µ l .

Set t =l ( (+8)
.

Then
,x법)su

=e융브,
Claim .음("( ]µ≤ exp(-럽

)

.
→e" ≤ exp ().

Taking logs , δ - ( 1×8)m ( .1 + 8 ) ≤ -
δ2

.

Take the fact that

ln( (+8)>2 for δ>( Simplecalculus )
.

→ (1+8)u ( 1+8)2 δt
δ겡

→ (1+8 ) u (1 +8 )> ( 8]2 =2 = δ+음
"



⇒ Pr [ X> ( 1+ 8]µ] ≤ exp( -sfora11820) ,
β ≤ exp (- ( for< 8 ≤ 1 ) .

Lower Ta: ! Case . Pr [X≤ ( 1-δ]µ ]
≤ exp(u
exp (t (1-8)u )

Sett = ln ( 1 - 8 ) <④ . -→exp)-s) u =(답))
u

Claim :[.]µSexp(-쁠) .→다,≤ e-
%

. Taking logs,
δ +(- 8)h ( 1- δ)≥

δ를
.

Take the fact that (1-8)m (1-8) 2 - 8 +릎
,

the proof is trivial .
⇒ Pr[X ≤ (1 - s)u ] ≤exp(옆 )← for O < S< I )

.

Corollary:Pr [xl δ u ]≤2exp(옇 )for < S< 1 )
.

Def ) Hoeffding
'
s Bound: Let X,… ,

Xn be indep . r.v . s.f . E [X:]=µ :
and s.

t .a ≤X , ≤ b ,forsomeconstantsa , br .

Let X :=옳,
,

then ECX] =µ.
Then

,
Pr[ l ×-u 1 z 1 )≤2exp/-2 ×)

e.g . If λ=δµ ,
Pr [ 1X -ulz δu] ≤ 2exp (-

2..)
.

if X, is a O- fr. v . ,2exp (뮤) = 2exp (28µ P ) .



Examples) Fair Coin Bi( n , Y2) . M = E [X ], Var(X)=수 .

Chernoff . Pr [X-⑫128문] ≤ 2exp(
-명)

.

)8 nk=Cn. → 2 exp( -
4

승)= 2e(-쯤)
.

21 δ n2 = Ch .→2exp (-딸 )
.

2)
'
8mk = Cnlogn → 2exp(-: logn ) ≤2

n

Comparison with Chesherby . Pr [X -ul2δ 슬 ]=Var 4=n .

s ThTs gives a looser bound w. r .t. bounds on 8 .

Goal estimateP = proportionofDemocratsinpopulation .

ipick n people U. d . r . ( with repl . ) 18 =IE: isDemocrat3. X =웨X.

output estimate Po=π
.

ECPJ= P .Wewantn largeenoughs .t.
Pr [ lpplz εp ]≤δ ⇒ Pr[ IX -MIzEµ]≤δ .
Chernoff . Pr [ (X-ul 2εµ ] ≤ 2exp( -딸] (want ≤δ )
→ require ε≥ m ( 중)→ n 22 pM( 2/8 )
Assume P≥ /4 , we want ≤ 1% of absolute error, confidence 95% .

→
0음,

: f β225%, ε≤
0.x=0.04

→ δ= 0
.
05

.
ε=0

.
04 ⇒ n≥ 3(원)** ×h (40) =28 , 0001 .

A could also sample with Chebysheu then compute expected number of

trials with Chernoffo should give the same order of magnTfude .



E×] Algorithm outputs estimate Zof quantify 2 .

Z- 도2t

< 3 >suppose Pr[ lz 21zƩ] 스*. 는

Perform t independent trials , and output the median . 1- (more than half fallsinsiade of Z±δ )

s Pr[ new algois bad] =PrImedlan falls oufside of Z±E] < 8

(if we set t = O ( log ( Y8 ) due to Chernoff )

Routing in a Hypercube

Hypercube : V=E 0 , 13
"

,
( u ,

v )EE iff aandu differ by only one bit

G N = 2vertices,nN directed edges .

setting : Apacketateachvertex : & apermutafion πofE0 ,3?

Goal . Send each packet : to its destination π(T ) .

Synchronous : One packet may move across a directededge
at any given timestep .

Queuing:FIFO Cor any well -defined "IVely
"

queuing protocol )

Ideally ,thepathofpacket :shouldonlydependonTand
Gobliviousness

Theorem) For any deteroblivious scheme , Fπ that requires
2 ( N)= 2(2 ) steps .
Theorem) [ValTant, Brebner] There exists a simple oblivrous scheme s.t.



for every π ,
Pr[ takes more than 9 n steps] ≤ 1

"

→① as n→D
.

The Scheme : Phase 1→ each packet : chooses a destination σ(τ )

U
. dor. and proceeds to o(T ) using a biy - fTxing path .

Phase 2s each packet proceeds from o(r) to π(τ) using a

bit - frxing path . * OCG) is NOT a permutation !

B1 -Fixing Path. Correct any leftmost differing bTf at all times

Let DCr ) = delay suffered by packet : in Phase f .
Claim A ) θPacket :, Pr [DG )2 ] n] ≤ e

-2n

≤ 27 . 2
-2m

Corollary) Pr [ ma( D(:) 2 몰어]≤ 2
n

Proof . Pr[f : s.t .D()≥] 어 ] ≤ 록 Pr[D)z몰어]≤ 2n
.
e" ≤ 2m

.

Corollary) Whole Phase I ferminates in ≤ 9/an steps with

Probability ≥ ( 1-2
-µ

)
.

→
charge a different packet JESCil for every delay

Claim B )D) whereScr )= set of packetsj whose

_
0 0Cj]

∞>
δCI )Paths infersect packet ; . .

P

,

Define .= IEJESCi )3
.

Then
,
DCT) 스: 소z .

Observe that orf a fixed ;
, Hz are independent .→Chernoff ?



FTXthepathP ,= [ e,ea, . … ,
em)

.

Focus on one edge eEP, .

Supposeedgee 「 s: (bi ,bzs , be -,ae,ae +y, "

-

,
an)s

(bi , bz . , ber, be, de+" ,
…

,
an ) ( flips the β- th b:t ) .

How many packets ; have a path that uses this edge e?

5 ; must be of form (* ,*) … ,
*

,
de

,
de,

-
, an), so520

-1

possibleJs .

∞ Pr[ such ; actually uses e] = Pr [o(; ) is of form (by… ,
be
,
*
;
-* )]

= 2
-0

.

⇒E[# of ; using edge e] = 21 . 20 = Y2
.

⇒ E [합H☆ ] ≤
n/

2에

Pr [시다2 ( 1+8)u] ≤ exp-2µ ) . Plug inu=nk ,
8= 6

.

∞ Pr [, 27kn ]≤exp (-3 웅
.물 ] ≤ exp(-2n) .

* Plugging inµ=
n/k is justifred by funing ( 1+8]M = A⇒δ=

A브
µ

⇒ bound becomes exp ( (A(A-u)/u' µ ) =exp
(-(u ) + is decreasing

s worst case is whenu Ts maximized⇒µ = nf 「s a valid upper bound.

Taking the urion bound for all 20 vertices , Pr[anydelay27kn] ≤ 2
"

.,



BallsandBns Method

mballs
, n bins . each ball chooses a bin iid. Chodor.

Some Fundamental Questions :

1) Collisions : How big does m have to be before a collision?

s Birthday Problem : = 365 bins , m people → Pr[collision]2는 for m=23
.

Ingeneral , Pr[ no collisTon]=π업 (시 - 곰 )=
페

"exp(-제) ( 1-X = e
* for x<<I)

→ exp(-
금

; ) = expf 금 m

을]= exp(붉]→ want ≤는

→ exp(-늙야호 ⇒M2 ) n = O()
. ,
(For n =365 , m ≈22.5 : )

21 Empty Bins : What is the expected # of empty bins?

X . #ofemptybins= 높X .whereXAEbin: isempty3.

→ ECX:3 = ( 1-김
]
m -→E[X ] =n (삼)

"

≈ ne
-

mm
b If m = Cn

, ECX]≈ nec.

3) Maximum Load 0 : X = max load in any bin . Assume m= n ._

oWhp ...Xun+ Clowerorder )(e.g .M=n=
1

O
,thennn =5 ) .

Poisson Approximation : X- load in binS .XuBi (n .m )
.

bXis Bicnip) where np= l is constant (λ1 in this case) as n→D.



Claim : B: (n
,
I) for any fixed λ converges indistribution to Po( X) .

".
e
.K

,
Pr[X= k]→Pr[Y= k]for Y~ P.( X)(Pr [ Y=k ]=

, Pr[X=k] ( 업][슈) k( 나슈
]

사. . e" = Pr[Y= k]

M
× (+) = ECe←] = 옳e 기

.

e θ=e 기 .(λ.=e " elet=
e
λ le ←-+)

→ ㆍbyM ,( O)andE [ Y2
]← 2* , 1 →Var(

Fact. If X ×Po ( 1 . )
,
Y ~ Po( i2)

,
then X×Yo Po ( λ itla)

.

