


Tokger Mulfiplication

Bﬁg IrﬁQ%eCSZ Hored g ar ray &y &g&\\%, ot bits
s ysefud n cr%p&oga?h&
Addfion wputi=all-n1 KI-n] accoy of d“\a“&s
output - CTL-(1)] where C=oakl
< —>(0 dgt)
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S e e e SRS
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we feed o calanlote 4@?0&&&82 a:b., G-br,Or br,debr

each numper 1S (\/Q_ &F{%H\J(g - vecursive  definition \,

MULT(arl-a1,bri-01) "

- 15 0<2 ceturn axb.

- Split o - O, Qq, b—= b be

s wite MUU_TCQLJ\OL)

D, < MULT (0, be)

— Py MULT(0g, br) -

~ Py MULT (G be) P0ea
— Retwrn Py - 1O +(Rx )T O + Ee
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Tden Some how, reduce 4 recussive calls §o 2.
T8 pessible, eqution becares. (OCc-0-G1) = O(0-1)
= 0™ y**)= O ™) = O ()= O

Obseruaflon: 0= Q0% + A b=ty 0% + be
= 0Xb= (QL‘QQ kDﬂ A (O\Lbn* le) \O“h + Qe by
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Re curcence Relodions

exl) Tral= Ton-11+{n

= I}:n—ljerer
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sec m\ haf
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Moster Theorem

Suppote Tunction T:N-— R cofisties relation
Teny= & T Lt Oy
Cagel: C ﬂo%b(}\ > TEns = Q( ﬂQ°8bQ)‘
L5 % of free nodes domnates the cuntime.

Case?), C = )Qog%Q —> AT = O((\c QD%OB.

[ brcmc\tﬁn% and work each \o\%ﬂ‘ are balanced.

Cose 3" Q>,Qo%b a— Toai=0) ey,

Ls work wside he node dominates Ehe cuntime.

MCAAU(\\X MAHP“C&HO‘Q (Im\er \proclwc‘c 6% ?,g
Topubt X0 oy makcices| = Kt XUy = X )
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NQﬂL\IQ M(IH\/MA Co& CU&&JVQ cach e(\JW%L Z::) SQPQ(‘O\JYQ\\A.
> TEach er\&ra fakes Ocmy, and fotal 0 entriies exists.
== QC(\)“Y\Q = QQ(\%) Time

Use Dide & Conguec: splik X ond Y ioko snaller metrices

- N (AE [ cantreod small
Al R | &+ L 86 +BH mokAes ke volues
X h

Z
A H are ©6%("%) matriess.
Now, Computing PVEJBCW) S DHJ ges -

> Boted

MATMUL(X, )
e lesiitolah
- P < UATMUL(R,E) -+ Py -

®rap) (PatPa)
= Retuen (5+Pe) (Pt )

ok Sor wokvix o ddilen
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= by Master Theorem, Trna = Oy .




Shrassen's o&ao cehm aduoelly TS 1 recursie calls !

1R\

GTem =T Tona€ Oy = Tom = Ol

i c\”u\c(\ Tﬂcma\eS

—LQP&HC; G(m@\\ 61’—(\“[—) o0 O-todex.
ATT31=17G3) Ts comected § |
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(VWY such thad ATun A [u,\m(\F\ﬂ\J,ml)
> Nl checkig all +eiplets 4okes OanyTme.
exertied) Use Skrassen's to selve Tn QL™ ) time
eYRrcise ) tr% wikhout Strassen's

Finding Medtan ounscrd!

T_npu&i [Tt of () numbers Q&rp\&‘; | V2] ~th smallest number

Ndwe [\\%ol Sort the (ist, then ouk puk The | % T%h Tndex.
> Qorking Lakes BCnlan) time

New Tdea. . Randeriized O €ime o gor&nm.

F"\FSJ(J %Q(\QPOMZQ he %u%ﬂoﬂ {0 SELEQTM% \CASMOU@(.



SELECTCATI-0T, k) owtpus k-th snallst elementin a.
> MEDIAN (A) = SELECTCA, 2Ly
—Plck a candom Slement vE A as o pluat .
— Split A o S¢= =304/ Q<\)§ S.=3 sl [ Oz =\J3,
and Sy =307\ 0>\ COU\) time )
I aEREIn S )

T T Ok X

— cagel: k £(S¢) . = Return SEVECT(S<, k).
case DL < < | SHS. [ >Reu V. (825 =)
Case 37 SIS <k - Reuen SERCT(S5 k- (3¢ (54])

Kuntime {%mﬂ&{\s > how to amque a fondoriized. algertchm?

s Best Cage T fesk gluot | the (cth derent Oy Conly spliting)

¢ aallest)

b RoretCase - pluot kSﬂQ(d(gQSJ( element euery time, =)
T v -1 \a ....
b IS<|=n-1 1S<) =

= Define Trn = Bxpected cuntime of SELEQT
(£he tunkime s o candom vaclable — Etsz%ZXPVCme-OJ
TorbuiTon: €here T8 o easonable chance €hak the candor
plvot g %oo&[ enm%‘f\” to breok Trtp fwo ﬂgrﬂﬁcauﬂg\ swal| lieks




CQQNC e “%oecl PT\/O’[: ST @NC& etween LV 3047 o‘\c\r\ swalest.
for o sorked st L W/// 1 ;O

‘\/,1,

Observadion 1) Buery good puiot splite both &ts oo ehs
smaller £haiy 3% Tn Stze (boundary — Ve %)
2) The gbbcx\gt [-hé Jc‘«\o\‘( a vandom et s 800& LA .

)
>ECwal= E(Trm befoe 30 st qeed F\V&]JVE[TUQ affer frsk 30&19\%&]
led v be e Tk €ime we Wk o good puvst:. 5 rencty
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“\’?"‘bw d

o-<E{Tr 3'\/41] (st Sze g iliicantly drowec\)
= E{ Teonl= ELTev ]+ By Eﬁmﬂ SI&))

Examples T DG
1) Expetentiafion & fumbee 0 ———> @“ 0 decimal, (osey <digh)
) 90 = 20012 0 2= (7). =0T
EXP( a,n lIMEéSQV) —= Q"
— Base anse” 15 n=1, retucn a.

- B<EXP(o, ALY,




— T§ diseen, return BXR.
- Elge, return BXR%0..
Runktme: TCnT = TT0AT + D (ftie to nafiply numbers)
Ifa=2, 2= o kits lang, = Ton=Tre1+ ©(Ma) where
Meny t= time to mdfiply 2 ﬂ~d"t%?t UM BRCS
IWC My >> D('Ocm‘ J Ttm= ¢ Mcy) (by Masters Theotem)

2) Birary 4o Dedimal: BL1-0 kiks =>D01-m7 decingd acmy,
Nawe ) (lo(1o 1), = 28+ Ox2S 4+~ +(x2° =91 .
- OC0) additions of Qrdigh numbers — () ()
RQ Q[HDN‘O(‘AC_\’\ ex) (C@ \\_\Bég)l = (loW),x 24 + (LLo0Y,
=lIxlb+ 12 =133,

BROD (QY_\*(\]) = decimal digit array.
~ Roge case . len(a)==| = return oL 0]

-0 < 6L\ =% dr<s al®htd— a7}
- di = RID(AL) )&e < B1D(AR)
- C < EXP(2,%)

— Return dLxC &.dx .
b 1 ) I e OB n-digtt numberst



Rustine - Toaa= 2T +B(EXP(2 DAY 6(“”&3“\* mlt)
+ B0~ digit eddiion) = TC%1 =B (M)

3) Closest Paie; 0 C»\?E) poiits Tn plae = closest poir i&iﬁ ,Eﬁ)b(jpfg:\ﬁ
Nowe - check all (Pr,Py) pairs’ digtance ; and §ind the smallest .
Ls By ruptime. due 4o Pom"m%
DO IR B, Pof— 1B, B TP, | ok
o better %Fl"d‘hr\gn split the plane (tie SeomeJcré)
L5 Serk the powts in increosing X- coordiinade , £hen Split .

Recurse to Find closest pair Tn L Sk, & J — L
d. & oin( Clost(SL) Closest(SR)) 0 s I
What 1§ the actual closest pdie Ts split? g

L Nawe s, o x N4 pCfWS = By cunfime, - = how o prune?
Tdea 1) fuke strip of width d on cach Side of €he Tine.
> ot very ‘(‘JQ‘)’:F\AQ Lor werst-cage dﬂaﬂ%ﬂS
Tdea ()_) a pont Ponly neads fo br tested wikh péinte 2 d. away .
\V/ >\ \q{\_) Oﬂ[% peints Tn reglon & needs +o be tested.
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— For every potnt P, 4 oF comparisang < R
> Q) DS eed COMPATISON \

=T La1=2TT%1tOw) = Ty = © e )
Graphs

®
Geaphs: G=(\,B). L eE W u—v . ®/H\@
Directed - edges have dicechions,
Parumefers T 0= (V]| = % of verkices
m=|E|= %ot ed%ea

-~

= 3Cor ol\ no(~ m\&re&%Q %m{)l‘\g, m < o\

R&p(q&eﬂl(o\ﬂoﬂ ofl Computers . \/: { - (ﬁ‘ E = ?
1) A&Joxceﬂca Matrix 2 Adgacency Hist (of out-edges)

& N—>

M ] OO

A=0 | O 11 4—02,3]
l o VAT LR
3 4=E3

IA\ {F\J 1 = &%T!DQEE
ng\cﬁ e Jcmcle’fipr S oyv QQd\ rerp (’ESQ(\JYQJYIOY\?



Macke 1% S

She (memory ) 6({?\ @ COtm)
%uevék]wa (meRL) @ CH SCdQ% Cu) )
e&%&\ ofu 6Cﬁ> y (Ae%(uﬂ

Cemedcmj% L L8 fher o patly feom u ko
LT8G conmected? (What ave contectrd, componentst

>

DES T Undirectad Graphg : ;
exP\ore (Vertex ) ] ///
- URHed TV 1 = True @:_>®

= Jf\ox“ ead\ e&%e VERVOIN of) explore (A) = A)‘B)C_)DE

— 1} tot vistted fw1, explore L w1
DES CG‘NF\“ G) . e—— gﬂ\emi"\zec\ fo disconmected graphs
~\Jigtted Cul="alse Wuel
~for each vertex N €\
- not vistted Ty explore (W)



Tro perty . explore(w) \isits exactly the vecfices V' Such that

Cﬂmp\(\ & hos a @&Jt\r\ feom W to V.
Proof 1 D Verkex v s reached = F path From ufo v Cretital)

2) T path foon i fo v = erkex v Ts ceadhed 50% EXP ofe(W)

(O Wa W3 Lo W W -

Iy D o
o & o

Su?eo:e explore (W) does et Ceacly V| for Che sake of \c!m\kmc\"\d{kom
lek Wi be Ehe First vertex on &he pokh thak is oot readied..
=5 Uy, 1s reached . = axplore (wi) Ts called

Lo explore (i), oll edges tncident to Wi will be explored,

’r\duc\’u\gy Wi, —> Coﬁfac}\lc%ﬁ\oﬂ} explore (1) fRaches \I,

Fiv\c\lr\g Convected COW\@O(\QY\JCS . MOCW‘QL exploce. and| DFS!
DES (GCQP‘V\ &) : explore (Nertex \) -

- counk = ) — Vistted OV = £oue
— Cenum e ntTn] — Ccnumi Nl = count
_UiSted fu1=Rlge Yuely — tor cach -
. ensures Khok only
- for ach verfex \ €\ B et

- not vistted Tya : explore (V) ,Counk =1




DES Search Tree” <) explore (A calls

PG| e
/ G\ \g c 4 RN
dﬁi / F

D
Runkine of DS 1) explareCV) Te called once per DFS.
2) Inside expore (V), b Visted V1= Erwe & B Kime
then enumerate alledges YW 6@9%(\0) e
Tokel €ine = 2 (Irdeglu)) = BCotm) (Teg = 00-Qw)

