


Integer Mulfiplication

Big Integers . stored as array of digits , not bTts
buseful in cryptography
Addition : input= a [I -n 3,b ny array of digits
output -c [ I- i)] where C= atb

ex) a= | 234digits)

+ b = 2 1 3456

C = 336872

simple Arithmetic : Oinper digit → Ocn ) time

Multiplication: input = a [I -n ],blI - D ]arrayofdigits

output - c [I -2n] where C = axb

← xedigits)
exlntime ,지찍 ,

b,무뮈 Runtime: adding n digits

I 2462 - n timesat least

L 231 ~ → ≥ On2 )

242105Gcanwedo better?



bivide & Conquer Paradigm . split , solve , combine

problem
Itb

Subproblem Dubproblemubproblem → solve recursirely

: : :
(

scombineinduidudanswers
Ans

s how to apply this to multiplication?

a =

a

-mia. × *a
[ 다J

ex) a= ( 23)456 b= 65431 21
= 123× 103 + 456 = 654× 103 + 321

generally ,
X = XL 이

O⑫
+XR

.

→ axb = (alok t dk ) (blok + br)
= arbrlon + (arbrtarbr ) IOnk + ARDR



we need to calculate 4 products: aabr , arbp ,
akbr

,
dpbr

each number is n/2 digits , recursive definition !

MULT (al - n3
,
bLI - n] ) :

= Ifn < 2
,
return axb .

splita →d .,ar , b→ bribr

Pz ← MULTCar ,br ]
- P2 ← MULT (ar , ba)
- P3← MULT (ak ,

br)
- P4←MULT ( ar ,

br)
= Return Py 이 O

'
fPrtP,) . 이OkfPppendinzerosotrunsireal

Runtime. TIn] 8 = time taken for ndigrt input

Tan] = 4 .E $~12 ] +Ocaddition , some con )
logan # ofnodes : 1

,

4
,

16
,

. 4K
,

4
logan

deep

I OO이, .""
"uk

mknnworkpernode: Cn. )1
y씨 ,…이까
;ε이아이

: : : :
→ total work . 1 . cn +4 . c.술 ← … +4log2

n
.c.gn

000… 00
= … +Cn(엔 )← …=O(( n.2

⇒ ① ((n . 2l.gan) = O (Cn -nlg ~ 2) =①(c) =OC



Idea. Somenow
,
reduce 4 recursive calls to 3

.

, If possible , equation becomes ①(C. n . (를]
logn) = ① ( n.plogy

= ① ( nlog.nlog.
3"

) = ①(nlogi(
2.βk ) )= ①(nlog

2

β)=OC

Observation : a =Aloktdr,
b
=brlon tbr

→ axb = bu) lon + Carbptdpbu ) lok t arbr
= ( anbr) lon+[Catap)(bt arbl-apwlonk tapbkW ~
wan

KMULT (al- nb
,
bl -m) :

- If n < 2
,
return axb

.

- split a→ ar
, ar , b

→ brsbr

PiKMULTCaribr)
- P2← KMULT(ar , ba)
-P3← KMULT ((atar) , (batbk))
- Return P , lon+ (Ps -P-P2 ll

0k +P2
Geometric Progression Fact
I) Sum of a n- termgeometric progression α ①Clastterm)

when ratio > f
.



Recurrence Relations

exIJ TEn] =TII+N
= TIn -2] +LTN
= TIn-33 +R2TI TG

= TE먼 " E+Bt …TITN

TTft … +RE N' CNlastterm!) = n
.5

TtI + -tonandt 2 kt
+ N2문몰J5 = N5ks

→ T[n] = θ (n
.5

) ( bounded by ≤ Tc )≤n .
5

)

ex2] TEn] = 2TIn(33 + n

= 2 [2Tcn/a] + nB] + n
= 2 [2 [2T [2n3+뮤3+ nb] + n

strategy . draw a tree for visualization

ㅣ
:←
20.믐

I
log3 n

?
: 다합밝았

.

네밝
④"없이다.



Master Theorem

Suppose function T . N→ IRT satisfies relation

TEn3 = AT [ Yo] + OCne )
.

caset. C < logba → T[n] = O ( nlogaa ) .

s# of tree nodes dominates the runtime .

case2 . ( = logna → T[n] = O (nologn ) .
s branching and work each layer are balanced .
case 3 : c > logna→ T [n] = OCNC ) .
s work inside the node dominates the runtime .

Matrix Multiplication (Inner product of * , Ψ
Input : X ,

Y nxn matrices = Xiy , t×2y2… + xnyn )

Output : Z = X .Y L
, Oin ) operations

=그...더
**!

다
"
"

…



Naive MatMul : Calculate each entry Zi; seperately .
sEach entry takes Oon) , and total nentriesexists.
⇒ Ocn) . n = OC- time

Use bivide & Conquer : split Xand Y into smaller matrices

□샵이졌마o ,antreatsnelntiasitermas

Z

A - H are k)× (n(2) matrices .
Now

, computing AE,BG ,… ,CFGstota gives 2 .

MATMULCX .
Y )

- λ→ [코름 ]Y→ [틈표]
- P

← MATMUL(A
,
E ) … P8 ← …

eturnR[ P
+

po, (P
3tpaln+ ps)]

scost for matrix
addition

⇒FIn] = 8 「[nk] + O(2)
→

no improvement…

∞ by Master Theorem,TEn ] =①C



Strassen 's algorithm actually gives 7 recursive calls !
→TCn] =7TEn(2)←O() →TCn] = O ( ne2∞

1

Finding Triangles
Input. Graph G = (ViE ) on nnodes .
A [T

(5 ]
= I E (ii5 ) is connecteds

.