Proof. M×**(← ) =M×(+ ).M*(t ) =
e λ(e←←

) .
e
λ
xce -
' =

elntd.le(t - ( )

℃

Chernofffor Po (λ) . Pr (X 2148 )λ ]
≤e)s )

↑
where XoPo(λ)

.

Proof . Pr [X2 a] =Pr [ex
←
y eat] ≤ Mfort 31.

λ(et- () - ha=e
D

Choose thlJ 7 ① when a>λ

→ exp (a- λ - aln (유1) = e
-
"( .

Seta= (lts)λ→e다( )
↑

. ,

Let [X
, … ,

Xn] be the real bin loads , [… ,
Yn] be i .7 .d . Po(λ) .

L→ observe that E [Y*] = E[X:] =λ
.

Claim : Distribution of [X
↓… ,

Xn] Ts the same as [*)… ,Yn] given
that ,Y, = M ( sum of Y, equals the # of balls ) .



roofp : For any K 1
)

…

,kn s
.
t . Ʃk : = M

,Pr[ *= k] =(
where (.

, knlisa mulfinomial coeffTcient of
↓…kn! ( :(m!☆(mii-rl!: 1

Now considerPr [* = /2 Y =m ]=Pr[Y = K.]/Pr[2* =m? . (Y: :sTTd )
Observe that ƩY * ~P .(m ) .Then ,e

서(
뮤!다"행/emm. =?… Kn !nm.

. "

Corollary :Let Ebeanyeventdependingonlyonthebinoads . Then ,

Prrea [E] ≤ emPr
.[
EJ.

Proof : Pr. [E (5 )] = . Pr.[ ε(*]/도*다] Pr[2*= K]즈~~ P. (m )
‰

Pr
.[
ELYJI 2 Y=MJPr[ 2*= M ]=Pr [E(X 1] Pr.[2Y* = ]m

= Prae[E( XJ . em. UseStirlingupperboundofm !≤ em( 밑]m.
⇒ Pr. .[ Eε (Y1 ]

2
Pe[ E( *]]m "

* Improvement : If ε is monofonically increasing /decreasing w.r.t. m (balls )
,

then we can improve to Pre[E] ≤2 . P.. [ε] . (take the entire tail )

ProofofMaximumLoad :Setmn for ease of calculation . Then
,

max loadw W.h . p . Concretely , ε, . = some bin Contains2

(un balls
,

and ε2 . = no bin contains ≤unballs
,

then Pr[E ,3 and PrLE23→① as n→ D .
( sufficient to prove

that Pr
.
[ E ,3→ ① and Pr

.[
E=]→① sinceε (&E2 are monofone )



Defneaim:아EPK≤봤* ?.
.

f:whe
=는

삶.P.싫았.
→. = 삶e더늄. =한

En case : Pr[ε ,] ≤ n . Pr [Y ,2( byunion bound )
.

Then,considerPawherek
=n

→
r [ε,] ≤윙
( I+E) un h( ItE)tlulun- ululun )m(Pk) ≤ -h ( k ! ) ~ - km ( k 6 ) = - eneun

~ - ( ItE)mn → Pk w nttE) → noPk wnE goes to ① as nso ."
ε2 Case : Pr[E2] = ( l -Pk

)

"where k =mn( binsareindep. ! )

≤ ( 1-화.
]

" ≤
e"e"

,

so we want .→⑧,
T

.e. n (. 1 →∞ .

s un - 1 - h ( ko ) w un - 1 - kemk = un- 1 - ( l -E)unwElu

goes to ∞ as n→D .

4

Hashing : brg universe lI and a small subset S . Any xEll gets
stored in hash table T through perfectly random funcfion hol→T .
s This maps to Ss balls , T→ bins .

If we want no collisions
,

we need (T 1 =2 ( IS (2)
.

E[ keys in a location]=1
.

Two issues :

I] Worst-case search time is bad ( max load is O Ceulsl )
.

{ 2) Random hash functions are unwieldy (" huge " ) . alul

One solution is doublehashing. ?
?#ofbitstospecifyh isO ( lulloglTI ] !



" We can use
"

pairwise independent
" hash functions O ( IT 1 ) sTze !

Random Graphs

Erdos-Reny :Model : G (niP )
,GεG( n(p )= put down n Clabeled)

vertices
,
include each edge ET

, 53 indep. w . p . p .

+ Pr [G] = P 미티 . (-p
)티

( prob. ofa specifrc graph appearing)

Xㆍ여 1 , then Xo B: (( 모) , p) → E[X]= ( 일 ] p .

Y .= # of neighbors for averfex , Y~ B (1, p) → E[Y]= (n
- 1 )P .

2=# ofcommonneighborsfor2 vertices, E
[2]= ( n-21 p

2
.

T. = # of triangles , E []= ( 목 ] P
β
~ inβ pβ .

I =# of[ solated( noneighbors)verfices, E [I] = n ( 1 -P
)

.

* P= 김 is a threshold for the
"

appearance
"

of triangles , i. e . if p = 0 ( 금 ) ,
then Pr[ Ghas a 43 → o as ns∞

, p - w(h) , then → o as ns D
.

* P= isa thresholdforconnectluity, Hamiltonlan cycle , perfect matching …

Standard Regimes . P = 1k (uniform random graphs , dense)

P= 음 ( sparse randomgraphs , " real world " ? avg. degree =d )

P= 밤( sparseconnected networks )



G ( n .
im )modelis arandomgraphwith onvertces , medgesatuniformprob

∞ Roughly , G (n .m) behaves like G(n (P) with m = ( 모) . p ( poissonizatTon)

For sparse graphs , Greg(nid ) , random d- regular graphs , is also used .

Claim : Let GEG (nip )withp>금. Then Fa poly time algor?thm
that

, whp. .
,
finds a Hamiltonian cycle in G .

매 (Vixs besomes head)
←∞Ideav…0 -m e웨

, -0 -
. → rotate (P, i)

VK- 1 WK

reverse(P) → U ,
becomes head

,
extend (Pu)s new vertex u becomes bead

Assumption : Gis represented as follows : (avoiding dependencies )
- each vertexu has a list unusedcu)ofneighbors ,whichincdudes
each possible neighbor u independently w.p. q and in random order

→:zoeun
- Iists unusedcu ) are all independentofeachoe ㅠ

Algor?thm: 1) Start with P =EU .3 .
[A) ( B)

2) Repeat untilHCTs or unusedCcurrenthead )= or

)

3 nu n iferations :→rdeally, Pr [( A)] dominates the other two)

- wop. n ,
reverse (P )

.

- w
.p . lused

,
pick edge (Uk ,K) U.dor. from used(Vk)

.

- wop. I- 7
-us

,
pick first edge (u,u) from unused(Vk) .



If =고
,
then rotate (P ,

Vi)
.

Else
,
extend ( Piu)

.

3) If k=lPFn &u = U
, output HC and halt .

sused Cr) are all edges that were shifted from unusedcu ) affer use
.

Analysis. At any step ← , let he be head(p) . Provided unusedche)#1 ,
then all vertices are equally likely to be the next head , i. e .

PrChy = ul history of algorithu]=금 HuEV .

Proof . Let P= ( U
, … ,

Vk) s.t . ht=Vk .Pr [h =V.]=n Via reverse(P)
.

If U= Viy and (Ve , V . ) E used(uk )
,
PrChe=U ,] = luse .eacul 1=금 .

If u= V, and (Va ,Vi ) Eused(uk )ora/P ,Pr [h=,] =
n-use

0

n-1- = 김
., think unused(uk) as a black box outputting a

"

new
" ul

⇒ By coupon collecting , wop.1. 금 , 2nun Tterations will see all vertices .

(. :Pr[u 4 P ] = ( 1-
금Jpnn

"≤exp(-2lnn )= → Pr[FuEP]공금 )
Then

,
un lun iterations to closethecyle from Un→ V . 4 q220쁨 )

i
Analysis2. what is Pr[anased (uk) # 0] ? lunused(v ) / ~ B: (n- 1 ,q)
at the start → EClunused (v) l] = q(n-t )

=20 응 ( n-1 ) ≤ 19 mn

Clarm. Pr[ unused(u) = ① within 3nhn iterations] = Pr[ε] ≤ 금
.

Proof . ε': atleast one vertex has ≤ 1Oeun edges in τπ s inifial unused list



ε
"
. = at least one vertex has 29 nn neighbors removed from its unused list

Pr[E] ≤ PR[ E'
s

+ PrC ε"
]

sinceforE tohappen, E
' or E

" must happen

ε
'

. X = lunused (u ) l → E [X] ≤ 19 lun
.