DFS Tn Directed Graphs

é -> r
R SE ®<——% © 287 Bl{:/ \Q
SN P
L——% M//,@b bﬁf/ <
®—©® L i
L/-

Recod'm% fimes . Tncrement a. clock @Reytime we mach o

wiven, DFS extese > when VI \e«meﬁifw )
0

leave o vertex and sek PrelnT and poston
Tn explore (V) TaOES(G)T  in above evawples

. A:tlHO]
Prefv]= clock C—lOQlR:O = E 2, 11 E)m[v'.l
@Qlock r= | - C=L3 A1) posra]

PLgach s pre,post €=k InT D= T3, 67| malhed
Pos—tﬁ\f]=dodc ‘GO“ ol vev: E=C4,51

Clock +=|



P«‘Q&P@Bﬁ Nkwxloers C&(\ kmconm Ehe QA\%Q JVC(]QQS \&Jmﬂe\ (\OCQQS

e.x) _[]} TL_ j \T_ r —7 j\ —L>

Lot an eclae u—=\" o L ]; 1} toe of forward eol%e'
DL 1] backadge ¥ [ ] l

i

: i Cross edgR.
E L JA ] S umgosskbe, (Ccu\JrVQM 0 before v closes )
>Feall QA%QS U=\, postlud < pestfol 1 u-sv s o back edge.
b o back e&%es<—=> no dicecked cydes & 15 DA
Ditrected Ac&cﬁc Grophs
DAG: Tirected rogh W o divected C%Q\QS.
Aoplications . 1) Modeling deperdendies [ preceuisikes
L UV LT s apre Ryjisie doe

Source Code QompT\erIu\ - c‘«xec‘@Tﬂ% clggaq\&gm% QY cleg
2) Packi Q\\& ocdered sets Ccom PXCLSONS, bt ot trungitive)
Lsex) pox. S2es % box A ks Tn b R .

source: hede wikh no Tﬂcom“m% ed%e_s
Stk node wikh no oujt%oﬁma edl%QS

= every DA hos of least one source@ one Stk



Togologﬂkco\g SD\“‘& (L—\(\Qoxﬂ\?_oﬁoﬂ)

TOPORT (DAG &) = orderim of allverfices [UiVy,--,Vn ]
(all edops of the oeartzed werfices brad from etk to (gt )
Alaor?dﬂwx 1% (Bomeny)

—Run DFS to compute pre % post values

— Oukput vectiees n &che&sTng cost values
Algortchn?, (BC2), depends on npleneatation detotls )

— Pop o souree tode, out putk v

— RQPQO& wtkh Lhe \VQW\&IM% amnallec DAG.

P(\OO% opY CDWQQJC(\Q&S o? A\%D ii (Jc(!\e cov\cegﬂ

At @%Le U->\J, prove st Tul > pogk [y

oSN
Conneciuitky 1 Directed Graghs N

cad have afher nodes T between

1 Strogy contected 40V T Fpoth urov Qe Fpath vrou
> every directed graph an be decomposed into @ &d% of
Shrongly, comnected components (DhG of )™




How 1o decomeose adiected g raph o JCs?

k> 90a) 2 (abel allverfices with €heir " compopRit_humbper .
Lotuttion” Run explore (W) for some \erkex v n a Sk 3CC .
This willl cecoter exackly £hat sink SCC. %;Tai}:gech&
Repeatedly recovering Sk WCs ol complefe Ehe task.
= But hoy Fo locate a vertex ™ a Stk 3CCT

FACT: To o OFS troversal , o verkex wikh the ighest post.
Value Wil be Tn o Source K. (exits very lost in DES)
b how fo gt Sk SCC L = ceverse edges Tn G

KOSARATU s algorhkfd\m (DAG &)
— Construck o reverse graph of &, &,
— Run DTS on G 4o compute post, values.
— Run DFS on G by exploring verfices Tn decreasing

ocder of posty.

Ls Query Hecodlon ofF (ast SJVQP recavefy Qm&% an 3CC.



Breakh st Seacch

—Mainkain o queue Tor edaes fo explore texct
L chjmmué So(\)es H\e S{I\OCJYQ&J( PO\H\ %ue&fo(\

stacf node.

Ogkstea’s Algortthm (G=(v &), Y e\) = distfvey]
Torkwton: Im%"me a \”\cwcl seill ot node S, The \T%AI& mowRs Unif
distance 1 fine step. Sinulote €his [i30ids motion.

- Simuloh"ﬂ% every timestep can be wefticent. - -

= o(\\% stnulate £he Tﬂﬁ(esjﬁn%“ £ines when a node Te ®adhed!

s moke o nete o0 ETA of *'s neighbors | and fust-forward to closesk
once a tede s (uched, update ETA of ts neighbors

(key)  (ualue)d

Doda structuse oeeded — VTO\:\JE Quene of (fine Nertex) pAlrg
Operations tegpiired > delefeMin () 2 popSe return the. smallest. time

decrease [ne(fine’ vertex) | & (£, vertex) (8 o part of the PQ){e tin(t, time')

DIJKSTRA'S (G, we, )"
distfvi& oo, digtrs1< 0.
O «— Make Fueue | (Q inseck (diskiv, V) Hya\ .



While Qs not empty .

() &= Q. delefeMin ()

for VU €E -

I Q. decrease ltme (distivd + W, , W)
Retuen dist

Biary Renp? Quppotts delefeMin & tnsert, (also delete)

- oty eprrafions fake © (Jog(LV1)) deleteMin called (Nifing
tnwrk colled \E( times = T (Dijkstral) = © Usyim(mtm)
(&et\ej‘&u%l B (m-T(deleteMig) + N TCdecrenceKey )+ M« [ (Tnser {3))

Bell ﬂ\m\‘Food P&\%&FTJCV\W\: an alternofve hortest~path

Totuiflon Al edaes are tubber bonds of kgthg equaltoweigrt.
E\”\Ra\\%, all bands ofe Strefched upto “IAF\K\%%".,

Frery edge 1< updoted by * unstrefching’ a dode to € (e
© €he order of updates does nof madter

Mothemafical Analygis & T Tverter, 16T 1= length of shortegpath S v

ot oily uges at mosk Iy hops (¥ of edges ke path gees
theough Tn &he pakh)




LDIVATI =D T+ Wasy
ram h—\

™ - .
& » L P P
A ¢ v T & L3 L

U \/
>

NZI

n

BRELMAN-FORD (G, W, 8)
Yuel, Divole—co  Diso1<— 0O
For all hops b Leom 4 Ao V=12
} for each ed%e U—>Y 5, o dynaniic progomtiing eramplel,
IDE\/.M = 00 (DU T+ Wiy, D 1I)
e\, distTvl <= DLy (VR
Ls for space Q%I&Q(\C%, we caft ceplace ) oirth digk and
updete Tn-place (gt 0yl = ofin (dTstIVIH Wysy distivd)
Conection to Tkation” Tomr loop 18 ms‘sm*d\“u%\%ﬁe) aufer loop 18

Vepeo\ﬁx\% £he Tnner [omp Incose some fubber bund ® unsadietied



Gmec_x)% AlgocTthi

Goal. Optinize o mdti-step decision process
Bringy " Greedy "t Opfinize for oext step on lu, works Sometines
> Tf £he (ocal optimum can be connected to a global epfimal psint.

Task SQ&\QALLQH% Boblem . n Jobg with Start and end Limey

s schedule as many umber of Jebs wikhout ovecl GRS
=" = p¥mal

S8 SR L VL - T20T3, T\2T4, TIRTARTS .

Possible S&m&e%\ﬁ% ® (D Shorfest it © bRyl ok et ®Fnsh \a\r%—t

0 \___::_\_, —3 0ot OPJVTW\QQ (p‘tck% o0 job over twe)

@ T st opfimal Cpicks one Job ouer three )

® \__‘ —optinal ! how to prove local — 9 lobal conneckion?
Clo\m\ > Greedll y ptc\?kt\% the et Job £had Fimshes without ORrbppiny
s the optinal selufen
Proot’, GWQQA% Selufton [3,0,1 - - 1Se,€4]
C)PJFLW\QQ Solufleh [S,e, T - - [S,e]
Dbservafion: R< | Smce L (s opfimal.

EL

VYiel,Rl, Hi=Ts e - IS, GE‘ESMLSHJ TS,

——Test 7 ob8 From Gures dy K vesk Trow o plimal




- H. g fe opﬁmall Selufon, and HR 1 full 8?&&\3 + leffower e@ﬁW\o&

Now, we. ague ot all Hre LHe He'l are ophimal.
Boge Cage s H, T8 JrrTuTall% QP%TMQQ (b% deftrfion)
Toduction? Given that & s optinal, prove thak Hra s Qpﬁmal

AR P -
When the qreedy algorithn picks the (it job, T picks
the Job with the carliest [igh Cine < By, Chy qreediess)

c2greedivess o by construction of Op
T e"\ < S‘w\ <{§THR£ ,GTH 1_\ < SHQL; roq-overappe

= G\reec\% \BFQ%QWQS OUbRe 0%&0&;8 and. does Nt CNQV\OP Wikh
the start of £he next apfimal job, Swo, . Alse, e
the procedure Wil confiue uatil €, R=1 T all cose.

SCHEDULEC 0 Fobe with Gy, &41):
A . @/ _t* C — o0 >eond Kime of lagt schrduled job

For each 7 Wl ol
B LR Aladd(l8y,857) +F <&y

t i .
Teran A Runtime: Oy f sorked, Own oy o) o nek

La €n



Comprossion ( Huffinan Encading ). Eocoding with (east umber of bits
Lo fext T with odphabet T and fregrency T
fnimize COSTCTY L Z}C - (Fof Bits T encoded +o)
ex) 0 |H | 28] =P uneprok biks redce CostCT), bt

20 | o0
= T Trvkred Sl
T=(00 Yy o tnfroduces C}\\N\bk%\f\\% Such ag

S | o |lO [Q—%BAJOFCZ
ST T =Bl Freeness Pa needed!!
Cost(D) | | = — OPQ\J%

200 | <1o)

o ntoo :1>J

PS@l\:memg‘; no eﬂcoc&“m% 18 a prefix of another

A Q\ Ls can be NE(ES%H\QQX b& leaves T o Full \g”mo\v% tree
o™ (all nodes nave ither O or 0 chlldren)
Strafegies: © chedule the mosk \am}w& first @ lengt Trequent fect
(D nok opfimal, may ot be wotth adding 15 to ol others
@ bulld Ee free bottom—up — opfimal !

Fven %{:H =0 %\ni plek lowest \Cm%\m\cl% ’SZA &?BJ Rove
them and odd o new %QOV\"QY\% Boey= j}ﬁ 513‘ Tlerate.

A , - Conk (T

PSR AP NG

Selec:




HUFFMANCT, T, -
() & pﬁov?t% Jueve of win 7 value ,

tnsert all Fiato Q
wiile QLgize()>1 -
fa fe < Q.popl), Qpop )
5?@,(3\ —Fqt ?B ~ consfruct edge ’:SZCAQ\“B\ ->¥h \gg
Q. nsert (fpy)
refuen QL pop()
Qi PZ N&ﬁ o By
1 Tekhe optimal- @ ~ 93 ‘e lowest Frewvuem?es.
MY s can only feduce cost(T).
However, T Ts alvendy epfimal = L1 are direndy T place of HiQH,.
=S cowsjvmdﬁm% T with (owest frequendies at kottom T
Congiskent wiikh the optimdl Ts

= AU FEMAN enforces s at euery step
Rage Cage” p= — A/\B (ox\lx& petsible QQ(\\CT%\WU\JVIQ(\)

Loductiont %% — 4@:\} for (i) Jgraovue,m“\e&, We Caiy
reduce  to 0 %é%e(\{\es consistent widh the @p‘ﬂml i



0 gVQﬂr\kQ“Cﬁ\ES TS Selved b%IH = (o) VGC},\M\E\QS odso selved ! P
Runtime s 0 Toserks, deletes for max Jepth g 0 = O sy )

Masinan Spanning Trees

Tree - Anundiected, araph ok Ts o contected and G‘\m%cﬁc\

?ro\:er%i Wemo\m% a c%c nge dees oot dizeonnect a ampk

P(‘D &3 CaR1) Lany pukh does ok use edge €.
Ol . (B
. /—g = = TeWiad , dont -

o) U Tweles & (Urne ~2\)

In cose 2, we can cﬂ\m\ég conSkruck cmoﬂ\a(‘pcn‘(h wichout e
b toke Hhe © osther direction’ of €he c%de.. =

Froperfy 20 A tree witkh 0 verdices fos (00 edges.