Goal : Find a friangular connection in the graph .

(UiV ,
w ) such that ACU

,
V]A [u .w3AA [V ,

w3)
s Naively , checking all triplets takes Ocn3 ) time .
exercisef) use Strassen's to solveinO(nlog " )time

.

exercise2) try without Strassen '
s
.

Finding Median sunsorted !

Input . list of n numbers ,
Output . f 2l-thsmallestnumber

Naive Algo. sort the list , then out put the fna7th Tndex .
→ sorting takes θ (nlogn) trme
New Idea :Randomizedθ en) time algorithm .

First
, generalize the question to SELECTing k - th smal.



SELECT ( EA 1 - n, k ) . outputs k - tn smallestelementin d .

MEDIANCD= SELECT(A,Ʃ| )
.

picka randomelement vEAas a pivot .
- split A into S<= Ea : l a< v3

,

S== Ea: la= U 로,
and S
,
= Ea: la:> v3 ( Oin) time )

IS*
→ K
간~

. caset . K ≤ IS< 1
.

→ Return SELECT (S<
,
k) .

case 2
.1SKKKEISI→ReturnV . ( GeES=,e=v) .

case 3 . 1S1× 1S.kk→ ReturnSE∠ECT(S,k
-
1S 1- 18=1)

.

Runtime Analysis .howtoanalyzea randomizedalgorithm?

BestCase: firstpivot is the kth element→θ (n) Conly splitfing)
Eor smallest)

bWorsfCase :pivotisthelargestelementeverytim →θ()

T1…
SKFM -시 15시 = n -2

→ Define TEn3 . = Expected runofSELECT
(the rantime is a random variable→ ECX3=××Pr(X=a) . a )
Intuition . there is a reasonable chance that the random

pivot is
" good enough

"
to break into two signifTcantly smalllists .



define " good pivot
"

. a pivot between [n14 , 3 n/k] thsmallest
→ goodpivots

for asorted*□IHUM
ObservationI) Every good pivot splits both lists intolists

smaller than 3n14 in size .
( boundary→

n/4
,

3n/4)
2) The probability that a randompivotis good is Y2 .

① ②

⇒EETEn]= E [TEns before first good pirot]+ECuns after first goodp)~
let v be the first trme we bit a good pIVot .

biㆍ
neartyfexpectation
E = EITE 2

① ( EC#of prvotsbeforegoodpTvot ] ×DIn #ofcointosses before firstheads])
,upper bound = 그

②≤ E [T[3n(4]] ( ITst size significantly dropped)
⇒ E [ TCnJ] = E[T[3n(4]] t Q (n)⇒EETEIasneorem=θ (n)

Examples in D&Q

IJ ExponentiatTon : number n⇒ a in decimal Carray ofdigts)
e× )250 = 2 .2 … := 그) .225=2)2

.

2" =K↑ …

EXP ( a , n : integer) → an

= Base case . if = 1
,
return d

.

= BE EXP (9 ,
L725 )

.



. If niseven
,
refurn BXB .

. Else
,
return BXBXd

.

Runtime . 「Cn] = T[n2] + θ (time to multiply numbers)

Ifa=2
,
20, n bits long ⇒「En] =T(nk]+ θ(Mcny) where

Mcn) 8 = time to multiply 2 n - digit numbers .
If M (n) >> n

1
. 0000, [[ n] = θ(M(n)) ( by Masters theorem)

2) Binary to Decimal . BII - n] bits⇒D[- m] decTmal array
Naiveex) [ 1011011 ) 2 = 1 ×26 + 0× 25 + … + 1×20 = 91

.

s Qin) additions of ridigitnumbers→ -2 (⑫ )

D& Q approachex) ( [1 엔1100 = ( 10 (1) 2× 24 + ( 1100).
= HX 16 + 12 = 188

.

B2D (a1 -n ) ⇒ decimal digit array
- Base case

.

len( a)== 1 s return aco]

- ar ←al -k]
,
are a[)- n]

- d ←B2D (r)
,

dR ←B2D (dk)
- C ← EXP(2 , 712 )

- Return duxCtsofn - digitnumbers :



Runtime : TCn] = 2T[n2]+ θ ( EXP( 2, 0
k))+θ( n-digitmult)

+ θ( n- digitaddition) ⇒「[nk] =θ (M (n))
P= P= =

3) ClosestPair . n (X,y) pointsin plane⇒ closest pair [ (X,Y:) , (×; , y;)}

Naive
'

.
check all (P: , P,] pairs

' distance
,
and find the smallest

.

s Qea ) runtime due to pairing
B=

D&Q : EP,P
,…
.PnS →EP, …,P=
,

EP이네…, Prz ?
a better splitting . split the plane ( the geometry)
s sort the points in increasing X- coordinate , then split .

Recurse to find closest pair in S.& SR .
Sc SR

X ×

d← min ( Closest(Sa)
,

Closest(Sp))
.

×
X X

Whatif the actual closestpairis split로 ×
X

λ

bNaive : kXnkpairs→QCr)runtime…-→ howtoprune?

Idea s) take strip of widthd on each side of the line .

G not very belpful for worst - case analysis …
IdeaapointPonlyneedstobetestedwithpoints2 daway.