Pr [X≤ lomn] =Pr [X≤(1-a]µ]

. exp(
-

블이 9un )= exp(- 8 lun ) ≤ n
-, Pr [E' ]5 n= 금

.

ε
"

. Y= # of verkces removed from unused(u)≤ B : (3 nhn ,금) →E[Y3 =3un

Pr [Y 29 hn]≤ Pr [ Y 2 ( 1+2)µ] ≤ exp(-23µn) = n3. Pr[E"]스금
.

AnalysTs 3 . Preprocessing G ε G (n (p) , P 240쁨
.

→ let qε [① ,
I]

satisfy P= q(2-g) , ? . e . %=1FP 2Ph ⇒p24 mensures2쁨고

θ (U,V ) εE(GJ :W .p
.q쁨(2-g )(uEunused(u )

,VEunused cul)
,

same for

Vkeversa
,
and

fPrfuzumusedcvi].(2-6)-(
=끊다.]

(bog

. are
incach

othe
Prfuzanused cu) 1 VEunusedcu)] = P [ :2-q)]= .β

.

→ .7 . d . Δ

* can also analyze when both are not in each other
'
s lis5

,
omitted here

. ]

The Probabilistic Method

Erds[1947) , RamseyNumbers:RK= smallestns . f.inanyI -coloring of

the edges of a complete graph kn must include a monochromatic k-digne .

(party of n people must contain eTther a set of k mutual friends or k mutual strangers)



Claim : R3 = 6
.

Proof . For some vertexV
,
there are at least 3 edges of the same

Coloring . Then , we cannot avoid a monochromaticfriangle . ,
R4= 18 .R5 ε[43 ,48

]
,

…

, R. ε [798 , 23556] → Tntractable !

Theorem) (Erdos] Rk > 2
k2

.

Emonochromatic)

Proof .ColoredgesofKn u
. d . r .Pr [ fak-eligue]≤ #ofk -eiques .

Pr [a k-ciquesismonochromatic ] = [ 업)일께 ≤.
2*냐

.

If

n = 22
,
Pr [E] ≤ 2만) .
.2
*= . < Ifor K≥3

.

s there must exist a coloring that contains nomonochromatick

Max -Cat Problem : MaxTmize crossingedges , NP-Hard .

Theorem! Any graph G(V ,
E ) contains a cut of sTze 21틸

.

Proof . PTck a cut u. d. r. Let X = # of cut edges . ECX] =이
.

⇒ Pr [ X리틀] > ① ⇒ Fa cut of sTze atleast 1.
에

Obs) ELX] = 호 E [XML ] 한 E [XI . εR]
.

Similarly ,

E[XIV,… ,Vk) fTxed] = 호 E [XIV,…,√ k
) V세타 ]발E[XJ (V업…. V*) ,Vk* ER] .

TakethechoicethatmaximTzesthenextexpectedvalue,andbyinduction ,
we can always marntain E [X [ V…√ k] 2k (E 6

. (Conditronal Expectation Method )



MAX SATK . CNF boolean formula ( ANDs of ORs] φ→ assignment that

maximizes the # of clauses satisfred
.

Claim : Every K- SAT CNF formula has an assignment that satisfres at

least ( 1 - 다) fraction of the clauses .
Proof . Pick a random assignment u.a. r. X =# ofsatisfiedclauses

.

ECXJ=CECX( ] =(값 ) . mwherem = #ofclauses
,

→ Also yields a deferministic greedy algorithm maximTzing E [XIφ×…××3 .

Computing E[X] is a brt more subtle , which depends on # of varlables in clause .

Independent Set Problem: G(U .
E)→ largest indep . set inG (noedges btwn )

Theorem) HG(U ,EJ of max degreed , Jan indep. set of size그y .

Proof . Assign a real value r. ε [p ,
1] to each vertexvEV

.
Vis a

local minimum if ro ≤ Ta HUENCV)
.

Observe that the set of local

MTnima is an Tndependent set since local minima cannot be neighbors . Let
EIXJ= VEEX] 2 N ., since ECX] 2, HVEV

이

Theorem) Assume MI k. SuchG containsanindep. set of sTze24m
.

Proof . Let d 8=, ( average degree ) . Delete each verteX VEV wop .

()다m. Foreachremainingedge, remove it and one of its



endpoints . Oufput the remaining Vertices .→ produces an indep . set .

Let X 0: # of vertices remaining after delkting vertices → E[X] = 무
.

Yo= # of edges remaining affer deleting Vertices+E(Y] =열임 =다
.

E[sizeof indep . set] = E[X-Y ]=승. 몰= = m. .

Graph Crossing Number : (CGJ= minimum # of crossings in apan

dof Go

Euler 's Formula: If GGis a connected planar , m ≤ 3 n - 6 .

Claim : fconnected G
,
((G) ≥ m-3n×6

.

Proof. Take an optimal embedding of G (# of crossing = ((G]) . Make the

drawing planar by adding vertex at every crossing . n→ ntC . M→m+2c .
By Euler , m+2c≤ 3 (ntc) - 6 → c2 m- 3nt 6

. ,

Theorem) Assume m2.4 n
.그 )

.

Proof . Choose a random subgraph of G by picking each vertex wop. p.
Let np , Mp , Cp 8remainingvertices,edges, andcrossingsremaTning. Then,

Cp 2. Mp
- 3 np+ 6 → E[CP] 2E[mp]

-3E[np] = nP -3 mp
2

.

E[CP] = Cp
4 since 「f remains only if 4 rerfices surVive .→ [2o -33 .

→ choose P=m ,
then C2없"



Thresholds in Random Graphs
For G ε G(nip) , we can ask questions such as :

Is G connected ? Contarns a HC 2
.
Confain a subgraph , say ,

k -cligae?

bef) Threshold Cinformal] : value p
*
(n) s.t. if p = o(P

*

(n))
,
then

Pr [ G has property] s ⑥ as n→∞ ,
and if p

= o(p
←cn))

,
then

(in the limit]Pr (G has property]→ I as n→o . pam
E×] X =#of4 -ciguesinGcnip) . X= IXc where Xc= IEcis ciquet}

π

ECX 3 =동 ECXC]( 모 ] P
6
= θ ( n4p

6 )
.

→ If p (n) = o ( n
-2β )

,
E[X]→ 0

.

[ ττ ]

If p(n) = ω ( n
-3 )

,
E [X]→ ∞ ( as n→∞)

. P
*
(n) = R

리3 ?

( i) ⇒ Pr( X7①] = PrCXI ]≤71 ① as nso .
√

s cinuseChebysherSecond Moment MethodJ in this way:

Pr [ X = ]≤Pr[1 X-E [X ]12 ECX]] ≤Var다 ①
.

Alternatively ,sinceVar(× ) =E[
X= 3-E(X3

,
show that EC끝(xp → 1 .

CB)

Var(X= Var(온 Xc) = 동Var(Xc) +×.Cov(× ,λ
( A' Var(Xe) = E [X (

'

)- E[X(
3

≤ E [Xi] = E [X(] ⇒ (Var(Xc)= ELX3 .

(⑬) Cov (Xc
,
Xci

)
,usecaseanalysis:



. 이 CMCI 스( ⇒XaIX ' Cou (Xe
,
Xi ) = 1

.

.

.
':.!X⇒ idges

. 이 CA( 1 = 2 ⇒Cov(Xc,Xi ) =E[X(X.3- E(X.]E[X]≤ E [XcX. ]

Y= PrCandC 'arebothcliques] = p
.

#

ofsuch[ C. (1 )pairs=θ (n6
) .

ㄴ _

aedges 이C Λ(이 =3⇒ Cov(X,X(. ) ≤ECX( X(] =R
9

,
# of pairs = θ(n

5 )
.

_

⇒
Var스급(×p[ECX]+θ (nop" )+θ(n' pa )] =

Q(n4po+a

QLnop⑫ )

=급(태4p ]+(p)+ ("ps) →① as n→@ and p(n) = ω ( n
3)

.

"

What about when p(n) = Cop
*
n) = θ (P

*
(n)] ?

For 4- cligues , :f p (n) = C . R
-(β
,
then XoPo(c6124) asn→d .

In the scale of n(3
,
the threshold lookfike a smooth increasing

function again →
"

coarse network
"

4

Siveoproof .

For a threshold for a
"

giant
"

connected component of size θ (n) , p
*

(n) =금
.

Ifpcn) = 음
,
then : I] 「f C< 1

, largest component has sze θ (lun) ,
2) Tf C> 1

,
θ (n) , 3) 「f C= 1

, θ(n( 3
)

.

→
"sharpthreshold "

.