Proogl; L ] +=0 —= O componratg

U N a2 T Jn €= (=) compenent.

Adding an edge Wil abways Rduce * oF componerts yd
Ls 5 the new ec&ge conpects two werfices n the Same

Companent, twill Tntreduce o cycle
= of Line Q\—Q) Hee wilbe 1 Cbmpﬁﬂeﬂ’k KQ&, Che 1“?@‘//



Progarf% 31 A contected %m‘gi\ with O verces& o) e&ge& ) aTRe,
Proof? fssume €he graph hos acycle. Remove €he
cycle ec\%e, By gmyeﬁg 1, ® = Kl connecked..
Repeo\% unfl ol qédes are 9of1e. Tt should have
(o) enﬁge& bg e @PQVJC% 2 . However, Since we. startad
weth Q1) 2dges, T means thok there ware no qycks
to remple 1o \oe%'[ﬂ wirth — oﬂgﬁmo& gmp‘r\ (-6 JYVQG.//

MIT(G=C(08), We) =>T=(N Eyst E'SE ot

code (M= ; We (S Mimized

Take o gready opproachl Add Bhe leask wrighted dge
fhat does 0ot Ttreduce a cycle ; and terofe.

Mdio Theorem: €0 Let xC E be part of swe MST T ok &

G0 SV be o sef st Ehere ore o @dges X fom § +o \FS |

@ et e€F be €he [ightest QA%Q foom St \-9.

—> X+ 18 Q. Part ot seme MST of &, 10f necssarily
the MST defined above.



S I N Consider | e
/4 Gxi) ee| = el (+e

Cage) & ¢T®T+e Mg cxcade
= _ &here hos 1o be the

\\,g,

X csuf'%/ Vo Liest edge Thod oty
T S S b T

Claxis We> BIe  Since & (s e @ﬁe&* eclge Tondto\-S

New, consider 1= Tia—510 Bg propety K,M,

D T still has () @dges By property 3, T/ Ts atree .

® ost(T)= cost(T)+We-Wp. By £he clain above,
crt(T) € cost (T) . However, Sinee Tls an MST )
Cfﬁ” = &O}Sfc (M. =T T8 an MST, diberent from [

[ FEX, eeT = x+e T/ wiidhis an M3T,
= xte 18 sfill apact oF some MST, albeit ot T bk T’,//

Kruskal's A\%eﬂ&hml a0 ovecall edges T INerROS ing Weights

Add  UF T doesnik nfroduce @ cycle ; SKTp okhrewise.
Clatm . Krugkd's fiads an MST .

Base Cagel X = ¢ — Pack of cvefy MST



Tnduckion: X=X+ sfillis a poct of an MST by he
Motn Theorem proved above.

—Emp\emewh’ﬁoﬁ; O track contected com\m\\ﬁﬁs &) Yy de detection
Uoten Finds MakeSet(x): mokes Sngleton et XS,

Fd ) Find fhe 6% beko‘\gg to. anion(y): hake aurion of
Ehe st contaliing X and, the set contatining Y.

KRUSKALL &, wh
for all eV wakdlek (V).
X« @ sork dges £ b% W
HuNIEE T sorted ordecr,

F Find ) 4 ey :
R&m%lme O Us()iiee
X XUHT o ot g,

unton CU\(\/> Q\E MCC&\\S W\ i en calls
\(\e—t we X ‘ooﬂ\w_oa QL)




The Unton Find. Do Structure
}%Xi XY= Pavent of x. CaNRCx)* belghit of tree uderx
hgcn D Makesel(x) 7 ®E T =X, Tankex)=0.
Tind O 2 TF o0 # x, Find ooy, elee ) ceturn .

for ufioh, connect £he root of % o rast of 4, oF Ve very,

How to chosse beturen x—3 oc XSy 2

Obsevodtion . #idimizing rank optinizes Mnd opRractions .
Uoton CX{LC/\ Nl M leads %o shallower 4ree., less

ancrskors tocall
(x, Ty <— J%TN)C»(), \CTnng)
1 conk () <rankCry) ©

T & (y # Ox goes “under” Oy

F conk € i) == funkary), tonlkeay) += |
elSQ)TYUé\ (% # Oy g3 tunder’ O
= 00y (O Cegtn) i, P4)

cow\‘)r{gg&

Runtimes. Makesek-> O, Find Runton—=>0(conk of covtesy)

Cloam? T8 conkGy= 10, Ahen % hos > 2 nedes intree rookd T T

Buse Cose? =0 = #of nodes = >N \/L/21k+flk:9_k+\

Toduction . C—=0%| +of nodes T £he first Tree £ second fre



fem's A aortthm’, SxXplot the Mdin Theotem (ike Dijistrals
X & ¢ | Repeok unfll |X|=00-)2
Pick SQV st. her are fo edges K crogsing S V=S
Let e be Ehe nifinum weighted edge Trom St \J-S.
X e X ) 785, X 2pans exactly 4 more vertex now .

> Ss jusk all verfices thok X curcently spans.
) LS\ = X1+
= Imp\emex\”( uding pﬂoﬁ*\é SUSIS (ike Drj st 'S .

Rantime 2 O( Qog( )5

Rocols Tormaule. > given bodlean yartaboles (X, Yn) and|
Clouses Cy) . (i sd. 90, Sither cfff) “;%m) of@ﬁm@:‘g
§ there an asSighment that satisties T= GG ---() sz
¥ (K UKV UX)= (KXo ) =%, (59%) is o sedid ase.

ex) (WNYn2)=x (wUin)

C\( Vi 'Z_} =>\\J (Z > i\o't 2ok 3 Tolole.
X = \é/—? Lrue
—= ¢ A ue = s S\ds%awx‘\s un satisfiable

CX N 85:7\/\)/—7&\'0«2



Geeedy Approach: setall vafiables to false. =k a vatable to
TW\Q O(\(% & ab%o(u&e(% (e CesS Qrgy.

HORN(T):

*X all vadisble x & X fo False

wbile Fap wnsaXisfied tnplicofion clause C-

S the (gt hand Vaciable o True

if any (\eéqﬁo(\ clause 18 unsatistied, eeturn “unsedis Foddle .

®lse return €he asSigNRNE XK, - -, Xpy .
Rugtie O( [T | wahere [Fl o2 % of clauses % vactables
Gocredhess . TH HORN(F) sefs o varioble b TRUE, 4hen T s
TRUEW gg&soﬁs%ﬁmgj aSigoment to T,
Bawe Caset k=1 = (=x) will be tawlly ¥« TRUE.
TH: k%(kﬂ) =K, - K R all set JVQT{Q\XE.XIRHTS the NQW
Vatiolle about to e sek o TRUE,
éz(—\\ A X, 00 Xikl—% Ki (8 £ oﬁla woy., which

L3 ol ot subseX of previous TRUE o\s{%\\mﬁ

2nSUTRS khak Yig,, 18 alwags sk to TRUE.




Claims HORN(E) is correct .
caed) HORN (F) omjttmirs a O\SQT%(\W\QV\J( (true by definition )
case2) HORN(E) outputs “wnsatisfiable”
= only s thowe verbles tobe RUE £hak are TRUE T
QURLY, SO\JF\%ﬁ%TY\S G\S%Hkg(\mer\ft, W T were safiefiable .
T then, some pure ngative clouge 18 &\wogs ansafishied |
=T s indeed unsalisfoble.
Canwe mprave, €he runtime from OFben) L
Tdenl 1S — Lt add edge (%,C5) 1F % appRars On fre

B
Observations, 1) 1§ Cx has no Incom’\‘ng Qd&QS) RWS ¢ TRUE.
2) Once %1 s sek to TRUE, we can vemare the verkey inek t

does not offect e nplicofions anymore.

> Tmplement usTng o gueue thot contalng all TRUE vadiobles |
= ofly recompite clauses that are affected by asdignaents \

Runtine s OCFI+0), where [Fl o4 of edses i gooph
¥ no clayges with 0 Tncerfing ec!%es = all voxtables set fo FALSE fewalid



D%mm"\c Proammm"lr\%
" versatile and powesful algpcithm design {ool”

L@ﬂ%&Sﬁ Pathin DAG DAG &N B> ,the \ol\éegj( Po&\\ fe\(\%ﬁ}\
Suberblen * LCvY:= le%@\ of fhe \OI%QS{ path eh&“lng ™\, M
= make subpropems such that b"la%ef problems depesd on Snaller ones |
Conteching Subprdblens ; Recurrence Relation

r\ﬁ:é; Levy= |+ C(“O\)XE(LC\M 0 Ywel, (w\EE |
> f\adve. cecursive ThpRINTTION (ecomputes Same [Cuod mangy imes,
le&chf@ to QXPO(\QIY&M €Tt = Stort wikh smdlest probiem!
Pusid Recomputallon = memotzation of [ Cuay vobues

T Jfopo\ocha\\ﬂ ottt & 3t all T6h verdex has ec“ges (7)) Wy >
— ek L0 =0 ForallT.

~Toral 1=1,..,0, sef Ly < | ("\‘?Z (Lm} O to “);“g“e‘“s
Rurfime . OCIVIHED

ngest Mw&lﬁg&x\s&mﬂ\cel ALl W1-=L length of LTS
L%Re&uae&fmcindﬁmg (O‘BGSJQ @cx&\r\ n DAG!



Consider GOVE) ek V:=31,..,08 Ei=fGn|i<s and atagos}

P PIPProo\c\\‘l 1) define an appmpvﬂw&e subproblewm RS
2) wrike 0. (eurcence celodion+o conect Wbproklems
3) determine e onder of conputation (PAG-stucture!)

i Distonce s X1, MLY L, 0] = i et keystrokes 1
1 keystroke terded fo add, remove, or substitute a character,
o) CAP = CUP (4 keystroke, regloce A1)
ARPPL-> APPLE (2, renre ), 084 E)

SUNN Y >SN — SNOY SSNOWY (3)

1) Subprdolem s B33y 2= EBIT(x[1:11,411:37)

ex) m‘Z Segptagéhgum  SNO) , ESUNNY, SNOWY)
7) Recurrence Relakton . edit X§ 1775 YT1...71, £he last step
has 1o be one of He three kﬁéﬁok@& del sub, oc odd



e - ) [uq BT e o - ) v
e - - - 959 (w] M - - - 95 ) e - - - 95 fea
de | H‘EU"MS) O\dj_% Tl X S\Ab/KeeP
S FG1) = M 1\*‘1:_(‘\,3*\) e m LT
2 diff o 951) +E (370
Bage Case” E(o,0=0, %5, Fo.)=E(5,00=]

3) Order og Comemﬁkoﬂi EG) depex\ds of BG-,7) ,ECT )3'\3,°“\PXE(LVJ\)

y—

“\ computing Cow-by - row or cO[mms\~ba~Co\umn
lf— — T sodistiet the ﬁQN\de% WTNMQMQ-
( il x| ‘Qﬁ S N O W Y
e [Tl T T p Tl o
vrell-nl BGoy e

sl o |t 2 3 4

l

¥jell..m] EoNe]
Sorall T (101,
goro\[\ 36 [I---W\])

[+ B30

E (1) =0 i‘*‘fﬁ“m

2
3
4.

o W

dbboe,yein
+ E (.\—‘j )

retuen £GVT) Rundime s OChm)
To vekrelue €he edth path, keep a bock ponfer to keep
track of which lost SJFQP leads to £he soludTon.