X **onlypointsinregionRneedowerer,theredreatnoct
8

tote
n

testesor'k
.



→ For every pornt P, #ofcomparisons ≤ 8
s θCn) pains need comparison !

⇒T [n] =2T[nk] +Q(n)⇒ TIn] = θ (nlogn)

Graphs

Graphs : G = (V ,
E).CUN )EETfuv .응상

Directed - edges have directions .

Parameters . n = ( VI = # of vertices

m 리= # of edges
⇒ for all non- multiedge graphs ,

m < 2

Representation on computers. V = [ | … n3
.

E = ?

I) Adjacency Matrix 2) Adjacency ListCof out -eages
aa n→ ~

↓Tth row ①→②③
A = n! [m " ] .몸동훈I

A [i
,
j ] = IE(G ,

JJEE로

what are tradeoffsofeachrepresentation?



List

o )빠에까다비

n비prus
neighbor

enumeration ofu ⑦ (n ) θ ldeg (ul )

Connectiuity : Is there a path from u tov?
s IsGG connected. What are connected components?

PFSinUndireatedaraphs

O④T⑦
explore [ Vertexv ) :

- visited [u 3 = true 은
- for each edge V→ w : a) explore (A)→ A

,
B
,
C
,
DE

- i f not visited cw] : explore [w]

DFS (Graph G) generalizedtodisconnectedgraphs
visited [uz = false HuEV

- for each vertex VEV .

← if not visited [r] . explore (V )



Property . explore cu ) visits exactly the vertices V such that

Graph G has a path from u to v
.

Proof . I) Vertexvis reached s F path from u to v (trivial )

2) Fpath from u tov ⇒ Vertexvis reached by explorecu)

n ω

. "

… 이더.
.

-

∞ . δ⒗

V

Suppose explorecu) does not reach V , for the sake of contradiction .

Let wa be the first vertex on the path that is not reached .

⇒ Wk- y isreached .⇒ explore (wan ) is called .

In explore (wa.) , all edges incident to wa, will be explored ,

Tncduding ωa .→ Contradiction ,
explorecu) reaches V . 1,

Finding Connected Components : Modify explore and DFS .1

DFS (GraphG) : explore (vertex r ) ?

count= O - visited[u 3 true

- cenumeintEn] - ccnum[V] = count

- visitedsuz = falseuEV - foreach …

ensures that only
- for each verteX VEV . comnested components

s
willhavesame# incanum

.

a if not visited [r] .exploreCu
)
,ount t= 1



DFS SearchTree . ex) explore (A) calls
A

⑬-⑤
④⑫합
, 요문

→

EF
D

Runtime ofDFS . 1 ) explorecu ) is called once per DFS .

2) Inside explore (V) , set Visited[v] = true ← θ (1) time ,

then enumerate alledges V→ w ← θ(deg(v)) time

Total time = .( Itdeg(v )) = θ (( vdeg(v)==θ)]θ()

DFS in Directed Graphs
A

ex )⑬,A⑥

d ↓ 홈vinedg
.

sutar⑤
¤

Recording times . increment a clock ererytime we reach or" "

swben BFSenters swhen DFS
"

leaves
"

kraturns"
leave a vertex

,
and set prean] and postcn?

In explore ( V ) : In DFS (G) : in above example .
: A = E 1

, 10]

precr= clock clock =O
clock + = 1

prepost← Tntcn,β=
C 2끔

(
4. 5
)=( 3
.0 )(

0. 9 ) ?
..."나foreach …

…

post[v 3 = clock forall vEV :
clock t= 1 …



Pre&Postnumberscaninformtheedgetypesbetweennode"[ L ] ]

for an edge U→v . if E o ? . , tree or forward edge .

if If aI , backedge.if E 고 , a , cross edge .
EE f .
I
isimpossible( can'tclose u before V closes )

⇒Foralledges U→V , postcu3 < postcus iff usv is a back edge .
G no back edgeno directed cyles isDAGG

Directed Acyclic Graphs
DAG : Directed graph with no directed cyles .

AppKcatlons . 1 ] Modeling dependencies / prerequisites
ou→v if uTs aprerequisite for V .
Source code compilatTon → checking dependency cycles

2) Partially ordered sets [ comparisons , but nottransitive)
Gex) box sizes . box A frts in boxB

.

source : node with no incomingedges
sink . node with no outgoing edges
bevery DAG has at least one source&onesink .



Topological Sort ( Linearization)

TOPSORT (DAG G )⇒ orderingofallvertices [U,V2 . … ,UnJ

Calledges of the linearized vertices head from left to right )

Algorithm L . ( θCmtn) )
= Run DFS tocompute pre & post values
= Output vertices in decreasing post values

Algorithm2
.

(
θ( ? ) , dependsonimplementation details )

Popa sourcenode,outputit
= Repeat with the remaining smallerDAG .

Proof of Correctness of Algo 1 . (the concept)

Hedge U→ U , prove post [u] > post [U3

쉼
Connectuity in Directed Graphs
uis strongly connetUTff FpathaeIfpathVothernodesinbetveen
bevery directed graph can be decomposed in to a dag of

strongly connected components [ofAG뜨 )
∞



How to decompose adirectedgraphintoSCCs ?

sgoal . labelallvertices with their
"

componentnumber
"

.