Theoreml Every monotone graph property has a (not necessarily sharplthreshold.
Does G contain a fixed subgraph I of uvertices , eedges ?
→E [# of coples of 시] = (?Jpe = θ ( nupe ) s p

*
(n) = Bvle ?



sThis only holds when edge density of H2 edge density of subgraph of H .
Infact

, p
*
(n) = pYdwhere d= max edge density of subgraph of H .

sinthw !

For many properties , p
*
(n) =, such as isolated vertex , HC .

connected
…

X .= # of HC
,
E(X] = 호 (n-1 ) !

p
" →P

θ

(금), although real threshold isn .

For GEG (n ,"2 )(densenetwork )
,wecanaskquestionssuchas:

Largest k-eligue 「nG? - →E[X = (업 ] 2
- (일 ]

crosses I af k=k*~ 2 log=n

→ For k ≤ K
*

(n) -2
,
Pr [ G contains k- cligue]→ 1 ,

and for k≥ K*cn) +α
,

Pr[Gcontains k- cligue]→ ①asn →∞ ,
:
.
e. : f= 10oo , largest

k-cligueissTze15or 6 wohop .

Challenge : Algorithm that finds cligue of size k≥ ( 1+E] log 2 n ?

Pairwise Independence

Def ) Pairwise Independence : FamilyofRUEX , …
,Xn 3

s

.
t
. θ:Fj ε[),

θ×. y
,Pr[X :=× 1X ; = y ] =Pr[X=×3 . Pr [X; = y3 .

Claim) We can obtain 20 - 1 pairwise Tndependent bits gTven only
b mutually independentbifsEX,…,

Xb3
.



Proof : For each 2b- 1nonemptysubsetsof bbTtsSi= 울Xα . …
3
,

define brt y = 돕* (mod2) .Then, y: is uniform because we

can use deferred decislons
, YT =.×.3I+Xk,so Y: =① or Iwpo 'Yk each .

Yotyk are PWI because f* S
.
t
.
*ES; Λ *ES← (WLOG ) . FTX

all other bifs
,
and consider Pr [ y; =CMyc =d] = Pr[y=dly ; =c 3.Pr[ys =c]

=결 by deferred decisions again . ,

Max Cut RevisTted . G(Uㆍ)→ Find a maximum cut in G
.

∞ Ja cut with 2 1틸 edges (
.

: E[sTzeofcut] =
[틸 when randomized )

.

New Challenge: Construct the cafusing only PWI bits 온y∞ … ,yn3 ?

X 0 =동 Ne where Ne = IEye, #Yer3 , andyuisa membershipin⑥ - sex or

I- sef for vertex V
. By this construction , we only need logn MI bits .

Now
,
we can actuallyderandomTzethealgorthmbyenumeratingth

entire 2
loga"
= n prob . space to get a O(ncneml= O ( uml determ . algorithm !

→
FCP)

PWI RUs under modp ), T
.
e.underfieldE ①.| . … ,Pt )3 where p is prime :

Let X,X2 be uniform indep. RVs in F(P) . Define y= Xi+ -(mod.
Claim) y; is uniform & PWI .



Proof . Pr [ y; = k] =Pr[X =
6- 3X.]

3

.F: X RHS ,thenPr[X = Y ]

is uniformly 금 .
Pr [ y : = k Λ y ; = l] = Pr [X+

iX =k Λ X ,xjX 2
= l 3

.

The explic:f solution is a unigue pair (X,λ=) ( X2 = (θ -θ (5 - :51 , X=~ )

⇒ Pr [ Y=KA Y; = l] = Ar since there is one pair out of pa pairs . ,

Chebysher Revisited :Stillholdseven iftheXis in=2 are only PWI ,
as 「n Var(X ]= :Var(X, )sinceCor( ,X,) are all 1 .

UhTversal Hash Functions : (hiverse
U
,Hash TableT

.
IUE M

.

We want

ㅇ
ㅜ 며TlsknwherewestoreSElU .

Hash functions
4 O,I holl→Texist

,
and we want to pick any h u.dor . But

# of bits to write down bs 2 log2( nm ) = o(Mlog n /
bbad !

Pef ] 2- Universal : A familyfJof hash function h. U→Ts.f. θ X .FX=EU
,

Prnesy [ hex . ) =h(x2] ] ≤ n
.(Jtissto2 -universalifPr[hcx) = y ,

Λ h(x=)= Y2] = 금
.
)

Claim] LetU = E, ! , … (
M-1)

3
,F=E

① …
,로

. Letp) M be prime .

Pefine hain(x )= (axtb) modp)I hallka ≤Pe) , ①≤ ba.
r.Then

,
It is 2- universal . b regnire only OClogM) bits !



Proof )Suff .toprovethatPrnha. b(
x.)= ha. b(

X=1] ≤ 금 θ X.FX2 .

Consider the events axitb = U] and (ax=+b= V
.

This has a unigue

solutionfor aand bsince X.f2 , so Fl necessarily . How many pairs
( uiv ) have the property s.t . UFV modp) butU =V ( mod∞ )? →P ( 1 m

7-H)

≤
P음

.

⇒ P.( haip(
x,) = haus(y2)] ≤ P

(P(-+) = yn . "

Obs) Let # .= # of collisions ( pairs (× , y) s.t. XFy and h(x) = hcy)) .

Assuming JIis 2-unTversal,E[ X ]≤(] 금스끔 .Ifweset =
m

,

then Pr[X21 ] ≤
호

.Ifwesetn =
m
, E(X] ≤" 2 →ma ×load-O()?

For fully indep .hashfunctions ,maxload≤un w.hop . ]

bef ) Perfect Hashing . Assume stafic dictionary (no addifional data) .

Claim) For a stat?cdTctionary U→T , we can achieve no collisTons (O(1) search)
→ 151 + 4651

with ITI≤ 51S 1
.

prim. second . 되 최e( ) = O (동)
_

G Secondary hash functions h: .setofsizeb . →sefofsze bi .
⇒ Pr[ fany collisions for h.] ≤ Y2 .⇒E(# of frials3≤2 .

sPrimary hash functions bo we want h to have ⑥ 모ucrssdomriny i:
P, [: b:24m] = 12 . # of collisTons underh=목 (빛 )



= 한 (9 b: - : b: ) = 늘 (:bi - m)
.

Take expectations→E [:b:] =

2 .E[# of collisions] tm ≤ 2 ( 엘 ] .김 +m ≤ m+m ≤ 2m if nam .

⇒ Pr [: b: 24m] : Y2 . ⇒ E (# trials] ≤2 .

findexycount
Application) Heavy Hitters in Streams : Stream of data ifems [π,C.)… (iπ , (+ ) .
Define counf(T , T ) =.C. Outputallheavybiffers",

:

.
e.

. foratuple (q,9 ,8),
- if count(: ,T]≥q , : must be outpatfed . Q6=Ct
_ 더 미별*- ifcount (: ,

T ]≤q- EQ ,
: may only be oufputted w. p . ≤ S .

Idea: maintain a set of m counters in k rows and I columns Cassume mlk ) .
_

→ inztially all ① → TBD

Cai; is the Value at row a , column ; ( 1≤a≤k , O≤ ; ≤
m(k - 1)

.

Use k

2 - universal hash functions ha : ( φ→[ O

,mk -1 ]where U. =setof indices
.

When data (e, Ce)arrives, computeha (e)for I≤ask and increment

Cashaly by Ce . Define Ca .;
(T) = volume of counter Ca

.; af time To

Claim )( ryitemsT ,MinhalaE,ECa. ;[ τ)3 ≥ Count( T,T ) . (+rvTally frue)
( : π ) w

.p. 2 1 .( J
↓

Cover choice of hash functions)
,

min
(sθa←k,

ECa
,;3 ≤ count(,τ) +EQ

.

Proofof (π): Fix(, +
).ConsiderthefirstcounterC , hic, Cothers follow by symmetry)

C,h"" 2Counf( : , T )attimeT .Pefine 20: amount increased by Tfems

other than T
.

→ 2
.
=XtC+whereX +=연도:Λh , ( t)= h , (: )3

.



Since h
. :s 2- universal , E [X+] = Pr [ h . (π) = h . (:)] ≤ k1m .

S. EC2지] ≤

붉찮다 = 음
Q.ByMarkov ,

Pr [ IPEQ]≤울 = nc
.

Same applTes to

h
2 , .

hk
.

S0
,
Pr [m,2,2EQ]=포 Pr[232 EQ] ≤ ((]

↑

. ,

→ ( hoose m= lm()등( fotal # counters)
,
k = m (δ) (# of hash funcfions)

.

Output all items with min . count(: ,T]≥ q and no others
.

Claim: this works
.

.

: If count (: ,π)28 , definifely oufputi . If count (i .π ) ≤ q- EQ ,
「 is oulput

w .p . ≤ (e]↓
≤

em
( -/s)

= 8
.