KI\CAPSO\Ck 'folmﬁ L;;)Q%\T\‘ Cd\g}cd‘% U\) me(%Wr Vo&@ Pmm (N\ J\f )
e

= oo 4otol valie. while ol welght <w R

Two yariotions & with ceplacement, or withawt repetition §

Wkh m{joceme)(\‘t. fhece should e o “last Hem” that wae added

e claim: whouwt the =th tem, £he wwmiin’irg
U s e anoptinal sluinto knapsack (-,
(C) max Jalue wohen cm‘mclir% C=Cr=b0

} Kley= N\cxxil\f + K(C~ W ﬁ Bose case © K0)=0O.

3) [\3\ T |- N S R D iy RS
Koy KO Ko Ko - — k)

KNAPSACK Co T ) wil-m )
K(0) «O
for C=1_.. W

K{e)=100x 3y 4+ Ke-wi)3
cetucn (KCW)

10 (PPlocemexx(:i recunrence fesds to “car \I‘%) which were Picked!

(Ve [ear ovde\:u\é A

Runtime OC(\\/\)) 5 ev\poﬂe(\)ﬂa& w0t
= { 0g (W)
S [ﬂg’sk QQ-TV\pu&

i) K(Cﬂ ) - MhoX \alue when quu&fré C=0..\ using cm\% ?ﬂ\&ﬁ .
2 Kee 3~ KCC5-1) Fe<ws, whek abowk > w72



— mox ] Kcc, 5., W+ Klc-wy,3-05 1§ ez w;,

ot wed any wogy 7€ Them 8 uted | no mareof

Base (ase 5, K(0,1)=0.
3) 0 L-D madeix wikh dwension C, 7.

fow~by - fow or co\wvm—b\é — column, both wodk

Runtime : O (W) Ceoch ey takes Gciy )

—> Mo (1, (1), (Y\\AHTPRCAJYTOI\S

Choin Matex Mulfidication - A Linexot ] BRI 1= Coinom,]
T§ we fove o secies of mokouls, AxBXCxDx-- -
what s the best PN‘Q(\J((\QZO&?O“ Yo caleladon

) Ax B =< C =D

Sox20 \ >l (o X100

( Ax(%xqwb — 60,200 nultiplications
AX((B*C)x D) — 20,200 s

(AxR) x(€xD) — 00O muls
Toput: A‘ ¥ Ar .. Aa = qfiimum 2 of o FipfTeadTons weeded

Moxing ! “\ XMa

i) N\ M(& M—M(\ £) M, o)t Mo Metg

(AyAe) (Ak\ ..... Ax)
MC LT = Minunumn % oF m\M\\D Tl lons oeeded for matrices A\, LA

L ook P(‘e(‘txes 00y move, Can be any consecudive orders!




M n) = the Final answer we want
2) M(3) = i, § Mok + Mckn ) + i mgs
Ls (A xA XA x--x Aﬁ configurakton
Base Cage ¥10,M,13=0 Coo teed o mubtigly, anytiving)
3) Obervodion : Mz, 537s only Volid when 327
k=31, Mai5) Ts dependent on 7,5<k

i-i=o

i s Ma.3 o(\kg uges the “lines above”

Rurtine: O( 2x ) =00y

So{u'ﬁd\, Ql ) )

Co«\mo(\ Subp( aben SJYNCJV\M S Zﬁ

1) ek ¥ Xn and &uwroblem\% Rest 7, X, %
2)inpu X Yo LY Yo = XXz Y, Y
3)input X X = % Xg (T the widdle)

Shoctest Pakh 1o G\m@hs ] e&%es WG ne%dt"\\le \DQ\%\G&SI
s Eﬂég& \Sr wikhaut: negotve Cg\c\eS %ﬁi‘;:\(fjgﬁg

DLJ\<SJWCAS O(@*W\\QO%(\S Rellnan-ford — O W)
M— > (O oy (DP \DrolewQ




dlngle Saurce Shortest Prh(SISPY: GOV E), We 3 >ditw)
1) distCuyi= Shortest poth Toom S toV for ve\

2) disk(V):= C‘mQEiLc\T%%CuH W %v

O @V T 2 how fo reso\ue”c;\e\ﬂ\deﬂdegz

= Need o redeflne the Suh\b(‘oh\emg

1) dist(u/k) = Shortest path sy uitéh ot most k edges
L Base Cage? dstE0)=0 | dstQ,0) =0 for vE /153
2) Case 1% Opﬁmaﬂ Path tokes less Chan K QcﬂaQS i

Stwtlor

Case 12 Optimal Pokln needs xactly ked%e <L erpiai Sl

coge L cnse T

b dist (v, k-0 vs dsbu, k) + Wy
= Jist(v k)= W\mio\\sﬁ(\f k) Mt %cﬂnst(m &) Hfdwﬁi

) wv)EE

3) N\QQ 0‘(\(‘)@“\% {'D QOW\M& k"\ ) [\ PW\M aumber o edées

SeH%H\ withowt eycles

Ruptime OU\ QOGO ol s Oomy (B-F)
= \}th Swilar fo B but B-F can feoinate fogker i ordev"u\%k o

(B-Fcon update mulfiple verfces correctly tnthe same loop)
= Tosted, S38P ges all shorfest pafh with at most k edaes|,




8S Refiable Shortest Path: GIVE), e, S, bound B = sindswd ;’:i“e‘:jées
— just cefer to dECY,B) Trom SSP!

All Fatrs Shortest Bxths s GOUIE) w — Huve\l, wivimam $Tst ()
= Runding BT 1 fines foget all pots — OG0 Kine
There are orrlappiy Computation w & : £>>‘—>-'
O(Tglg (UV, ) = shottest patly teov with ot most k eA%es %

= skl gves O m) 2wlution becouse no tformaton abowt oveclap
Ddist (U, k) 1= shortest guth weov Hhak tokes veeticesin {1, K§ ony
Base Cage " dlist(W,v,00= Way (o oddtkional vertiess \isited)
Claim on e shortest pafh ursy, 00 vertex occurs tuice .

\Y)

Rock: :/NV.U__?/.V cgcle werw will only Tnerease the pukh
2) Cose It doesn need the k-£h vertex foe disk Cun k)
Case T inc mch\g the k-th verfex Tt the OJPJWMQ
5 can be excluded |

Ls distCuv k) i= 1t 7 dist b, ke d\sjt(ukrﬁﬁcl stliv k07

3) dCuw k) depend o0 d G, k) = Ocoy€ine
S 4 7eV, d( 3,0 T Ere Shortest path T~ 3



1~>1

Teovelt gy Salestan Froblem T 0 cifres, ok 5 G#3)~ i spanmiy cycle
Brufe Force” Enunerate all posdible paths = 1} o 0" paths

It Ciyz= cost of wnimum path £ ~»3 = 00 teformotion about path !
Stgfificatlon: TS cun end n any of €he 0 Cifies

= C(5,7):= 528,08 st 50eS leash cat pokh that .
@D stacts Q{_hocﬂei @\umg&\ Q§d§g)m3 @ ends T node 3 .
- roué‘(\% 1 X0 subproblems (betker fhan )
//\/ TEI\11,37 sk 11s the lagk node h&oreg.

= Ccm T §CS\i, 1)+ dig

Base Caget C (313, 1)=0,CES,13= 00 for all (S22

Myj+] CI4335,3)= dis (nost simple path Toorg usk T-7)
=> (@S5 = @EQ@Q(%\E&E, ) +di;§ when [S1>72.

CBN= M*dl 5 =, when |S]=2), (eysfuckek defition)
So\\ﬁn% e actual TSP; S\%?C (2% 3 )+d; fgwes closure {~>1 |
Ls peed o tost I SR sepem‘rel& >0\+\~0(1 -0 —QC’Q“_i)t\me

When cod”\wg, usefu] fo pull et €he (S[=S loop to the eutermest [oop.




Iﬂdependenjv Sets: for GOVE) IV atvuvel (unégE
gool s to find e (argest Tndependent set T:=Tnd (&),

= N P-hard, but tree problem (s easier.

Tree Max Tndepandent &t Tree GCVEY — Tnd (61).

1) Tevyi= size of maimal Tﬂc\eeendehjv set of sulstree tosted ok v
N Tewy= Max] 2 Tcw 1+u%@)1cmimhem%Cﬁ“"ﬁmd‘““’g N

uecw) Q= grond childrenof-v

Rase Cage ® Ten=1 i visalesf node (= v has no citldeen)
3) Compurte leaves fo vt (eed o dupanically bald Can, o) 7{&

> Tmplenentufion ag uron-Tind (tke. pavent strucure, H\e(\g J{?@E@tt
enforces D AG!

Runtime > | Tnear weet. verfiees Torall steps = Oy time

Knopsack Revstted » whak i w; < ore mulfiples of m?

l - -~
of ---- R T R
m \m)\m\w P me@*@ed%ﬁ, ly\oo\JYEa b% (¥

L> there are subprablems £hat don't: need fo be congidered of ol ¢
= toke o hosh toble Tor memsization of only relevant values

C@ﬁ\(\ ngﬁ\mﬁ()ﬂ PVONQMO, Xy, Xy —> Mo & o} cos WSSHLBE

S0, V=(S = (5,10) x=(5,10) u=D-> wpossible
- Sl to kmpsock, but enforces exact W\o‘mh“m% of value



i\ K (v} 2= wiirimum % of ¢ s needed o que dl\mge \ (o0t fW\PcfssTb\e)
2) Keni= 050, K% £17 = notucolly set o 00 78 0 solion e,

Boge Cage Keoy= O (no coins needed +o match c\\w\ae of 0)
3) Hherate 1 4o\ — Tuplementution can ¥ 60 T4 o subset exighs .

Ruofive > sl OCun)€ime

ear PCO%C@W\(Y\I(\%\

(%,4) (X+4 200, Max(X+3y)

Real puwber variables, Lmeqc Qo(\&‘wcx\wh (c\egreei polyrontad), Lnenc olgective
ex) W\M(Xﬂg) X43 ><+5 <5 }3 3x Ll 320

Tn 2-D) every constrolnt 1§ o ltne.

Ola  Ta 3-D,cvery constrnivk is o plane, and so on.