Intuition . Run explore (u) for some vertexv in a
"

sink SCC.
bsink inthe

ThiswillrecoverexactlythatsinkSC2 DAGofSCCS

Repeatedly recovering sink SCCs will complete the task .
⇒ But how to locatea vertexin a sink SCC 로

FACT : In a DFS traversal ,avertexwiththehighe post
value willbein asou SCC . Cexits very lastin DFS )
s how to get sink ScC . F reverseedges in G !

KOSARAJU' salgorthm (DAG G ) :
- construct a reverse graph ofG ,

GR
.

- Run DFS on GP to compute postr values .

Run DFS on G by exploring vertices in decreasing
order of postp .

severy teration of last step recovers exactly an ScC .



Breath-First Search

- Maintain a queue for edges to explore next
G NaturallysolvestheshortestPa question

Dzkstra 's AlgorTthm (G = (U ,
E)

,

sEsta
')⇒

0d
.

distCVEV ]
Intuition : Imagine a iquidspill at nodes . The liguid moves unit

distance in I time step . Simulate this Iiqard 's motion .

sSimulating every timestepcan be inefficient…

sonly simulate the
"

Tnteresting
"
times when a node is reached !

bmake a note on ETAof s
'

s neighbors ,
and fast - forward to closest

once a node is reached
, update ETAof Tts neighbors

( key 3 [values

Data structure needed→ PriorityQof ( time, vertex) pairs
、

Operations requrred→ deleteJ . popIreturnthesmallest time

decrease2time!Time vertex] :if(+ ,ertexisa partofthePQ, t← min (t
, timel

DIJKSTRA 'S ( G ,
we
,
s) :

dist[v] ←∞
,
distEs]←O

.

Q ← make queue , Q .
insert (distEv 3

,
V) ↓ VEV

.



while Qis not empty :

(tiu ) ←
Q

.deletein ( ]

for V→ UEE :I I Q .
decreaseTime (dist[v] +ωm ,

U)

Return dist

Binary Heap . supports deleteMin I insert Calso delete)
s both operations take θ ( log( (VI ))

,

deleteMin calledVtimes
,

insert calledIEltimes ⇒Dijkstras ) = θ(logcmim→
(Generally , θ ( m .T(deleteMin) + n .T(decreasekey )+ m .TCinsert)]]

Bellman- Ford Algorithm : an alternative shortest-path
Intuition. Alledgesarerubberbandsoflengthseqtoal weight .

Fnitially ,
all bands are stretched upto

"

infinity
"
.

Every edge is apdatedby
"

unstretching
"

a node to the left
.

Cs the order of updatesdoes not matter

Mathematical Anlysis .DIverte, hor3= lengthofshortespaths ~s V

that only uses at most h hops#ofedgesthepathgoes
through in the path)



GD

."….

+= p( u

,
BELLMAN -FORD (G .

ω
,
s) :

VEU
,
DIV ,

O]←∞
,
DIS

,
0] tO

forall hopsh from I tv/ -H :

for each edge U→ v . a dynamic programmingexample!I ID [V ,
h] = min (DCu ,-1 ]+wuv

,
Dcv

, n) )

VEl, dist[ V←DLV ,IV+ I3

s for space efficiency ,
we can replace Dwith distand

update in-place [dist [v] = min (distcv]twasv
,

distcv] )
alledges

Connection to intuifion: innerloopis unstretchingonce, outerloopis

repeating the inner loop in case some rubber band is unsatisfied



Greedy Algorithm
Goal :Optimizea mult?- stepdecision process
Being

"

Greedy
"

. Optimize for next steponly , works sometimes
Itethelocdoptrmancanbecounectedtoaglobl

opTaskseredlingproblem: n jobswTthstart and andtimes
sschedule as many numberofjwithout overlaps

soptimak
심

4 5 → T2 &T3
,
「 I&T4

,
TI&T4&틱

,
…

ex) tiim

Possible strategTes ① shortest first ② begin atfirst ③ finish first
씨

① iiys not optimal (picks one job ower two)

iy
②,s not optimal Cpicks one job over three )

③→optimal! howtoprove local→ global connection?

Claim . Greedily picking the firstjobthat finishes without overlapping
is the optimal solution

Proof . GreedySolution[ S., e? … .[Sae
Optimal Solution (S. , e , 3 …[Sue]

Observation : R≤ L since L is optimal .
Greedy optimal

θ T ε [0
,
RJ

,
H . = [S. , e, ] …vn

.
Frowareeds[S

,S]… [SxT≈s
rest from optimal



' Ho is the optimal solution ,
and Hr is full greedy+ tleffoveroptimal

Now
,
we argue that allHiECH ,

Ha] are optimal .

Base Case : Ho is truially optimal (by definition )
InductTon : Given that H: is optimal , prove that * is optimal
rss시
..GrT그

when the greedy algorithm picks the th job ,
it picks

the job with the eariest finish time ≤ eti
.
(by greediness)

rs greeliness
sbyconstruction of Op

→ e: < S*<een< Senon -overlappng

⇒ Greedy preserves number of jobs and does not overlap with

the start of the next optimal job ,
Str. Also , since

the procedure will continue until er , R =∠ in all case .