( just plug in values into above bounds),

Markou Chains

bef ) Stochastic Process : index set T and a set of r.v . s ( X. )

Def ) Markor Chain : a stochasic process with Markovran property :

Pr [Xt = a- / X, = a"
,…

X ,
= a .] = Pr [Xt = atl X+Fa-+ ] =Pa

,
n .

Graph View s Matriy View
k Current PMF : PCO;= [ 1 0 0 ]

^ ] Nexf time step. P(t) = P (4-DP응: (
.…eeAt

:ArDBot ORcauns otafnoctzbofeanuoults

∞ p(+ ) =p

Idea. Pick an unsatisfTed clause. Flip a variable in that clause U.dor.



RepeatTtimes . If the statementis ever satisfied , return True . Else , False .

Ls Naively ,thistakesO(Tom )where m#ofclauses
.

Analysis : ThTs is a one - sided error algo when 7 a sat . assignment .
Let Xt= # of variables agreeing with a particalar sat . assignment ε [①, n3 .ommmn

Observe that Pr (X* = ;+ 1 X: =;]≥k and Pr [X*= 1X =; ]≤ Y 2 .

→ stochastia domination
_

Take a pessimistic View and set both Tnequalities to strict equalities .

For edge cases , Pr [X*lX = 6 ]=Pr[X=X]=1 .

⑨뷰①많 … =⑩,⒔
Consider hiffing times , hun=④,

h
.n
= ,
n+더n← 1

,han hunt 1 .
4Solve to get hin=β

-

: β≤β .→ IfF= 2k
,
Prlerror]≤ 2

*

.

Λarkov&union→

Classification of States. how to think about long- term behaviors of MC
Pef ) Accessible : T→J if P; > ① for some n

.
[Japath in ; )

Def) Communicate : :"; if :→ j and ;→ 1 . [: , ; ε S(C , equivalence)

Def) Irreducible MC .: J
,T; ( MCis one scC )

Let * . = rob
.p being at ; for the frrsttime affer tsteps starting from ? .

Def) RecurrentState= 1
.

Pef)Transient State :* < 1 .



For a transient state , X, = # oftimeshitting: n Geom.rov .

An alternative interpretation of hittingtimeof Iselfis; =않 t.

LsSurprisingly ,h, ,canbeinfiniteevenif :isrecurrent (nullrecurre

if the MCTs infinite
.

Otherwise
,
allstatesarepositiverecue

ex] π
d
,
choose a random dimension

, Perfurbby ±1 .
For d= 1

,
2
, every

state is nullIrecurrent
.
For d23

, every state is transient.

Pef) Periodic State : J←>① s.t . Pr [Xxs=: / Xe=:] >① only if smodv =① .

Def) Ergodic State : a positive reccurent and aperiodic state .
reach with $d , , $dz

ExI Gambler 's Ruin : Two players play a fair game untll one goes broke .
From player I' svrew ,G,

←

"O … ⑥ … .O⑫a1

Let qi =robof winning"fromstateT. q - d,=①, q며, q: = 최⑨대+ 호더 .

aSolve to get q0=+d2
,

so chance of winning is proportional to betting !

Recallthat p()= p()P .If π=π P
, πis astationarydistr

Theorem) Fundamental Theorem of MC : Every finile , irreducible , aperlodic
MC I) has a unique stafionary distribution π ,

2) J.;,
P
:→ πT

is independent of the statej , 3)ππ= where H. = ELreturntimeto: ]



E ×1) P is bistochastTc ( columns also sum to 1 ) .9 Pis = L θJ .

Then
,
π is uniform .

0

: we want :π: P] = π: θ 3 . Set π=* r .

Then
, 동허급 =화: = ↓ ,

( If P ; =P: , P is symmetric&bistochastic)
Ex 21 Pis revew .r.t .somedist. π :π:P; = π,P,,7 .e . fransifions

on the chain are
"alanced " (detailed balance)

.
Then

,
π is the stafTonary .

.

.

.

"weneed 9ππ P ,= π , 법.목페 , =:zP;: = ,올PB: = π] "

Random Walks on a Graph
Undirected graph G(U ,

E )
,
;
=
g
)if

( π,;]εE
,
① otherwise

.

sPis irreducible iff GG is connected
, aperlodic iff G is notbipartite .

Clae ?Pfant
reversiblew.

rtfP ,=π; P :

θ:π (
π
)=d

더
.kg(- ÷ d쳐,

stavting
√

색: =E [timetoreach ;from :
)

, ((G ) = ma≤ E[timefo visitall nodes from:]

Lsthis is always modeled by system of (in .eq , 시; = 1+ 동시s .

Lemma) θi; s .t. [T ,SJEE , z+,≤21 E1
.

Proof. Replace Gby a random walk on directed edges . This is a directed

graph with 2/El states . The stationary dist . is un:form ,
as :π is bisfochastic



① bserve that any incoming edge for state (i, ; )hasprob.ega , ) . Hence ,
θ (T , 5 )

,
π(i, ; ) ==옳다

,H

,
;」 (π;
) =2/E

1
.ThTsiS

;
ums

은,

which contains a commute :→;→7 . [hus Hs +:≤ 시π; ] (;) =지티 . 에

Theorem) + connected
G
,(( G )≤리타 (IU -

1

).&함"
",
ve

uorve pno.

Proof. Choose any spanning tree Tof G . Pick a vertex Vo and

an Eulerian tour around from it . Label vertices in order of

Vis[
1 ,poss?blylabelingVerticestwice.Then,C

≤

않
"소대=다(HstH*)

≤ 지티 . ( IV 1 - 1 ) since all vi→ v, are covered at least twice .
,

Appication) S -Tconnectivity : start a random walk at S . If it reaches
T within 4/E1 IUl steps , output

"

Yes"
.
Otherwise

, output
"

No" . Then ,

Pr[ error] ≤ Pr [ cover time > 41E 1VI ]≤ 2 byMarkov.Amplify .
∞ PFS: 이터) time&Olul( lspace VS RandomWalk: O((El(viltime &O( 1 ) space ,

so we are
"

trading
"

time for space , and trmexspaceis) ( I conserved !

tHmax

Theorem) Mattews Theorem: connectedG , ( /G) ≤ dolunomax
Proof. Consider a row . on Go of total length aofimaxIun ,

divided

into
"

epochs
" of length a . f/ma ×

. E[timetovisf vertexJ in some epoch]



≤µ max
.
Then

,
PrC; is not visited in a given epoch ]≤Hmax = 화 .

Pr [ j is nof visited in anyepoch] ≤ (Jun
=
n .ha By union bound ,

Pr [ f vertex not visited in any epoch] ≤ n × ( nemal =
n

.

na)

Now
,
choose a s.t . u a =4 → Pr [dontcovergraph] ≤ 3 .

→ ( (G ) ≤ a . Amax' Iun
+73.2 worst possible cover time

(deterministically)

≤ a ' . Imaxunwherea ' ≈ do
.

For a row . on a number ine[ I , n ], H . n = ( n -()
2

.

Lemma fells

that ((G) ≤ 2이티이-1 ] = 2 n (n- 1)
.

Matthews tells (Ca )≤

doennoHmax= (IO( unl ,whichisnotastight .

Fora clique Kn . ( (G) ≤ 2(티(」1- H ) = O (n3 )
,
which is bad because

☆ ≥ coupon Eollacting_
((G) = ①(nlu n)

.

Matthews tells ((G) ≤ a. un. (m)= O (nlun )
.

sWhichboundistighterdependsonthespecificstructure of the graph!

MCMC

Goal : Given a prob . dist. π on 2
, sample randomly from 2 wor.t. 1 .

Method . Construct a MC on 2 which is ergodic and has SD π .

hensimulatethechaTnforsuff.manysteps"untildist.Ts closetoπ .Output.



EX ] shuffling a deck of n cards .2 = set of all permutations of deck

L
.
Riffle shuffles spliy L/ R deck w .

r
.
t
. Bi(ni2)

, drop each card

from L/R according to current ralue났」 ,
R)equivalentlyy

all interleavings of L/R are equally likely ) .
n Ergodicty: Aperiodicityfollowsfroma trivial self - loop step
Irreducibiityoflows from a mechanical one-card atatime construction .
s Whatis π? Consider the

"

inverse
"

riffle shuffle of assigning
E, 1

stoallcardsandpullingoutall① s andputtingthemontop.
This means that P is brstochastic⇒ π is uniform

.

2
.
Random - to -Top → pick a card u.d . ro , put on top .

s Ergodic by obrious reasons .
Is π uniform? Yes

,
there are

n last steps that have Yn probo of transitioning to the current

step , soP is bistochastic .

3
.
Random Transposition→ Pick two Tndices :5 U.aor wl replacement .

Switch the cards atpositions : andJ .
∞ rgodict? Yes . Is π uniform? Yes , in fact π is symmetricl.

Ex) Random Walk in a lypercube :onE , (3
"

,
121 = 20

.