A oot xis Seasible T T safisSes all constraints
The set of oll feadlble points Ts o convex €€

~N
x4\ 4
T FQ\S\b\ TR A {- 3 Q Q *Sl %
Se: C \S convex P&
< R‘igko(\ 243 —__k P P SJ
= e = the. [ine comectng pand PSS,

\ X

The op‘mmuw\ of o (near program cay be adhieved ok o cocrer

L Tobuition, Move Ehe obiective funckion unfil it touches only o £7p




melex f\\aoﬁ&hml A S&nﬁa\ﬂmww& wagy fo sdwe, [P

= Stact ot Some Vertex

~ ksep moving to 1Eighbortng (e fices fo Terense the ehfective,
= \/\)‘(\5 18 s even an effective S&mjrﬁ%%z
To 2D, o corter T3 an wiresechion of two lines. /\'Q
Ta 3D a certer 8 o irkesection of s planes, @

o 0-D, a corter s an kersecton of 0 hyperplanes |
' ?’w\d"mg & coener Trom 0 constroints @ Just Solving Sgsten of (rear 8.
= M conskraints T 0 dimendlons — (M) 4etad corners (= expn)
- 0ot a 800& dea 4o PR form fnear seanch o§ all cocpers
= Therafive tmprove et with Simplex T8 expected fo be better
(Stwplex couldl £ake exponerntiol €ime, but 1s efficient pructice. )
= El\'{pg&ck f\%oﬁﬂ\m“ %" T teclor Point Metheds” ate protably \Tneac,

Nowl how do we Find €re " (\Q@\boﬂﬂg corners 4

> Suap one eft Ehe, constrints (egpafion) o anotherone |

= Also, we, cag prove €he opﬁmuﬁ"ﬁa o 0. CoFNRr b& l”meqr\\ér
W\uﬂﬁ\pu)voxjﬁf\% CoNSTOINTS



Eclge Cases., Noteasile (Q%To(\ (infeasible) (bouncled Opfiman
W\*t{‘l\f\% L P with modices . X, Xne R

QX+ - -+ Qg Xn é b /7
Lz <YL AR <E

m\X\JV T *GN\‘\X“ S bm
/—3[C -.Cn7l

madwmize CiXit- - X CXng = C ><

1P Duo&ﬁ\éﬂ
Pma LP (o) Dual (e
A<« [ATE:E
MAX(E e 1@]) MIN(E & JM
1320 13120
%Tﬂ\ﬁoilg o duad of Hhe dual s £he Qr’(w\od_
Primad P Duad P

0
l// PP P O OOl L e O ’_5&2]

//////////////////Q/
me« Dudthyt (=it L (Aagdats) (bydefittion)
SJCM\% Dualz \J%.. If P 10 s bounded, OPT(Benel. ) =0FT(DM)
LSTE Primad P vnbounded, Dudd LR s Wheasthle % v versa.




Zeco~Sum Games & One plcx%er g, Ehen Ehe o (oses.
2x) R|P S > The row P(aaer ée%s Aretca @

RO~ | column P\O\Eﬁe’r loses ACeICeT
A: O after eacl d\m{u\% cod .
Si-1}]O

\olve df £he gae i= Po% & of row Ed&e\" assuming opfinal. strakeg-
There ore cxc‘m\[% fwo verdions of €he game who q0%3 Tref?

L Cow plager goes firct W\&X( mm(AE@Eﬂ) coniders ke

opponent’s behaviour

Ls column P\CL%QV goes Biret® Mo WAEFEEC3> P

(.sec no Move

= ﬂ\e Sew\& p(O%QV \S ﬂw &%g oX Qf o\d\mﬁo%e (N\MmmAﬁﬂm gmmem[qB
Pugce S&m&egé Player &ekrm\m&hco\hd Sicks o tow of

Mixed Sfmfagé Hck&{r picks 0 obolol [T tu, JckrTbii ower theie chotces

-

<) - A2 Rl Preeas'a , Prea1-% —=(Pi,P>)

20 | -30
J‘G‘ Column’. Prfe=7=%  Pefe=27- ‘/3%(%\&?-7
(ex

P%QH Elpgl:=2 3 Piés Arrircavhere L = E‘;%E o

PEep %

\odue of qane. Mg\X(Mq;“(EEPJ%]» or %7“0\]\%\% <E£P ﬂ\)
A (row S Fest) Ceolumn gpes first) LPB



bs e can wede [P gov esch QMR BYRvARES
- [_PA ond 1P, il be duols off ench ather = Same optimum
= Ocder of the game doesp't mattter any more, !

[——PAB gi,%éﬁ[ [\SL/‘\}:E{\IE [ZOPl%\ “’gQPﬂﬁ'\’ ‘O Fsﬂ,\ -\L{'O '\)2172]]
where P\’\'Pall O\Y\d\ qv\’\‘c}g = 1 .
Obseniation” The secend {D\O\%QF odu\ou% deest need

o use o nixed shroteay ! (G?\ and Q.5 0 b‘wmé conpleteris )
) PO, P05 SETpq1= MG+ g uhere %
L>E[GP] becomes QKIY\QO\V crow\bﬁk\(\ofﬁsﬂ 051 GV%JLM AN eneL

> Tn obher words, Hhere will alwogs be o best strategy given p
S Mmi [an {@wo,wb «309\+Ar091§ 1

(9=1,9:=0) = 20 +1Opn

= Termdete o a0 LE 1= mox CZS where
Z <20p +10ps | PrPa=1
%Z < 20?\ +\0 P2 PP =20 .
Ls o@&mﬂ(@.)?l} will give the o@ﬁmoﬂ ﬁmﬁ%.

\_PB> I\SL/‘\‘,\A\.XV\%( g‘?&j [ZOP\‘}\ ”%/DP\CP‘\' KD ‘321\ J‘L{'O ?2(172]]
whexe P\’\'Pall OJ\Q}\ %\+C1>1 = /L .




= sl Mox | ho 208 58,5 |
= [ Pyi= min(z) where
?Z > (O‘}\JV‘(‘O‘}VL %\Jﬂﬂ:i
Z 2 10017\‘3@%1 4,9 =0 .
L opﬂml (%0,12) will give the. OP’F\W\O\[L SJVWJ(%%

Observodian’, | Py and | Py e duals of cach other

= \%% Sron dluo&)"\%%l OPTURN =0PTUR).
= Tor Zzero=sum 9aMes, the ocdec oF P\O“C’y (s frrchongoble.

Mosmun Flow

Sekup’ 4) Directed Grophy ((U,E)
%C&p&&ﬁ‘i& G ¥e€E S—=7y &

3) Soore S Kook T Sol—

> (hot & e moxkimum wate
of Slow Srom S 4o T2
S-t~How'= QSSTgﬂmQhJQ QC:E %R)V Such Gk
1) For eadh Q&@Q e, Hlow on gg < Ce, CCapacI‘té constroing )




2) Gor all verfices v, iatm— 2& Ccm&r\w&kw\ constraint)

= Max S~E-flowa = N\O\X z&s_, \)HAW@(\)
2\3—)[&%’[‘&\)
N%O(IHI\WL %CML&(KH@(\ RE?Q(X& the {zo“omma

\) Fid on 3—€ Pcﬂc\\ P thod has @; faver CQPC\C(JK}/]L
2) Add £he Flow c&o% Pto e Curvpt How

= This algo('iﬁbm falls. Consider €he lao((odn& 8m\{>\n°,

\ DN SSASRST (1)

@
®<7 4 @ 2) BT doesnt work Reowse BT (s
> ®/ &iYE&QX& sockucated, B& the Tiest &GQP

—> Terwnate | Flow=1.

L (e coudd have chosen (\}é >A =T ) ond V)SSBT C*\ll
= e feed o wo to “Backirack" aur migkokes Sof=)

Recidual G(mP\\ Gig - meosures whot capacifies are left T %_PO\P\'\

G, > (35"
/7 —\
® J) D — @F7 )
@R \\>c:g

The tew edge R=>A s ”mars”mgr” the Slow oft A1
(We fave m\\ocke& e oty to send ene itk back from B 4o A)

CeFe

a;*}CCE ’ﬂ—- & witll bhove 'C;j‘ (Co tCu=Ce)




Execsfion: Find P on & | coW\pque G{lp. CE G(]ep. Repecﬁ .
Q{%“\omé f\(%umew\‘cl Teut L R) th. 8el TeR where
the flowy LR T ot motk the OpﬂW\&Q Hem Stk

The Copocity of cut ; Cap u&%(LlR\ = Zﬁcw | vel v &RY
> weak duolity!

Clow: Tn a0y %VQP\\, every £ How< Co,\mf\%\ of every S-t ek
> " vtvong duoltty”

Theoren: T ony qraph, M -t Slow = Capacity o &+ win-eud,
Prood 1) Brecute. the aﬂgo cikhm. AL teewtoafion, ther is
p0 more st path T the residual graph G .
2) Copgider | = SSEJV &) Verflees ®achnble b& & poth Trom S 10 &i?i.
Then, R=\NL. Ths (LR Ts aeut:
3) Z{ N0 QC%Q Jeom L to R T Gy (GF reachoble, # wold e Tn L)
<> Bvery ec\%e Seom Lto R 0 G s Saturobed (Cui=Ce).
NI \f@ﬁge € Jﬁrom | R , ge:Qe_ﬁToJmle i Zce }
Conclustons: 1) At fecwiinaflon Freuk with value = Jlow ossigned
since all Flows < all et cooC Ty ' they e anly el

when oitn-moxxed |

= At teeminodTon, M@/Mﬁ”j-



2) (Cocouar@ In o oetwork GOVEY, 75 all C&?Q&Jﬂe& are WYQ%QFS,

F a mox Flow asgignment witich Te oo Uctegral |
* I genernl, LPsolutions peed not: be Tirkegrollf

RBocfect Mot ing. QLU E) wheee | \=lVl=10.
Ls there o pecfeck mofehing brtueen o cmd\ \/ (1 fo-1 W\O\ch‘«\“ma\ﬂ

Mateling = A st of digjoint pairs, perfect meteiog: © \ler(’r&clefc&ge
* Forfect Matching ceduces to ftnding max Flow!
s add souee % stk 4o only flowto U and \/, es pectively.

J’ "N \ Now, compute the max S-t How where
< B >® all eclge CO\PO\CN\‘HQ& ace 1. Ther\J

\\1 L MaxFow=0 ?mlsev{:edc mcrkch”u\ﬁ )

ASSI%M\Q(\{: Problemg’s 4) 0 sehools with capaciy ¢, <o
2) m children with st of schools Chey can e axsigned. o

S CIGISN F):=Gupek if ahild i con goto schoel ; (ieU,3e\)
= Tuen o Tnfo o max-Fow st ®ﬁi\<—‘d5§%§&h°°(33_’® and
cach schoe| has co\tscxf\&& C- Jor the %A%Q to t .



(D(Hc mc Sce)pe) Sol\f\ﬂé% LP Vi Gradient DQSCGJ\JC

Optinizatlon Vs Teadhility.
G Maginitze (T S Fod x sofisfiin
subject o Ax<b Px <9 Cao objective function)
Theorem: An o)gorthm Jor Em@&mg oy | Ps
= Aq algortthm for Opfimization o7 | Px
Bt s Gien an optinization probie (A, \D,C\)} cotvert the
objective tundlon to an addiFonal Congtranrt >N
The value o t can be bounded Gty via Sinaty ateh,
gwen an algortkhm to solve For trs %Qaﬁlﬁ(ﬂ@%{
= (e can Tows on solitng Feagibility of Py

€ - sefofamy [ne? ang e ) et p* s on one Side and
P 13 on £he other Tde and © ot least 2-oway Foom .
Fotnt Pursdit Glame s Alice Ts of paink o, Bob Te ok paint D

Alice Ts g\\ﬂw\a direckions o Roby 4o ceach her,

AE cound £ Bob Ts af POt \DCH. Al fls Rab fer
SRperatig (ine ketueen P* and .



k)

Bob upo\cﬁ%& Ifie \ocatlon Pe— P

Bob's Strafegy Move, €-distance divectly Towards <he
ssperuting (ine. Repeat with the tew fine.
S Forvally, 1 (e glven Te axtly=c, Bob mowes € aﬂon%
fhe divection | 4o the ine= P*'= OV+ &V where

V=(b,a).