SCHEPULE①
,
t* t-

jobswith, sendtimeJoflastscheduedjob
for each ; inI… n] :
if tA≤ s; : A

.
add ( [S 5 ,

e;] )
,

t *← es

return A
Runtime : O(n) if sorteren

,

Ocndogn) if not



Compression ( Huffman Encoding ) . Encoding with least number of bits

In text T with alphabet π and frequency fr ,
minimize Cost (T ) :옷fπ . (#of bits π isencoded to)
"

품협지 삶.oneneonenrostcTrtrhnsongtyantBA ,

or tyFrenabrotrtsnadids
PrefixFreeness .noencoding is a prefix ofanother
O→ 1

,canberepresentedbyleavesina full binarytre
β Call nodes bave erther Oor 2 children)

strategies . ① schedule the most frequent first ② least frequent first
①notoptimal ,maynotbeworthaddingIbittoall others
②build the tree bottom-up → optimal !

Given Ef.…
,fn

3
,picklowestfrequenciesfa&f

,

remove

them and add a new frequency fG, fAf f. Iterate.
cost(τ) = cost(T

'stfa + f⑬AwB) → f(An
β )

=fAtfB ↓*⑬ .
⑬

both AandBcontribute s bif 「f
selested



HUFFMAN (T
,
π

,
5 ) :

Qe priority queue of min f value ,

insert all f intoQ

while Q
.
size( ) > L :

fA
,
fB ← Q

. pop( ) , Q .Pop ( )

fo
,←
fa

t
f β, constructedgef (AorB)→ fA ,

f ⑬
Q
.
insert (frβI)

return Qopop ( )
fur are deepest leafnodes .OptimaityPr.①switch fu&fr with F:& f; with

T isthe optimdl. f⑦⑤ the lowest frequencies ."

.fufitd this can only reduce cost (T ) .
However

,
T isalready optiml . ⇒f :& f ;arealreadyinplaceoffuefo.

⇒ constructing Twith lowest frequencies at bottom is

consistent with the optimal T .

IUFFMAN enforces this ateverystep
Base Case . D=2 → Conlypossibleconfiguration)

Induction : fr
,

f
,
→다

.

for (n+i) frequencies , we can
reduceitton frequencies consistent with the optimal T .



n frequencies is solvedbyIH⇒) frequencies also solvedd ,
Runtime : n inserts

,
deletes for max depth logn → O(nlogn)

Minimum Spanning Trees

Tree : Anundirectedgraph that is (i ) connected and ca:xacyclic .

Property1 . removing a cycle edge does not disconnect a graph .
e

casez)usv path does not use edge e .
strivial , done.

Proof :,」
' case2l unov volvese cumevv )

In case 2
,
we can always construct anotherpathwitoute .

s take the " other directron" of the cycle . 6,

Property 2 . A tree with n vertices has (1) edges .
t= Os EomponentsProof . . -n
t

=→)component

Adding an edge wTll always reduce # of components byt
b Tf the new edge connects two vertices in the same

component , itwill introduce a cycle
Jat time (-1)

,
there will be I componentleff , the treep



Property 30 . Aconnectedgraphwith nvertices &enjedgesis a tree .
Proof . Assume the graph bas acycle . Remove the

cycle edge . By propertyI , 「t is still connected .

Repeat until allcydes are gone . Itshould have
(nl) edges by property 2 . However , since we started
with1 )edges,Ttmeansthattherewerenocycles
to remove to begin with -→ original graph is a treey

MST ( G= CV ,
E)

,

ωe )⇒=(V ,
E
'

) s.t. 티EE S
.

t
.

(T) =E.ωe isminimost
Take a greedy approach . Add the least weightededge
that does not introduce acycle ; and iterate .

MainTheorem . (i , Let xEE be part of some MST TofG .

c: : ) SEV be a set s.t . there are no edges in X from stov-S .
(ri") Let eEEbe the lTghtest edge from Sto V -S .
⇒ Xte Ts apart of some MST of G ,

notnecessarily
the MSTdefined above

.



Consider Tte :

cases )exteETte다…*πng다vmt.
다마-t

Talready
has a pathunso stov

-s in theTpath

claim . ωf2 We
,

since eis the lightestedge fromstov-s .
Now,consider

T
'

= fte-
f

. ①Byproperty I
,

F
'iscon

②T
'
stillhas ledges →Byproperty 3

,
'isatree .

③ (π)cost = cost (T ) tWe-wf . By the claim above ,

cost (T ' ) ≤ cost (T)
.

However
,
since Tis an MST

,

cost(τ ] = cost(τ)
.
⇒T

'
is anMSI different fromT .

→ by [ii3

X 드"
F

α,e ε T'
⇒
X +eET, whichis an MST .

⇒ Xte is still apart of some MST ,
albert not T butl .

,

Kruskal ' s Algorithm . go overalledgesinincreasing weights.
Add it ifitdoesn 'tintroduce a cyle ; skip otherwise .
Claim . Kruskal 's finds an MST .

BaseCase. X = ① → part of every MST



InductTon : X→xte stillis a partofan MST by the

Main Theorem proved above .

Implementation ① trackconnectedcomponents② cycle detection

UnionFind . makesef(X) . makes singleton set EX3 .
find(x) : find thesety belongs to . union(Xiy) : make aunion of
the set containing X and theset containing y .

KRUSKALLG
,
w) :

for all VEV
,
makeets(V )

.

X ← 0
. sortedgesE by w .

tCuivJEE in sorted order
,

if findcu)* findcu ) :
Runtime .O(log(J(U+) )

X←XUE( UV) 3비티 log(ull) sorting ,

Union Cucv ) IE2 I find calls
,IVlunionall
v

returnx bothlogiol)



The Union Find Data Structure

.Aroot π(X) . parent of X . rankc×) : height of tree under×
⑬ .DMakeset(×). setπ (×)= X, rank( ×)=①.EA , B ,

C
,
D국

find (×) . (f π(×)FX
,
find (π(×)) . else , return X .

for union
,
connect the root of X to rootofy ,orVce versa .