Pick a by



U .dor and flip :4 . Ergodic? Nof aperlodic , but we make it " lazy
"

by rather than flipping ,
we set the bit to ① ort a.dor

. π is

uniform since a random walk on a hypercube is uniform .

E×) Graph Coloring Sampling : G(V ,
E)

,

# of colors q . 2= setof all

proper q
- colorings of G . We want π to be uniform .

s Pick a vertexv and color C u
.
dor

,
recolor o with C if possible.

" Ergodie ? aperiodic , but irreducible only if g2 D+→ maxdeg. ofG

since we can resolve conflicts by offering a "temp
"

greedy coloring
, π uniform? Yes

,
P is symmefric .

…

How do we analyze the appropriate mixing time?
Let Pyt denote the distribution of MC in tsteps starting from X .
of course

, Py→πast →D,buthowfarTsif from π?

Def) Total Variation Distance : for twodisfributTonsU ,
v on A ,

IIµ -리자= 글다~lu( w) -v(w) l =max=2Eu( A) -τ(A)3 .
^

~≈"'""Yl' 'MMH'
N

war 2



ex)2= no permutations , µ= un?form ,
U= uniform except QO is on top .

IIU-UIIπ=MaAEㆍEU(A)-U(A) 3where A= Q lis on top1-
.

Nofation) ×서예P*-피π
,

δ (←) = Ma* D×(+)
,

=

*
π (E) minEtIX(+KE3, TCe=ma*π (ε)( Note:D ×(4) monotone decreases)

Pet) Coupling : nyjointdistribution5 on - R×x 2) s.t . marginals u ,
v

are preserved , 7 .t . θ wE2 ,
동, S (ω ,ω

'

)=µ(ω) , and vice versa .

LsForMC ,wecandesignacouplingτ t= (X+ .Y* ) s
.t
.
X+ & Y* both

behave like the original MC starting from Xiy respectively .

Let T

be the frrst time s.t . XT =Y+
.

Lemmal Suppose Fa coupling ?t = (X+ .*) s.t. θ× y,Pr[X+FY+1 X.=* ,
Y
.
=

Y]

≤ε
.
Then

,
TCEI ≤ T

.

Proof . For any coupling of rov. s Xou , y ~r, Pr[×Fy] 211µ-vIlV.
- ("

and Ja couplingthatachievesequaliies . Then ,ma*IIp- llv
)

≤ may IIP -Pyll≤mayPr[xFY 1X . =
X
,
Yo=tT(E) T.

"

Ex] Analysis of Random- to- Top : Couple st. we pick the same card .



" The firsts cards will always be the same , where s= # of different
cards we have picked so far . When s= n ,

we would have seen every

card
,
so the two decks are egoual .Thisiscouponcollecting ,

so the

expected coupling time is $ logn tocm) , soPr[T>nluntcn]≤es .

⇒ F= O (nlogn) , Riffle shuffle is O(logn] (wlo proof) .

Ex) Analysis of Graph Coloring Sampling: Recallthat the MC was picking
a random vertexv& colorc

,
then recolor V toc if noconficts

.

To

ensure irreducibility , we have q2 D+2 . π Ts un: form b/e Pis symmetric.

Theorem) If q2 44+ 1
,
then mixing time Ts O (nlogn) .

Proof : We design a coupling first . In both Xe& Ye , we always pick the

same V and c at every step .Letdt= # of disagreeing rerfices at time
t
. Unfortunately ,

not allmovesare"good "
,inthattheydonotcreasee dt .

Specifically ,
a good move is when V is a disagreeing vertex and . Ci

not in the neigh borhood of V in both Xe and Ye .

Observe that

# of good moves 2 de ( q-2DJ is a lower bound of worst case .
A
"

bad
"

move that increases de happens when V is an agreeing vertex and
_

Cis in onlyoftheneighborhoodofXeorYt. #

ofbadmoves ≤



dvertke
.

2
orn.

Thus,
# goodmoves!- #badmoves/≥dt(q-24-26)= dt(q-46)

2 de since q244+ 1.Now,E[ d ld- ] =de←Prld=dllde ]
- Pr [dey=이 ldt] = de + 급 . (2µd× 1 - ∞(9q-2D)dt =dlt ng-

4×

)
≤ d+ (1 -q) . Frnally , E[d.]= E[E [duld-3) = [-합]E[dt] .boundech

Byinduction on t , ECde] ≤ (나 *]tECd.] ≤ ( -합]tn
→

.

sett=

Cqnlun→ E[dt ] =(1aJcqnun . n ≤
ecn

. n ≤ nH
.

Since

Pr [X*FY*3 = Pr [ d->①] = Pr [de2 ( ] ≤ E [d+3
,
which is a value

we can arbitrarily decrease with C ,
F = O(nlogn) .

Generalization : given a weighf function .?(R
+

, sample accordingly .
ts As before

,
construct an ergodic MC s.t. πCw) a WCw) and Chopefully)

has a rapid mixing time . ampleeveryJsteps.

Metropolis Algorithm: Given w .2IR
+

, design a connected neighbor -

hood structure Cundirected graphl on 2 . Proposal is K×y = Kyx .
The metropolks rule is that in state xES , pick a neighbory wop . Kxy .
Move to y wop . minE(빛) , 13 .

Claim! MCisergodic & π(w) a W ( w)
.



Proof . We can show that θ*Y , π(X)P(x. y) = π(y)P(yix)creversiblel

That is
,

WLOG assaming ω(y)≤ ω(×) , ω(×)P(x. Y ] = ω(y )P(y ,×)? By
definTtion

,
ω(×).K×y .

w(X) = w(y) K×y이 , soitissafisfTed.,

Remark: If we cansa' we can appoxZ=동,
_

s Concretely ,
if we can uniformly sample from valid colorings of G → we can

getan approximate # of colorings of G .

Consider a sequence of

graphs , ⑥= G. ≤ G . ε … ≤ am= G and G. = G데 +Ee:3 . Let ((G)
=# ofcolorings of 6 . Then ,

( G( ) =G….CGm)…(6.1. C (G.)
.

C(G
. l is trvially q

.() is the ratlo of colorings in G. that
also satisfy with an extra edge e. This can be emperically found

by running MCMC on each Gi ,andcheckinge . C(G) is found . ,

heorem)[ Valiant' 39 ?]Fproblemsin#P-Comp.whosedecisionproblemsare inP.
ex) # -DNF (ORofANDclauses )

.

Decision for DNF Ts Frivial
.
However

,

counting it is hard .

Fact) # -CNF is #P - Complete . (due to Cook's Theorem)
⇒ Suppose φ :s DNF. π+ DeMorgan⇒ CNF. Observe that #DNF( 4 )
t #CNF(& J = 2n . → #DNF Ts also #P- Complete . ,



Def ) Fully Polynomial Randomized Approximation Scheme (FPRASJ : for a nonnegative
function f : 도

*
→ 1N thaf

,
on input (X ,

ε)
,
runs in time ((×1 , Yε ) and

outputs a value A (X ,
ε] s.t. Pr [ lA(x.

ε) - f(x) l >E.f (×1] ≤ /4.

(If Pr[err0v %로& 514
.
we can boost this via median finding in O( log("s )]

trials to reduce the error prob. to δ J

"

Folklore
,

"Statement: Almost all natural #P- Complete problems eTther

have a FPRtS or provably can
't be approximated

"

in any reasonable way
.

"

Examples of FPRAS for #P-Complete Problems :
L]#DNF ( HW46 estimating size of union of sets is areduction )

Lo we can sample from sets like in the HW to obfain a FPRAS .

2) # q- Coloring ( for q24D+ 1) → assume 7 poly(n) time algorifhm that

outputs
" uniform "

ly random q
- colorings . Then , the remark above is FPRAS.

s Analysis : each error must be in bound ≤ Ekm to get overallerror≤E .

((=
#

coloringwhereec =(u
= Pr [ccu)FC(v) JC εC(G:)]

.# coloringsin G-

Using Unbiased EstTmator Theorem ,
we need O(끊음 . log(m/8]) trials .

band colorings

eW claimthat
θ

비,(() 22/ 3 .Setup amapping
←
mult

. g:C[ G)-
((G: )

.



For a coloring oε ((G1) - ((G:) , just recolor u with some valid
color

.
Observe that each coloring in ( (G:J is hit at mostonce byg !

s There are g-t outgoing edges from ((G1)- ((G:] and atmost

I incoming edge to [(G:).
→[G에>+, ≥213forg2+2 .

,

⇒ JFPRAS
.

Martingales

Def ) Z.. Zn is a marw .r.t.X . … ,An if ?
: ) In is a function of X . . … ,

Xn
.

) E [ lz제 ]KD
.