Clotn: Toeach Herotion the Square disfance between
Altce and Rob decreases h% ot least €7,

1 dit () < disk (B, ) — €
P .1\{ i Bé cofokion and ‘t\(‘o\v\s\aﬁov\, meve, P* o of@o

and make L per eemd?cwﬁar fothe x—ax\g,
o] Lek p%= (). Then, P= (x,g-€).
: disk (p9,pH)= X+ dist(FpH)= X ed e
£ ¥ erence = Q- e, Obserie fhot S7E,
Then, diHeence > 22— e? =< This, o™ il be ot
least € closer to P* W Sovmrecﬁ distance.,

J




Outcome : TT distance. dist(P, P < 1D, Hhen £he aame
fertnates T O(P4&) steps. This s Terespectie o
Alle's SJ(VUJ(Q%H n dt\ooéh\% (es.

| P Fec@xf\\?%i Set of fivesc conghraims Ax<b =>TTd % Scxﬁsfvéf%
all condifions O report Falure.
A weaker 800&1 Fod X €hat (s 8- close fo &(Xﬁgggu\g o\l cngtrots

Moo Pomt . Toleded constramnt &= Se@emﬂ\% e !
L point D Vidates come constraint £ < £ Ts o SRpenufiq [Tne

befwesn p and some Jeagble point p*,

Algortthmn Jor [P eodlbiltty-
~set P« (0,0,

] fOT‘ '& S— @ .- T B /ku\g wraker £-close congtraints
— check £ PJ‘ safisSies ol constrawts. I 4es, TRtur(y P&).
— et | be avtoloted conskeait. Move ?G') Qﬁm(ﬁl& towands

(et )
+o P (o oluce P i fm;ﬁ \&2'2 ;séﬂai I

— odter T Hherations, return 00 Peasible sdufion wikhin Jistue €. "




- seperation orocle’ o subroutine for [P Enat ceturts one Vidded
¢-consirolint Jor any paint, 1 1 exieks. TF ok, cebuces' safisfied "
> The flrst step of Qe %mﬂg\\"\{é algo cithm can be eplaced ot (s,

Fare Week Allocadions v workers, ¥ unckert ) {&liﬁg}m‘\:\' ﬂ;k )
total work W), Hhen assign work to workers safisTying constralie,

]_PZ X 1= Work QSST%RQ& to T weckes, PR NN RS R

Foimess: No =t of "4 workers do more Han WA work.

N AININE =V, 2L WA — (% ) o¢expln constraints!

Skperation ofacle’ Sork Xy pick S largest vdlues of 135

check 1§ 2% SWA = LD solwer Ts unplementable |

£-seperofion e pawier ful enough o sdve. Tnfinitely mony condrif
%I\'Q 0 an efficlent ¢- SQFQFO\JVTOI\ orace]

ex] find @ POt on an ower\qPPTna regon of ciedes ¢ - -Cy
1§ pEC, atangak to G dirs o seperafing [ie .

Cels deffied b@ G % rany [Tnear congtraints < Convey sets |



Search Problens, PLNP

G o o&m&& Tind efficient choﬂ@WV\ for any opﬁmﬂkzajdon fask?”

SAT: Tocoda B (X, Xa) = Scxﬁs?a"n\a cx&g'l%nme(\rt or report None
L Bruke force Hrgmé all QSS%M\Q(\JYS) Ldes O tive

s ot has an effidient VERTFICATION C&%Q;\J(\(\W\ Sor o soludon!
= \]eﬂ%(@, (X, %n)) — output BCXi,..., %Y.

Seacch Prablen: A ?ro\s\em £hat has an c&gcﬂﬂ\m NERTEY
such thot o pro POS‘ecl sdution S canbe checked T poly.
time w.et. €he stance T = VERIFY(T,S):= True/ Talee

Class P search problems we can Tiod o sdaion o poly. tume.
Class NP; oMl scarch orcblems (we can veriy a solufion fn poly. €ine.)
L P NP

Lemm) Gmp\\ 3“@)\0{\!\%6 NP
Rool: VERTFY(GUUIE), c:u=1RGBY) = odtput 11§ ¥cuvyef,
CCQ# CAVY and CC\DG%R,G,B% 5 EKSQJ mﬁexﬁ( .



\lertey Cowrt GLUE), bound b= ACV st | A< st YCumeE,
ueA OR VER  or repork Nope.

Lemma) VC NP,

Proos VERTFY(GCuE) bY, A) = outpdt QT [AIDD or Juwet
ct. ugA AND veA . Else, output 1.

Fac%oﬁngi (=P, (pg ore loge prines) = p,q
Lentna) Fackoring & NP,
Proof) VERITYCN, (pp)i= output 1 iF N=p-q, O ofkrruise.

Lemma) TSP with bound b e NP.
Froot: VERTRY (0, dry ) Te =11 1) 1= ourput 14
&f&ﬂm* ' Cirrﬁ AT <b AND Nl -0, TC\)?EFTCJ}\‘:#\\

Rudroto /Hanitkonian Céc\el GUE =T 0y st (Teo, Ten),
(Teay,Ten) €T,

| emma) RC/HC € NP.

?Coojr:\)ERﬂ:\/ (6(\),1’:\) T:‘Ll.-.wﬁ—v\li = Ouﬂm{i H\YY T, TEH)
AND (Ten,Te), ., (T, Tew) € . odiprk @ obieruiise.



Reductions

(—)

A ceduces 1o’ B, 1 A canbe Tnplemente) R T poly. Eime.
L> an o&aoc"\‘d\m for B g\e\d& an algoctthm o A

=B s ok least ag hard g Al CAL R).
A\ao(ﬂ\lc\t\m l;0\’ A

In%‘{-omce T T Plgortm for B
N M9 hesyas o
—l——B ’S‘(l\ Sy e R\CS) soluion for A
BN N}_zﬂ‘_\gm * JNes :\\Ax'\‘Toﬂ

Keduction needs 4o specify funchions () where 4 ,\\GPJ and. i
B oufpts S as o sdution o FT), theq bes)is asdudlonto T .
Also, 14 B outputs None, Ehen no solukion exists for T as well,
B34 T has o solufion, #hen 1) olso as o soluflon. (zosker to provel. )

&) Rudrofa, Cucle — Rudrato. Hal§ Cycle Creed to visit ¥ verfiees)
?C

o REC w6 | W
T m
No céckif\(rl' - | no Cét.\en\\'\ & '

F:656 = F=E V=100, -, 20) Comi) (17

5 odds ) exdro versies nok connecked to any othrs JeyKlces .

e E) '




lemmnad) TCh €P. Proot: Tdulal. pi

Lemma ) T C s 0 RAC &', Ehen h(e)=C Tsakso RCinGr.
Proot: C does notr contan werfices @il), . 20 Also, [Cl=0
Stvee N=0n .= C contalns all verticees ... 0 md s O\QC%

LemmaR) LF G has o RC, then 6! has o RAC.

Mool > Let C be £he RC G, Then, C s dso the RACTW &/,

=>RC—=RHC. ,

o )HT-> 3= T (cach ouse hag ot nat 3 vartables ).
Reduckon cngumew\ﬂ 0 clouse Tn SAT hag more Hhan 2 vastabl,
(aN v vay) tntroduce voraloles Yy, -, Wis. Then, spiit
0p the clouse fo (QVON Y AGNEIEIN . AT Va0
Call s procedure For ony @, 4. We dso need. hS) 4o rcover a
Selutfon to & From S. hesy sust drops all y vecisbles

Lemmﬂ g }\GP Ptoo%} Tewiad
LGW\MQ\H Gwi=1(¢) hos qm‘r\s%ma C\SS\ax\m%)(, £hen ‘1\(%) afieties @ .

Proot 47 st 0.=T. then, (.- N =True.
Lemmck%ﬂﬂr @ hos a %u&“\s%”\v\a ALSIgnmeNt ) W olso has ong.



ProoT: Let some 07=T. construct U Y tobe True and
the rest mﬁg Variobles to fulse. ,

Composttion o) Reducfion: TF AR 2R—=C, «han A—C,_
Froo¥s 5D = TaelBa(@)  ho(S)= Posl healSY).

) (&0)-Rudhata Poeh — Rudrote Godle £
6,5 =>E (W EY. V=V LIXS BBV, (1%

\—%'RC'\U\G\'
hecy = C N\ TGS, (¢, 0%
15 RU‘\J{‘W\Q O% ,SZ Cm& k\ ofe Po[(%r\omﬁk&l. Trﬁ\\)r(&,ﬂ.//
9—) I’S‘) Sis o RC Wy G', then h(S) 13 an GO-RP i G, ol
%) CONSTrUCIaf|

3) T.% G k&s an (S6-RP Tr\(\x, then CYI }\QS Q RQ

Creutt SAT - A Roolean Cieertk C (DAG with 5 Kinds oF gafes)
1) AND X OR gofes wf Thdesree 2 2)NOT gote o/ Tndegree 4
3) known onpuct aa{'es £) o known Tnpud qotes
— assignment o unkaowo nprk ques st output gote <valudes tTRUE

Core Aﬁéu\x\en‘ci Cteatk SAT — SAT



feey— ¢ gofe n dredtt C) we Wil itroduce o vooble 9. %\'ﬁ k\N\ng)

*rue gate = Q). folse gute = (g ). o gode 73{“ g‘ g@h\m}
ond 8&&%—‘; Eg:&; A9 = (t\“\\[ﬁﬁ N VR Outpuk gt > ().
1) polytine CElal)

2) h(g) T S (u‘nkmw“ nput gokes
3) g[\nem a. solutton for C , We QN Scﬁ"\s?& the SAT clouges.,

So for RP-~ R G SAT ) | Al seoech probolemng
SAT
HRC
v X 3%A7

NP- Congleteress” Al offier search problem reduces fo Tt

Lenmo HAENP ) A - Cloaitk SAT

Proot ™ VERIFY(T, S)—10,13 . (poly tine Tn L1,

s Crpmez, ()= VERTRY, (Ta,0). = F0=Cugerun,.
DANEP (i VOUTV\% RIS 2 E s QOl%ﬁme his Tdew\ﬁ{%\)
2) S o coldion Fo Cireak AT Hien STs aseludion fo

) I S has o sduffon, £en 30 doos Cyegrpy, 1, -




ex) 3-SR T — Indeperdent Set ((GUE), = SN w85 e
NLOG[ each classe (n B hag more Hhan ene vafable. 00 (&L ik

¢ = (X\Jg\] Z> /\ (X \J tﬁ) Yoc each \!cxr\ab\eJ mjrro&\me o node,

. £° %] connect all variobles
GC. il ) wekh T nego’ﬁoﬂ,

z

Let 9= # of clauses 10 @, GLUE) = the graph induced h% s
1) Transformation 12 Sounded by # of clauges X varobles .,
2)IS 10 Kof <ize q, then we can construct a mﬁs?a?n% OSgOment o &,
- Pleks exackly ene (terol in each dause to be TRUE.
2)IF Bhos Sak"\s%"m& assignment = an 13 1y & of size 9
= Tndependert Sek 18 dlzo NP-Conglete !

ex) Tnderendent Sk —> ertex Cover (G0E) b>SCV,[S|=bst 325“\3553))
ﬁz (GY)=G, I\J\—"gj (the complemenhx% terfies of 1S Ts o verkex cors! )
L S m& £hen ¥ un 6SJCU,\13%E.TR€\\, yeek, ue\\S or vel\S.

()= \S. = ertex Corr & dlso NP- Comp\e%e |
indin " 0. <o mplete gruph {"sne%

@ Tndependert St — Cligie (GLVE), 3 3, \§1-g st. (i Sot#)



56O, )= (E Y 9) st E=NUNE (e oot i edsey)

cemp\emen‘t et o} e&ges

3D Modching: nbass, gick, and pets, greferace teiplets {bg
—> f\- cﬁs\}oﬁxﬂ% JchQ\QJVS (NP -Ceo mp\Q&Q)

QX) ?JSAT i ?DD MQ’{'C&\HW\é_ ((\Qed to Ttroduce o 8@&%&£>

° (False) CY‘I‘\LQ-§
6100}%%{1 ‘ — Po LD, free [ or (P\Q*P?? Qe
o = (b")%'“!?() J(Lt\%l )?3'\ (bﬁ,g\ )P“), Ch\)é")?")

Ls 4his can ack fike an on/off swikeh!