How to choose between X→ y or ×xy ?

Observation . minimizing rank optimfindoperations.
→ leadsto shallower tree

,
lessUnion (xiy ) : ancestors tocall

ry
, ry← find(X )

, findcy)
Tf rankcr×) ≤ rankcry ) :

π Cr×lery # rx goes
"under " ry

if rank cr×) == rankcry) , rankcry) += 1
.

else
,
πCry) ery# rygoes

"under " rx
.

sO(logn) ,① Clog*n) iomprestea]
Runtimes: makeset→ O( 1),find&union→ O (rankofroot (s))

Claim : If rank(×), thenx hasI 2 rnodesintreerootedin.r

Base Case : γ=O → #of nodes= 1220 √2= 2k
대

Induction . r→ re # ofnodesinthefirst treetsecondtree



Prim '
s Algorithm : exploit the Main Theorem like Dizkstra

'
s

X ←φ
, Repeat unt↑l 1×F4) ?

pick SEU s
.t . there are noedgesinXcrossing S& V-S .

Lete be the minimum weighted edge from StoV - S .[XeX U Ee 3 .→ X spans exactly Imore vertex now .

Sis just all vertices thatX currentlyspansns
IS디× 11

⇒ Implement usingpriorityqueuelikeDijkstra
'
s .

Runtime : O ( log(NIDN타))

Horn '
s Formla . given boolean variables (X,,An) and

pure nagation impliaation toXα
clauses C1

…, Cms .t
.
θG,either ( *,U *or(*.* … ,

is there an assignment thatsatisfies F= CNG?… 1 cm ?

ACXTUX*U… UXJ≡ (XINX2… ) ⇒X ,
(⇒X) is a special case .

ex) (wnynz )⇒× CWOXUY그
LX 12) ⇒w (5 )

bnotsatisfrable

X ⇒ y
→ true

⇒ this systemis unsatisfTable
⇒X →

true

(XMy )⇒W→ trne



Greedy Approacho setall variables to False . set a variable to

True only if absolutely necessary .

HORN (F ] :
set all varrable xEX toFalse

while Fan unsatisfied implication clauseC :

set the right hand variable to true

if any negation clause is unsatisfied , refurn
"

unsatisfiable "
.

else
,
return the assignment X, … , Xn .

RuntTme:O (IFl × n), whereIF1a # ofclausesevarTables

Correctness . If HORN (F) sets a variable to TRUㆍ
,
then Tt is

TRUEinanysatisfyingnassignment to F .

Base Case : K= 1 → ×) will be trivially X←TRUㆍ .
IH : K세) → * *,.…XcareallsettoTRUE.Xi* Ts the new

variable about to beset to TRUE
.

(X, AXID … A **)e X* is theonly way ,
which

ballor subset of previous TRUEassignment

ensures that Xik, isalways set to TRUㆍ . "



Claim. HORN (F) is correct
.

caseI] HORN (F) outputs an assignment (true by definition)
case2) HORN (F) outputs

"unsatisfiable
"

.

s onlysets those variables tobe [RUㆍ thatareTRU ㆍin

every satisfrying assignment , if F were satisfiable .
s then

,
some pure negative lause is always unsatisfied !

⇒F is indeed unsatisfiable
. 1"

Canwe Tmprove the runtime from O(F 1× n)강

Idea : addedge( ×,G ) if X: appears on the
□nn LHS of .

Observation : I) if C . has no incoming edges , RHS is TRUE .
2) Once Xr is set toTRUㆍ

,
we can remove thevert since it

does not affect the implications anymore .
s implement using a queue tcontainsallTRUEvariables.
⇒ only recompute clauses thatareaffectedby assignments !
Runtime : O (ltn ), wherelFl a# ofedgesin graph
* noclauses with norncoming edges ⇒ all variables sefto FALSETsvalid



bynamic Programming
"

Aversatile and powerful algorithm design tool
"

Longest Path in DAG : DAG G(U ,
E)⇒l

,
the longestpath length

Subpro. LCr) = length of the longest path ending in U, l=m
Lsmakesubproblemssuchthatbiggerproblemsdependonsmaller !

Connecting Subprob~ . Recurrence Relation
‰
≈.wws?

LCU ) = I f M,EE(L (w)), O

: fHWEV, CWiV)GE.

s naive recursive implementation recomputes same LCw) many times,

leading to exponential time .⇒ start with smallestproblem !
Avoid Recomputat: memoization of LEw) values
- topologically sort G s.t . all i- th verfex has edges (T ,5 ) wherej>: .
- setL(τ) =Oforall :

.

. Forall디
…
,

n
,setL(:) ←|+ME(L(;)) , Oif noincomingedges

Runtime : O ( IVI + IE 1)

Longest IncreasingSubsequence : a[ … n]⇒l , lengthof LIS
sReduces to finding longestpath in DAG !