TπT ] E [Zl X ∞…. An] = Zn .

exl Xn : bet on game n I result , Zn : total money of gambler after n games

Def ) Doob Martingale : Zn= E[YIX, ….An ]whereY is any RV .
∞ 2

.
=E[*]

.

Z= E [ *1X…,Xn ]=Y(X ×,An) cedge exposure martingale
exl Y.= largest ligueingraphmip = (y X 1,X , …

,XI))
.

AHernatively ,
Y= Y ( V ,V 2 , . ,

Un ) avertex exposure martingale

EL2세 X …
*E[ E [Y!X …A*] / X …Xn]=E [YIX ….Xn] = Zn .

_



Pef) SstoppingTime :T20for asequenceXo . X .
.whereeve

택 depends only on X. . ,An .

(Tis a RV ! )

ex) Gambing . T. = first time I have $ 1000 .
G a non- example is the last time I have $ 1000 ( depends on fature)

Theorem) Optional Stopping. :If20, 2 , . is a martingale w.r.t. Xo ,X. …
Tis a stopping time for EX: 3 ,

and if ofthefollowing holds:

:) Z, is bounded n, .e . IZKC for some C θ :
.

:: ) Tis bounded
.

:π: ]E[T] <∞ and ECI째 - X×…X÷ ] ≤ C θT
.

Then
,
E [π] = EC2인

Fort the $1000 stopping ,
the optional stopping theorem does not apply !

s All three conditions are not met
,
and 2.=①

,
but Z← 21000 .

Ibankrupt f
. p

Gambler: starts at ①
, stops when hits- .

What is Pr (bankrupt] ,

and what is E[finish time]? Analysis with martingales:
Z: =PosifionaftimeT .→ condTfTon (ε) holds (Z: is bounded )

T.= time to reach -a or b
. sBy optional stopping . E [π=-



ECZπ ] = p .ta ) +( 1- p ) . b =① ⇒P =
H) =b.

PefTne * .=1 .Weclarm that .는 3 is a martingale.
E[Y. lXo…X:] = E [2료1X%… X :

]=EC2 :류/ X .… X.
]-π+1

= 충(자 ]β+(-1P -T+ 1 =
β
- : =Y

1

.
"

제지려-π>

_
Observe that E [T]<D

,
and EL *- * *X×…µ ] ≤ C(condifion()]

→ E [Y*] =습J . c -apR -JE[T] (업) . [b β - E[]] =Y0 =① .

→ E [T] = .( atb)= ab쁘

Ballot Theorem : 2 candidates A
,
B
.

A gets a votes, Bgets b votes .

WLOG
, say Awins the election . We count votes in random order.

What is Pr [ A remains winning atevery time during counting] ?
↑ :!"
.
bv -ny→… 힘."_~……-

Pefine Sk =A' sleadafter kvotescounted .Define2 ..
=Sk

.

Claiml k( lis a martingale w.r.t. sequence of votes read backwards .

Stopping Time F =E =$ 3if such kexists,elsen- H .

→OSTcondition (::] applies → E[π ] =E[2. 3
=
s 음=.

case T . A remains ahead at all times
.

→ F= -
1
,==1

.

case :: : A doesn' tremainahead → 7kans.t .Sm= O( → Zπ=① .



Let p
.= Pr [case 1]

.

→ E[&]= P) + (1-p ) . ① =
p= ,

ProofofClaim? E [2llastk -f votes] = E[Z* IS3
. Condifioning on S-k세 ,

we want to show E[ZKIS세] = 고1 →
k
= s 없다

.

Observe that
_

at time n-ky , Ahad
1Votes , andBhad(

n-k+)
- votes

.

ECSnl Sn- 세 ] =(Smn +1 )
.n-1
.(에떼 ) * (Sn-* -( ) .(n- l+s2. (n-ktl)

= S머세. This satisfies E[2kISm세] =더"
∞

Wald 's Equation : Let (Xi ) be ind . r.v .s with common finife mean E[X:]M.
Let T be a stopping time for [X: ] s. f .E[T]<D.ThenE[×]=
Proofo AssumeallXrs arenonnegative.] Pefine π=높 (X-µ) . This is
obviously a martingale since ELi ! X. … X+] = E [X; +졌- IU] =1 .

Take stopping time as T. E[T]<∞ by definifion , and ECR파1

X×… X:] = E [X-ul ] ≤ E(1 * ]+ M =2 µ .

→ condfion [:τ:] !

⇒ E[조] = E [2. ] = 0 . E [&] = E[옳X대]= E [ 됐.]-E [T]M . 에

Theorem) Azuma's Inequality : Let Xo. .
An be a martingale with bonnded

differences
,
.
e. lX *1 - X: 1 ≤C. +:

.
Then

.
Pr [Xn-X.12 λ] ≤ 2expl.렸) .

Proof .. Let +=여*-
1

.ThenECD !X
…λ
*] = 0

.

we will



proceed to prove Pr ( Xn- N.z λ3 . Other tall follows by symmetry .
→ for α>0

,
Pr[e (n- ×%)≥e ×λ

]
≤ e×

*λ
E [e

×(xn -x.) ]=
e*

λ E[
ex(Dn+X×이]

= e
*λ
E[E[ex(Pr-*

m-×. ) X
.
…λm]~은 ×-× . 'E[eα D / X . … ,

Ani]
.

Lemmal ECe
×/
X .…Xm] ≤ e. ( Seperate proof )

→ Pr [Xn-y.* λ] ≤ e
×)
. excnk " .E[

ea(×m-x.)
]

.Byiteration

≤ e
-α↑
. e
'옳.

.

Set α=→ S exp(-
.) .
"

Proof of Lemma : We shall prove such fact : Let Y be a rov
. taking valuesin

-1, i]andE[ Y ] = 0.Thenθα> ,E[
e× * ] ≤

e다
.

This suffices

since setting Y =o 값impiesECeenaloron ] ≤exzck Observe that
∞

ea
×

is conved
.

Thus e
××

≤ 호( 1-×)
e

×←닐(1-× )
e

"

.τhen E[
e×

"

≤ 호e'+ 호 e
-

" + 한e- 호e *)=호 (1+α+옳+ … ] + 호 [ 1-α+α끓… ]

= 1 +α
.+. + … = .다. Using( 2:1 ↓ 22 「

.
: ! ,스꼈스:= e 냐

.
, ,

Suppose we have f (X. .
AnlwhereX .areindep .Z :=E[f( … ]1X…X:]

is a marfingale . Azuma tells that Pr[1 f(…Xn) -E [f] / 2λ] kexp(- )
.

If we insist that f is c- Lipschitz ( changing one Xe deviates fC . y by
no more than tc )

,
then Azuma' s 「s naturally usefl , ≤ exp(-. )

.

Claim) If f is ← Lipschitz and X: are indep . , then [Z- 레 ≤ C T
.



Proof : 1 = E [F(X… X. … Xn) /X… ×* = E [f (X… * ? …Xn ) /X …X

where X? has the same distribution as X. but is independent of all Xs .

= E[f (X… …Xn) / X …X,X. ]. Now, π
떼=[f( X…← …Xn)-

f (X
… X

*
…
XnJIX . …

X: ] I ≤ C . "

Application) Patfern Matching . Let X =uniformly random string X.…XnE
로
?

Let B= fixed patternb .bEIk where ksan . How many times

does B appear in X ? Lef f (X… Xn) =#oftimesB appearsinX .

Define E = E [ F () | X…X.]
.

E [ f ( ) ]= ( n-세)이되다 .
Azuma's

tells that Pr (K - E[ F] λ] ≤ exp(-.) . Now observe that f is

k -Lipsch42.Thussexpf값 1 . If kis regarded as a constant ,
ECf ] = O(n)

,
and Pr (f - ECf ] l "r] is very small .

Applicafion /BallsandBins .Let X . =binchosenbyball 2 .f(X…Xm )= # of

empty bins. E[F] = n (mne- n. Ifmvcn, E (f] = o(n) .
Observe thatf isL - L?psch:t2 . By Azuma , Pr[ 1 f -E[f] lz λ]≤exp[

-붉]
.

Application! Chromatic Number of Gε Gmip :X .= expose vertex : and
all nerghbors of : . f (X. …An )= x(G) defined by X…An . Observe



thaff is 1- LTpschitz . Thus , Pr [K- E[ f] ]2 λ] ≤ exp(삶) , anddevi-
ations are no worse than OCin)

, ordemonstration ,let p =2 .
Factl For p=y ,

size of max . indep . set of GEGnin is 2 log2n + Clow order)

w.h .p . ⇒ X( G)2..nWohop. A moredifficulf fact is that λ(G) ≤

loganw .hop. , and thus that E[X(G)] is tight . Set m = np .

While J 'm uncolored vertices in G
, pick an arbrtrary sabset S

of size m of them
.
Take IES

,
the max . indep . set of S . Colon [

with a new color . When ≤ m vertices are uncolored ,
color them all

with seperate new colors . Observe thatlII = O( log = n ) ) w . hop .
wohop.