WLOG, B=0¢ 0% )= RY oo

- W watk fo restict eoch X and X fo apprac ok mosk 2 Limes.
L change ol X o %7, and add clause CRNX2Y G \Ixe) - (K VX,

+o ensure oll X are of the same o\&f\%nme(\&hlwc c=(x\l'g\lz§)

Ty

x ‘Po\a/)—} PQ_& PU'Z_ F‘):.
MM-.SSY by \ai\r‘ bz

9=Tolse))
Py P2z

#of voriables L
= currently 42\\ pets and Qntwﬁ qirls L boyg - ntroduce. (2n-m)
‘\%ewxero&” bo%g@‘%”\f(s Lok conloe Po@re& WU any Pt T o 8"‘&&&‘



Zero-Ore Pauakions (ZORY: Asio, i —>XeloR st. Az =1
ex) 3DMQJ(Q\\\ ng —> JASLS

0 preferenc®s 5+ Eplets

i )T y " )Tn QSSL%(\ch fo Xi, Ky -5 Xa whece %=1 T
i oot o part of the soluflon, and X=1 1 s

P a3 T; ndludes by

00+ |0 - -- |-~ &0
£ ! W

-0 the first cow, sek ® kol on\\(&r
for £he colum for Tr nduding b
L canue foc ol boy?, then g"u{s i \)ejvs.
~This enforces Ehok all boys, g, and. pets musk be sdected encel

QXB Z0H—T> RC @QOE =>RC w E&T(‘e& Qo\ges @RCw \xﬁrecﬁ e&ge& %QQ)
RC wr paired edae&: 6(\),E)JC QU:XE)—»ECQES&_ NGveC, YOR(UES:
@ Z0E = RCw/ p&”wac\ e&%e&

90 - - - - Lg‘ i XF red edge = Xi=!
?k\.l,oo -1-10 “lﬂm edge%)( 7

l'X\Jf \'Xﬁ [¥n = \ — (e‘,mj(%,?z\ J(Qg,gmﬁ QC) m\& So %of&\
- RC olso constroins 4o choose between (£4,5) and (&1,2,84) -

= each cow mulfTplied by X will have to add up fo 4 #f 3RC!




2 RC w/ vaeci e&%eg — RC (Yeo tduee <ize o% C bé 1)

a (LN s ,Sl ‘Q 3 | b
(019, G . . | It U
( el — en’(m\g\e& = B ger kﬂ‘ v A
c A c ————%h _——aJ

= Liis 8&&38{: mplies €he QhJccma\emehﬁ without an QXP\\CKJC congkratnt |
(ryTng o ik fo the wrong side Ca—cy,(b>d) will not wors)
- do &is o ol constraints 17 C =RC wikhouk poiced adges confmas)

e )RC—> TSP (dg% B— Toif--1 5110 8. degrs <B)
G— dyg=1HGEneE, 2 W G EE B=\
= the T3P will F1nd Qxcxd:\% 0 BC of Gy !

) ZOE — Subsek Sum (Lo 607, 0 = S0l st Tos)

=D A.(J(nﬂ)i W= (Y
(‘base is (tl) because o car(%w\R\‘B




COP'ZV\A with NP
13\\Injrell"t%emtﬂ Exponenﬁal Search — usually effictent

2) Approsinefion Alaor thhm, > poly Eime; suboptimal buk bounded

w. £, ot:t'[mgj,

3) Heuclsfics — no guorantees of rurtine. for ogﬁmoﬁl%%

I«kelk“\ge(\{ &po(\e‘ﬁoﬂ Search
B&Q\a%mc\ftn% . consider SAT wikh tnskance & = (WY 2\ WY Z)-
Bé\ zejc’c"m% w=PDorl, we can redue the formula to o smallec one

o realize £hot 1 18 unsatistiable. Whenewer some subtree s

unsefistiable, W will Keep BQN\Y\S angetisalle, so stop warclig e,

Branch Round : Genecalizafion of backtrucking to optinization

Corsider TSP wikh tstance. dig  oiin ] degry - C&mﬁqi,

A naive tree expatsion hog OCnt) nodes. Now, whenewer we.
£ry 4o expand. a. partial wlufon(nede) compare to the besk
colution so e, IF elery resubts From Ehe pasflal selution i
worse than €he beek sdution go fur, Prune Lk subtree,

Clamm: w'\“spz W MST.



Troot: T Wt an eptimal. sdufion, SURVUERNS ed%e T realfe
wm a g{m\nhm% treQ Wr, Algo, Wre> Wt and Wz Wug, SO
Uhe= Wgr ., = goveralize to all posdilde stafes !

S’CN't P"‘W\ Q‘{\CX

]:Q k,;] can rewe&zx\{ any Shafe oF e scamh kreR,

S

LS\ 5/\\[\3\ 2N en
= The stostg sote Ts [a 303 0l (77 5% 2 @;@
7 Nb‘*°> we(+ Ne1+ \}\');\;\TS) l’g &h\S &b&}\(\ck 18 WO QJ\Q{\ \Qm,() d\smd_

A\:me"\mﬁm A\%of s
For an Unghonce T of a0 ifimization problem, an olgortthm Ats

an X- ’Sloclcof QPPFO??LW\O&Q O&%@fﬁ&hm H\% K= “\%X Q%T‘C%% For

Masimization problems, o= 1 pé%mﬁ

ol Cover’, Set of clemette B, subsets S Sy, Sh€ R

~ anallest subset of & st €0sTe union © B,

A %reecﬁé oﬂgoﬁﬁ\m o Pidks the ot S5 with € oy unowred
elements at any teration.

Claiw® et Rl= 0, OPTem=k. Then | te %veedgj @S\%Qr“\‘g\(\m e
of most k fany seks.



Proars ek e be Ehe + of uncorered elements fef after £ Therafisg,
o D fe -7 20 The optima) sdudion will have
exo\cﬂg Treradon, We clam dhat ok least one of fhe sele
not sdfected by Ehe opfind sdufon has & uncovered demsts,
TH Hok s not e caxe, < B xk= N a contradictlon. Then,
the greedy algortbhm uill hove o pick a sek of ok least 4
uneovered @lemepts, = N < Ne— B = W (-%

> M <NI-EY <ne™ Th ne™1, €<k by,

ertex Corert GLVE)=> SCV sit. [S11s wirinitzed .S touches S
-R= in,... Je'“§) Sur= {Q | ofie of verficeg Th e s uZeeR?
P(‘O?QSEA Sdufien s Tind o moximal tatahing MCE | thep
cefurn o)l end pdints of edges Tn M.

et Size of ang V€2 [M{ ( ok least ene veckex per dge )
an |S] = UM (fwe verfices pRr Q&%Q)

@ S e a\C (15 net, 3 edge &y st UEIN(VES), which
means €hat M s not fully constructed get. )
~|S1=UMICAN>20PTVC) 2181 ond ST o VC.



C(USJYQ\‘I‘\%: Powts 3%, Xa§, distC:, ) Tnteger
Aggm\fﬂofﬁ obout. digk funcfion:® dx 20, @ dea]zQ) H x=4
® doxy)= deyxy, ® A%,y + deiyy > dexkyy (Trige inapuality)

(<n) “drameter'sf G

— K clusters G, Cc s, X im(kx io\k&(%‘y)?ﬁ IS winimized

The Alg)m?d\ml plck me X as the Tt clugtec corter,

fori= . ki Lek yeX be the povk Tocthest from .
create k clusters & G=1 all x€X closest {mﬂ?mwms ™
> ek fle be Ehe nexk pot abouk to be pleved T we were fo contiue
and let r ke the distunce feom M w3} to }Ak+\JI.e°mgﬂid“\sk()xa,ﬁ.bf_
1) ¥xe G, A%, ey €, See s Hie Rrbhegt ot fom all
2) ¥iselke] | dOp, i) 27, Since gt Ts alwoys greedily slecked.

Ls tn fact, each Herotlon uiill pick o pint cloger 4o B cluster than prev.
Lemmas ¥ 7, ¥ x4e(s, daldoxay L Ae, ---- o
Proot™ oy <Aoo py+de,yy (by Tongle Inequaliy)
swce dx iy £ € and W, ckxné\ Leer=)e,

DP O @ @ ) ] X:ix\)--';x“i
Lk ; s C'e kiﬂ" ) /{A\‘J“E “‘]}\Q&l‘




Clow: T £e kT inelke1] | s eCe and ppeCl (by B Tgecnhole Prtnaiple)

(by oby, ’J_')_

— the Slometer of CtZdC}l U5) > C acj >C - -GN
= Pu‘tjtm% (B and G \Loae:&her) ChAﬁ lQlOPT. 7

Rew“ Ehe reduction RC—=TIP S where A?\g:&_ it CT,DGEJ e 1+C,
> TG hot a RC=> G hag a TSP sguion off cost ru=I\V1.
I]C 5 cloe&!\”c hdve a RC% &' g no TSP So(u’?\o(\ cﬁz cost £ 0%C,

There & alwo 0. redydion RC— oL~ TSP, where o TSP guves
the' SO\U’EO“ T g.—h Clr(c‘frm T dv&nﬂin <—b< C&?::,

= TSP has no efident QPProﬁmJVTOﬂ qﬁgov“\‘thm\a

Proot: =k C=wn . Then, W & hos a RC, & bag o TSP i
of cest 1, and ofherwize, @ hag 10 TSP solufion of ot ntax
= (D, = Are we doomed) &= Moke some assumptions |
D-TSP with Tﬁcu\%e, Iﬁeovmmg; dy si. Wik, ok + e > e

QPT

[ emmas a\u\g;( < &T%P (proved lask f(\mex 1

4
® MIT con be o geod g%oyjcm% RS L%’f/;{&&
®d, o nove travessal of MST, will be lesethag 2 dlysr.



Ls This g o cec@% a cesukk, 3< D d e él&w’

© \}J\Y\O& \g We \)\L&& ! g\ﬂP &\(\Q QQFQOA% \K&\*Q& \]Q‘(\‘\\QQ&‘? p | :g P
\

Ls C&m gd (}3% TNQ‘“%‘Q.X(\Q%\LQ&K{%\ CLSP < 1&_&? 1/§§ /

K(\QPSQOk wh repetition” (Wi, .., WaY (V. V) = MaxTvjwhere Sun <N

b For 04 e<1, we il gie an approfimation q&%or“\‘d{\m sk L\S)U—i\\ﬁ
. L oPT
L rupkime. Wil be pogoriial wiet. (1 and 2(predsion) e ware

guarartee thay K
Moln Tden” The reoson why uwe had Qcaw) or Ocivy of exp.time
s due fo lcxr%e numbers —s what € we seerificed prec(§l Tond
A%oﬂjc\\w\e D(&C&?& Aty Hems W>W. LQJQ U= NOX 5 Then ;

cescale ;= \_\J; _Eﬂ\l—mj Rup DP keapsack wikh FAE Q@VQ\& i,

Runkme: D% %X N =0r/e).
Predision. (U, N)=S = (01, 8) =3, ek K e lossy sum o S,

HIE=TnEEl > (1) 2¢ ﬁm \%\z(;ﬁm—\)n,
M K><&\/W N,
2) 2 2 e > () St (K o B Ve
>KX(-€) = can u{spr@&m&xe to arkttrary, Prdigion |




Heuciskics

Local Search Heudsties: et s be any candidatfe solutton. Wiile
{here 1§ some <olufion ' the nelahbovkoocl of & for which
corf (8 < cost(y), rpace § <</ Refurn S.

ex) For TSP, pertucb fwo edaes fo find. best (\éiakhﬁf n Oty Eine
L T1 we find three ecQ%eS to peroute, OC(\%) Line.

APcoHem ~ {the oﬁaoﬂjchm m”kak\{ encounter a. " local opfiva byt
this can be Overcone by emperieal hypecparameter turing.