Consider G(UiE )s . t . 」 . ={ ↓…
,

3 ,E ={(,; li< ;andai]sac;]로

DP Approacho 1) define an appropriate subproblem s
2) write a recurrence relation to connectsubproblems
3) determine the order of computatTon (PAG -structure ! )

Edit Distance
:

×
[1 …
,
n]&Y [ 1

… m
]⇒minimumedtkeystrokesstky

Ikeystroke needed to ad, removorsubstitutea.character.
ex) CAP → CUP ( I keystroke , replace A→ U )
AAPPL→ APPLE (2, remove A , addE )

SUNY→ SNN * SNOY →SNOWY ( 3 )

VisualizatTon : Dee Insert Sub Keep k P K S

*Ψ ↓

남 * DUNNLNONIT
I) Subproblem . E(: , 3 ] =EDIT(X[ 1: : ]

, y[ 1 : ;3)
sempty string

ex) E(6
.
s)

,
E (SUN

, SNO) , ECSUNNY ,
SNOWY)

2) Recurrence Relation : edit XE 」 … 「]→ y1 … ;□ ,
the last step

has to be one of the three keystrokes , del , sub ,
or add

.



Ago…yC
,00 …×떠이 e… -y

.. …

× , 문: e …
ye
. …

× s
del I +E (「- 1 , 3)

add sublkeep

⇒E(π, ; ) =min[1+-
diffca

,bl : = [ I「 fataxb"
d:5f (×i2,

y[33]+ E(:-1, 5
- 1 )

BaseCase : E (0
,
0) =①

,
θα

,
E (o

, J )
= E (; , 0 ) = 고

3) Order of Computation . E(: ,s ) depends on E끄,EC),andE때-

IH"아 , .byvororaohwoarbyeluependencyrequremetNo w y

⑤
O

12345
:EE 6 … N]

,
E(T

,
0)← i
l OO 234

HJEC 1
… m]

,
ECO

, ;] ← ;
U 2 1

for all iE L ! …
. n]

,

<

N 32 \

forall j [ :… . m] ,
N 4 3

E (π
,] ] = Min

+티:에티더피(
×☆에"[ Y

I
5 4

ㄴ

\

+ ECi- 」, 5- 1 )

refurn ECT
,; ) Runtime : O (nm)

To retreive the edtpa , keepa back pointer to keep
track of which last step leads to the solution .



Knapsack . fotal weight capacity ω , weight - valuepairs (ωi , V : ) ,
IEL !
… n3

⇒ Maximum total value while total weight ≤ω

Two variatTons : with replacement , or without repetition로

with replacemento there should be a " last item
"

that wasadded
ω ω-wi
Oith

U. .. . U. . .. .
claim . wTthout the -th Tfem

,
the remaining

items is anoptimalsolutlontoknapsack(ω-w.) .

I] K(C ) =maxvaluewhencapacity C =O -ω

2) K (C) = max IV: + K (C- W : ]3
,

Base case : K(o)=θ
.

: .C2ω?

→ 0- → -→
3] o~

w)kK이요 . . 있더
"

→≈→..
( nice Knear ordering !)

KNAPSACK (ω
.
V [ 1 … n]

,
wl - n3 ) ?

KLO←O
Runtime :OCnsexponential w . r.tfor C = I

.
.ω : logCω )

- lengthofinput
K(C) = mw:≤C EU : +KCC -wi)로

return KCω J

no replacement
.

recurrenceneedsto" carry"
whichwerepicked!

I] K (C , J ):maxvaluewhencapacityC=θ -Wusingonlyitemst
2) K(C

,3 ) → K (C ,5- 1 ) ifc < w ;
.whataboutC2 ω

;
?



→ Ma× E KCC벤 ,
ω; + K (C-ω ; , 5-)
mamed:
국~ : fczw;

.

notused any waay

Base Case : #2 , K (o , ; ) = O .

3) a 2-D matrix with dimension C , 5 .

j→

row -by - row or column -by - column both work

'!ntime:OCnwl ceachortytakecoill
→ MOM,MI MultTplicatons

Chain Matri* Mlfiplication : A [m.×m. ], B(m.×M]⇒CCM.×m]
Ifwe have a series of matmuls

,
AXBXCXDX -…

,

whatis the best parenthezation for calculation!

ex) . X . × . X ×
. . .

( AX ( B
×
C)J ×D→ 60 ,200multiplications

AX ( (BXCJ ×D ) → 120
, 200 muls

(A×BJ × (CXD ] → 700omuls

Inpat : Am
×m,, A

2
m ×
m',Anmxmn ⇒

minimum# ofmulfiplications needed

I ]Ael( At디」, Anl
M ( 5 . n )

=M ( 1 ← ,←)+M (t +*' … , n)t Momemn

MCT
, J ) =minimum#ofmultiplicationsneededformatricesA ↑?… , A; .
Ls notprefixes any more , can be any consecutive orders.



M ( 6
,
n) → the final answer we want

2) M (π
,
5 ) = m:EM ( :,K )+ M (K+1 ,; ) + M1mkmj3

G [ ATX…×AKJX(A *X…- × A;) configuration
Base Case : θTEn ,MC; , : )=O ( no need to multiply anything)
3] observation : M (,

; ) isonly valid when j 2구

b M(T
,
3 ) only uses the

"

lines above "지째,'
µ다" 다

mc
:o

.

빼없어.매
!

Common Subproblem Structuress
1) inputX… Xn and subproblem is first ; , X . …

X,

2JinputX… An & Y… Xm → X…X:&Y… Y :

3JinputX . … Xn→ X: … λ; ( in the middle )

Shortest Path in Graphs : edges with negative weights !
sDAG

,
or without negative→leadstoinfinitelynegative paths

snot negative edges

Dizkstra
'

s → O (nmIlogn), Bellman-Ford→O(nm)
,

DAG -SSSPmmm→ O (ntm) (DPproblem)



Single Source Shortest Path(sssp) : G(U .
E)

,
ω
e

,

s→dist(u )

( ) dist (V) .= shortest path froms tov for VEV
axy

2) dist (V ) . = M,EEEdist(u)+Wur m×
…

3)@ ? ? how to resolve dependencies?