The claiminquestioniswhether subset SEV has /I1 =2 log 2 n + o6?
T .e .

,
we want 2nPrEs does not satisfy]→①

.

Turns out that Pr( s ~]

is ≤ exp(-2(
'

3)
,

so itworks
.

We use an edge exposure martin-

gale of f (X… X (]= sizeofa maxfamilyofedge-disjoint indep.
sets of sTze 2 log2n . Azuma's proves a good bound.

Fingerprinting (Outof Scope )
Scenario : Alice& Bob have large files .

Can we check whether the

two files are equal wifhout communicating too many bifs ?



Lef Alice's file be α. .
.=

, an, Bob' sbeb =, bn ,nM -biy brnary strings .
s Alice: Pick a random prime ε [2 ,53 . Compute fingerprint Fo(a)
= amod p) . Send Fpca) & p to Bob.
→ Bob . Compute .( b)= b ( modp ). IfFo(b)= F( a),accept.Else, reject .

If a= b
,
the algorithm always suceeds . However , it could be the case

that atb but a= b modp ).One -sidederror

Analysis of error : Error happens when la-bl =① (modp) . la-blis

an n- bit number
.
How many dTstinct prime divisors ? s at most n

s PrCerror]≤ * p. By the Prime Number Theorem ,
# of primes

in [2 ,5],π(TI~ nasT →∞ .Infact,n π≤π(T ) ≤
1
.26

T21 어
.

Thus
,
Pr [error] <습=

.

If F= Cnlun
,
then

PrCerrory ≤ n(untun-eto (1 )⇒FO (nun )suffices ,
so we only need to send OChn) bits to reach a constant error !

Remark # of prime divisors can be replaced to π(n) . Then ,
the bound

improves to 1
.
26 an .두

. Seffing F (n ,
this becomes

[: to( 1) !

E×] n= 223 (~ IMb )
.
F =232 (32 -bitfingerpr?t) → Prferror] ≤

1 .26 un= 1
.26 .쯤 .끓 ≤ 0 .0035

.

so worlks well empircally !



Application) Pattern Matching :XX.,Xn , a longstring . Y. =Yu , Ym , a

short pattern . Does Y appear inX ? → Naively ,
it takes O(nm) time .

* There exist nontrrvTal deterministic algorithus in O(ntm) time (KMP, efc . )

" We can develop a simple O(n+m) randomized algori(hm uia fingerprnting !
- pick a random prime P ε [2 ,T3 .

- compute Fp(Y) =YmodP) .
- for j ε [ 1 , n- m+i] :

- compute FP(X (;3) where X [;3 . = X, … Xstm- s .
- if Fp(X(;]] = Fp (Y) , output

"

match
"

and halt
.

scould bewrong
- output

"

no match"
.

Choice of T. Naively , Prferror] ≤ n .π뉴7, by union bound . However, observe

that pis bad if plly-x(z' 1 forsome ;p / / Y -X ( 5)]→<π앉)

T =CnMsuffices,so only bits .
Runtrme : O (m) for Fp(Y) , O(n) iterations ,

and after one O(n) computartion
for Fp(X(3 ) ,wecanfindF .( X[j+ ( 3] =짐(2(X( ;3

-2

m"λ,)+Xm] in (near)

constanf time . ⇒ Total O(m)+O(n ) .O (1) =OC,

E×] = 2
"

,
m= 28

,
= 232 :Pr[error ]≤πx

, ≤ 1.26m (nm
). = 1

.26 .



2 .끓 = 0 .0005.

Primality Testing
Question. for an integer n ,

is n prime?

∞checking= 2.B doesnotworkbecausewestill need 2
µk
Tferattons

sampling 「ε [2 . ,in ]stilldoesnotworkbecausedivisorsdreusuallysparse

Theorem) FLT : If nis prime , then am1 odHa ε [ l , n -
1]

.

FermartTestopicka ε [
, n- 1] a. a . r. If ged (a ,

n) = 1
, output

"

no
"

.

Else
,
if anm I (mod n ) then output

"

no
"

.

Else
, output

"

yes
"

.

Claim )If nisnotprime Ihas awitness(?.e .
a
# 1 (modp)) ,

then

Prferror] ≤ Y 2fortheFermartTest,T . e.ECaEkn* (s a witness] ≥Y2 .

Proof . πn*. = multiplicative group of infegers coprime fo n .
Let SERn

*

be the non- witnesses . Sis a propersubgroupof Int (closed under

multiplicationod D ,
a←= 1 A b

=
! ⇒ ( ab)=

1

( modn) J.Lagrange's

Theorem tellsthat, is an integer , and IsI< 1Rn* 1
,
s이웨스님에

aveatC . Fnon-primes n s .t. a
-
≡ ! (modn) θ aε πn

* ( Carmichael #s )

such as 561
,
1105

,
(729

.
-

' This is a problem !



Claiml56 l is a Carmichael# . ⇒ a
500
≡ 1 (mod 561 ) θ a

.

Proof: 56= 3× 11× 17
.

If suffrces to show that a
500
≡ / cmod 3

,

I 1
,
17) by the Chrnese Remainder Theorem . By FLT , we know that

β= | (mod3)
,
al0 ≡ I (mod (1

)
,
a
= 1 (mod (7 )

.

⇒ a
560
= 1 (mod 561 )

,

Fact : If n is prime , then I has no non-trivTalsquarerootsmod n) ,
i
.e . If az = I mod n)

,

then a= ± 1
.

Proof : Since GF(n) is afield ,
the polynomial X=1 has 2 roots. "

* This doesnt work for composites ! eg. 62= ) (mod 35))
{
w마OG

(
verifiable

Algorithm) Miller - Rabin : Assume n is odd & not a prime power .
-1= 2

r
. R where Ris odd

.

We will fest aBazβ
?…
azrβ= a.

E×] n=561 .머=560=24 ×35 .Takea=
2
.235mod 561) = 263

,

2
"0

(mod 561) = 166
,
240(mod561 ) = ,2200

(
mod56 ()=1, 2500

1

.
LsIt n were prime, this should be ± ! :

- If nis even or is a prime power , output
"

no
"

.

- Compute riR s
.
to $- 1) = 2

"

R where Ris odd .

- Pick af [ 2 ,
n1] U . aor

.

- If ged (a ,
in ) #

1
,output "no "



- Compute a ,
β

,
a
…

R = a (mod n)
.

- If a# (modn)
, output

"

no
"

.

- If ar ≡ I (modn)
, outpat

"

yes
"

.

- E /se
,

let ; = Max : : 1 az
: β
# | (modn)3

.

- If azF- 1 , output" no "
.

-

swe found a non - trivial sgrt of n F 11 :

- Else
, output

"

yes
.

"

Claiml If nis odd , composite , I not aprime pawer, then PaCaεRn
*
is a

witness] 22
.

Let s= 2
'

R abadifJxεkn*
s

.
t
.Xs

=

- 1 (modn )
.

Lemmal badpowerS ,SN=EXERn
* ] ×

s

= It mod nl3 is aproper

subgroup of Rnt . [ proof at end]

Proof of ClaimWeshallshowthatallnon-witnesses belong to Sn .

Suppose a is a non-witness . Then erther : I] aβ= azβ=… = a
머
= 1

,

or 2] az
:

β= -
1
,
a
"

?
= … = d

-

= 1
.

Let s* be thelargest bad power
in the seguence R .

,2
R …
,
2
:
R .IncaseI

)
,
as
* =

1

.Incase2
)
,
as
-±1

sTnce S
*
z 2
:
R
.

In both cases
,
as
*

s ±1
,
so a ESn

. By the lemma

and Lagrange' s Theorem ,
we are done

. ,



Proof of Lemma :NeedtoshowthatSn. =EXEKn*1 ×
s

≡ ±1 (modn)}

is a proper subgroup of Int. We just need to find some yERnt s
.
t
.

Y4 Sn . Since sTs a bad power , we can find Xε Rn
*
s
.f
.

Xs= - I (modn )
.

Since n is odd , composite , I not a prime power, we can wrile nM. xn

where n
,
Ma are odd and coprime . By CRT, Janigue YERn

*
s
.
t
.

y ≡ X modni ),
y ≡ 1 ( modna).Weclarm that Yε Rn

*
iSn

.
Observe

that ged (y , n .) = ged ( X ,
n .) = 1

.

Also
, ged ( y ,

n 2) = 1
.

so Y ε Rnt .

Next
, y

δ
= Xs = - 1(modnd .Also ,

y

: I cmod n2)
. Sappose yESn .

Theny "
≡
± 1 ( modn ). Ify =+ 1 , theny '

=
1 ( modn . ). Ifys=- 1 ,

then ys= - 1 (mod n2s . Both cases cause contradictTon , so yfSnol