Grroph Facéition. QUE) of R edge weigts — A, BSV st. |Al=B
ond the CO\P()CI’[T% of fhe cuk (AR) T= minmizad.

exj(’i @ 1 Us 1 E ‘L,joﬁm.

jcm% SJCQJce 12 NOW ‘\SJka” _\Sr our ne“\%&\bor[f\oooﬁ N Swaw”mg Pc{«‘g .

1) Rondormizatfon L Restocts hope mulfiple Trials die befter selufing
1) Simudated) At\ﬂec&“\ﬂ%: Somefmes ack wbogﬁmol\g, with Jrewxﬁm‘m—l_

_ Ceont(s —covkany)

Amealing Feemola 1 eost (5> coskls), acceph with o= € — 1




(Ot of Scopex Toferactive, Prosf's
“Th"mk'm% of NP as o proot

&
W . Ny )
G — \[=\S Blw)=11
¢ P su\”\s?a"ma o&sia““\eﬁ Q\/, I
Pravec verfier

Two propecties are, nesded
1) Completeress - TH @ fetmee, T P,y <= Ve, Vonkputs L.
2)Sound st LF @ % falee” T Peagumn<—\Jegy ovtputs 4 wikh o
very Sial| probalifity. (e A" where 0 s o parameter)
Sotme chm\ge&’o P and \ can Trerack . can e MRsSagRs bockhderth
Ao, we ollow \J fo glue o fulse regafiie answer with afn

acbrira cily, stol| @Pobcxﬁil?r%,

ex) Mot Mul © AxR=C & >0y . HD\NQ,\]QX‘)

P ~ \[ > con oheck C T Qo) !
(AR, =c) < hy -
—>\ . W6y,
D €< T3 @ Cof = (AxBRYxT = Ax(RE)
% P %’“\\IQS—D#C) ARAY Ci#d; % G = d:i+ T <(C1—c\ﬂ-‘;‘=03

wh o Sall e(\ou%\\ Probab?ll%& so ok ) s cound.,

Q\'aQ P(TWQ



OF coure, Hhece are nottridlal vekers (=) s (G-d): & =0
(Fiite fleld, mod )

spacifeally Pot et~ + Br(y=0, buk thot prababiiey is O,
(deyree of the pdamm”\aﬁ T8 (), 80 here are () roobs, and we
can choote ORE €he spoce oft ¢, ulich | much lorger Than it

Grogh Tsanangfion - (GUEY, GV E)) — Ty s (Gameta
- bogically, Ts there o permutation s.t. edses are conterved.
Qo2 @, T 37T os ovolid Tomorphism, Ga% & T nok (non-Tsomorplis)
s Titeresfingly, €here T 00 officient prodt for 0o~ Tsomorphiam.

(6ot &)
H=o(6t)

P < : o\

D picks random 52 U3\ . © pPicks vondem bit be 30,13,
® =ds H=6(6)toP. ® P cuss, and s=ids [, he mateh, 4o\,
® Voutputs 15 b=, @ obherwee.

Conpletetess . TH G, %G, 1P<H Y oiil deermhu\ﬁ\%Jﬂm“é cefurn b=6.
Seundtess s TT Go (s, PCH) il rebucn 620 oc b=1 with-5chance !
Ls grnerote () 0 Eimes, run Ehe protocal, ey aceepts False ceyaEie,
with Pr= 37, = arbtbrartly smal eroe baund




Whet 1§ P wants fo shore \ €hak GG, b ok e elwEion ™

b This Te Zero- knoudedae ‘propﬂ. T4 &= G, den \ foeng

mj(&\"m% wore than e fact thet Goa b,
\J

(o, 61)

(Gofoim)
OP pids o random permudolion 6 1>\ OP sends H=0(6).

@\ sads beT0,(3. ® 1 bl 6=0.de, G=0-1.
® Psede B(&). ®IF BLa=H,\ stpits 1, lse @
Complefers . G, & G, ~ H

Sound ess | G0 %6, £hen P hag 0o oy o cox\gﬁ\@e\\ﬂ% awe BlagyH,
Zeco Kanuledge’, beF0/13, 51N\ H= 606, = 516,) (WHOW)



(More ) Approximation Akaov?chvws

1) P boged Ae?rox. Px\ém.'. @ \Jertex cover <od 3—\:\1&5 cuk
2) SOP baged, F\??rox. A\ao

Minmum Veptex Cover: GEVE)— S\ st ¥amel, ueSVveS .
L £ind vertex cover S of wiimum Size . (NP-Hodd | Jactoe 2 approx. )

S | LP reloxaklon Optinal Roundng ¢ ‘;\’?:”‘T‘“‘ff)
7 fracdiol T Schene TN
for Nlertex Cover o kot SolukTon

\octables: ¥ 7€V, % %=1 165, 0 £ not (Tdeal inteskion)
Olyjective . m”m”m“me( i\)(\) which is e ool stze of S
Consraintss ¥ieV, @< X< 1, (rertex consvaind)
YEN ek XKy 1. (ec\ge coRTing Constrolint )

ex) Frocfional [P scluien’
iﬂ MK Xat Xa) = LP-OPT = LS (etmwe= )

XitKa> | howener, OPT s (T\CJY\AO“% D
LN DS J
opfind NC =D Xy tXi 2> wiich is SJ(\F\QJ({% \QY%QT Lhan

D< X, X, X n -
X2 X<l e Tractisna) tolon.



Obseruafion: Xt &, LP-OPTC&) < OPTCE),
. OPTE&) e the best soluflon amony oll Trteger solutlons, wile

[P-OPT s the best among ALL Trteger and Prackial solufions

Rourdling Scheme? Leb X be the | P-OPT. xeloa vi.
S T2 057 (st all 7 otlusk B tod, dests Q)

lemma 1 S 18 a valid VC.
Proo’?: H(T)SBGE) X?\eﬁ_x?zi‘_% X?E'\i\/ X:f?%@TGS\JSGSZ

Clén: \S1 < 2+1P-OPT. (IS} € 2-2%¢)
Peos s Consider any Vertex 1ex, Yor LHY, & cotiibutes 4 size,
Foe RHS, 232 1 becouse X2 For all 7683, More ?Ofm\l%,
[S1=2 1176 ST For cach 7, 111635 L 2-%F beanuse €S &)i2y

Midmor, 3-W oy Cok® GOV ) abeel - — Pactiflon a,b,¢ &33
cwc‘cm% the fowest number of ec\ge%,
Remack: Mirimum 2 -W ay Cuk s Mox-Cut Pro‘ol&\m, wieh T w2

Howewer, Minumum 3-W oy Gk s NP-Hard.



ofoldes: FvEN, decdide whether u vedidsg Tn component 4,2, o¢ 3,
bywe\, \I—%(\J\)\lu,\m 8 o oe-ht Q\\rofm% oF Tocluston.
(V=L e Qo= (1,9,0) | and so on. )

=>HeV, U\ Vs where i=1 1 ve Compatertt 1, @ obirrwise.

Comstraiirts . MV &V, QLN Va Ng L4 VirVasNa=1 | (vecor ansrdiky)
a=((,0,0) , 5=00,1,0), <=(0,0,1) ( packifion conshraint)

Olygective! 4 of adges cot = 3 47U Ts o cwt ¥ | Basically,
e want to diedk TF o and vore aof Th Ehe same companent .

s 43U s acut§ —( VL U= Val & \\Ag“\k\)" JQT
e— con be made Tnto

= M (—L > i[ U=V A U=\ + \Ua—\]%@). an P with Slack vaiobles

Ww\EE

Obseruofion; with the constratnt ¥u, Utatta=1 A QL s W<l
U [Tes on Ehe eqylilocteral gl of (C1,00,(0,0),(0,0,\)).

z
9

(m‘q' ) f %
> ¥

b &£
Rouv&m% Schemes, 1) Pick 2 ok of 3 Sides. 2) m!se two Qﬁs
pollel to e plcked Sides, with tandom rights.




dcﬂw\". Bl Y_ec\(o)e s cud | &% N T-l= %‘Ji(m\‘\’\\ FlUaVal +{Ughal)
LE ol dgey ] :Efﬁ_cwﬁ& w]-% | P-OPT,

St claim: For rondom cuk \| (b, Pl akl=[U,—-V,
o\ 1

— L Prfamis car] = Prlont lnds eween U@y
e \]‘I = Tr[Un7s et in Khe rounding schene ] <

2 (1 V4] + LU=l + 1Vl ) (ot Ay o ks o of Hhree)
= 5[ 501000+ UsVal Uy Val)] = % opprocfacter,

> = %(\M(*V\\ t W;j\lﬂ) +%U U= \Jo + [Ua-Va) ) +LL U~ V'L\‘Wr\h\}

/-l# ? etlans Crassln SR

quw\uw\ Cuk: GUEY— SV st ak(SD) s mxwv\\zec& (NP- m\]

Neve Randomized Algo: vandamly assign oll verfices Trto S or S

5> every ee\ae 15 cut Wikl prolbalslivy Vo s Elcus®il=5-E|
Strateqy s Use sermdefinte programming instead of [P
Vorables: ¥ieV, Y= T4 g5, pedvic prgon,in it ose
Constrdinks X =1 (& %= x1),

-~ 48 g5 (cud)
DBJQQJC \JQ I j{_iQCh%e. C\!\\) 3 CUJV} C%CX\ 4? T 011 X3= >>(<j Coo cut)

= QP QXO\QH% CO\PJ(LM"QS MO\X C\ﬁr bufc Sol\) u% @3\& (\)P Hw&
Tosted, look ot o relaxation of Hhe progrom -




3

1D: e
. cach X7 s o
QD /< “ it vecto ¢
QB2 Mo T [~ XIS subject o =1
SN ol&o NP" Hox‘ol, N\‘?a\'*\mo&e% .
= Hagever, 0Py can be sdved. i pdyfime ! (Seridekinite. Frogram)

APy wielnd, =1 where weR —\=(W @y
G lP= 2 Y max ] 21V V513 = SDP for Mox Cuk

Whot 18 an SDP?
\ofiabes? 0 Vedors T n~dimengions (R
Constraints ffnear consfrmatts on dot products (U= 0™ y;”
Ofgecttie & min /max o [peoc funchon of det prochdrs

= Q@m 12 an SDP sinee Vil =1=\5- V5 and ol quekions can
e QXEVQSSQd ag a [ear comBinadion of dot pro ducks

\Mh% s SPP e%c\ex\@ (can be Hack boxed)
K iS‘% OWQ N\(ftﬂces M where all e\%ex\ua&uegCMB ZOE

G Pog‘rwe semde Finite mokrices = Hi (8 . copvex ek



Mis a poffite wiiidefinite matfiees & M= \17 +\l5 ( ﬂf‘;ﬁfiﬁ o2y
= The ogfcm\c& dfon Q)G P s 0 veckors R

L— UN Phere
ks M Rﬂ
T
t 3 S (

MOXIZLN
toral squared Jistanceg

3
Randemizedl Qour\ci?n%: 1) Pick o random Q\a perplane posing OFIgln,
2) Puk verkices on one Gde fo S, okhers 4o S

__=>3DP8 legs constrouned

Ano&%sxs SOP-OPT= 2 v s> > Toteaer Mox Cuk
Clotm: L6 18 C\xﬂ ><O‘m<&\ <= \}3 1 < O OFT

b TMS TW\PreS 1{‘1\&1( E [STZQ o‘F Q| > D ?ﬂ% - SDP— QP—[
“ /“c(\\Q Plane. OD) cm‘mmm% \} Q<\I \s w%ue(\‘t

Gor an \QMS
Cu&‘ @ @_
% Tl s wpoted] = \R-\it= 1—1@&@

L lir E\C; a)\]\\s\lcuﬂ _'l lmge & O %(-l% WEO{‘ A B (Qm\)mmk)
> PG ] > O TR ey 7 (I“ fock, €5 6 Ebe bk bown o)