FNeed to redefine the subproblems

L] dist (v,k)=shortestpathsovwithatmostkedg
sBase Case . dist(s ,0)=①

,
dist(V ,0) =Dfor VEVEs 3

2) Caase
높
:OptimatimalPathtakemthneed

less thas

exuctlykedgredgefsinlartrerrouserra !
cases caseI

bdist (u
,
k- 1) us dist(u, K ←-1) +War

⇒ dist (V ,
k ): min Edist(V ,nEEdist(u.←1 )+w로

3) Nice ordering to compute K= 1
,

2
, ,nI 'maredgeumbertnoutcylesf s

ro setting 8irstmin

Runtime : O ( n . (ntI,seinysecondmm≈ ①(nm) (B- F )
VerysimilartoB -F,butB -Fcan terminate faster ifordering isgood
( B-Fcan update multiple vertices correctlyinthesame loop)

FInsted
, SSSPgives all shortest path with at mose kedges~



SS ReliableshortestPath : G( V
,E

)
,
we
,

S
,boundminEsoo3withatmostBedges

⇒ just refer to dist(U ,
B) from SSSP !

All PairsShortestPaths : G(U ,
E)
,
ω - →UNEV

,
minimum dist (u ,v )

sRunning B-F ntimes toget all paths? →O(Pm) time

There are overlappingcomputationinB - F:∞
dist (U

,v ,
k) . = shortest path usv with at most kedges … ?

→ stillgives
O

( rm)solutionbecausenoinformation about overlap

1)dist (u ,
V

,
k) . = shorfestpath usv that takes verticesin E !… ,k3

Base Case: drst(u, v,o =W. (noadditional verticesuisited )

Claim : on the shortestpath usu, no vertex occurs twice .

Proof .우~, cycle wsw willonly increase thepath
2) Case I . doesh'tneed the k - thvertex for dist (uN ,

k)

Case π : including the k- th vertex is the optimal
DIKcan be aalindee .λ

bdist(uv, k
): =minEdist (u," ,

1)
,
dist(u ,

k
,
)+ dist(k, v. k

-1)B
3) dcaivik) depend on a ( , " K -1 ) ⇒ O ( n3) time
→ H:

,JEV ,
d (i

, 5 , n ) is the shortest path T→;



s mat

Traveling Salesman Problem . ncitres , d, (:#3 )→ minimum spanning cyle

Brute Force : Enumerateall possible paths→ n 6 = nopaths
If ( G ) . = cost of minimum path Ix 5 no informationabout patn !

SimplifTcation: TS can end in any of the ncit
→ C (S

, ; ) .= S≤ I !… ,n 3s. t . jI εS ,
least costpath that …

② starts at nodes
,
② visitsallnodesinS

,

③ ends in node ] .
(exactly onse )

sroughly20×
"
subproblems ( betterthan ni )

πAxIs→?
: ES$ 2 ,53 s.t . Tis the last node before s .

;CCS , ; ) =
npromenn

: εsK .;s
[ C(S$ ;3 ,

: ) + di, 3

Base Case . C ( E 13
,
| ) = O

,
CES

, 13 = oforall lS122
,

J# Y ,
C

(E1 , 53 ,
5
) = disstmo simple path i→; ,

just ;→ ; )

⇒ C (S
, ; ) = Ms(s3 [ C (SIE 53 ,

: ) + d :,3 , when ls 1>2
.

C (S, 5 ) = C ( E13 =dis ,when/S$= 2 . Cequivalentdefinition에
Solving the actualTSP :MinEEs[ 1! …3,

3
) + dss3givesclosure tos .

→ needto fest 3 =2 ,
3
.

… ,nseperately→O(2.n ) =O(2nn
When coding ,

useful to pullout the ISFs l0op to the outermostloop .



Independent Sets : forG(V :
E)

,
IEVs .t . HUVEI

,
(UV )GE

goalistofindthelargestindependentset I . = Ind(G ) .
biNP-hard

,
but treeproblem is easier .

Tree Max Independent set
:

TreeG (V, E)→ Ind( G)
.

I) Icu )= size of maximal independentset of subtreerooteda
2) ICv ) = Max ε 돕

..

.ICu
)
, I+
....
Icu)3

,

where { CEr) . = childrenofrG(v) 8= grandchildrenofu

Base Case . Icu = I if visaleafnode (≡ w has nochildren)

3) Compute leaves to root . [ need to dynamically build ((v) , Gcr)) …고
s Implementation as union- find like parent structure , then topsortmw .

Genforces DAG !

Runtime : ITnearworot .verticesforallsteps→Oc )tim

knapsack Revisited : what if wi ≤ are multiples of m?
^

TX1 -10m I .-m acrmm s ineffectent
,
bloated by mKLo] K<I) KCm)

s there are subproblems that don
't need tobeconsidered at all !

⇒ make a hashtafor memoization of only relevant values

CoinDenominafionProblem. ×, ,Xn , V → min # of coins if possible

ex) 5면 10)
,
=15 → (5 ,

10)
.

×= 5, 10 )
,12→ impossible

→ similartoknapsack ,butenforcesexactmatchingvalue



IJ K(u) := minimum # of coins needed togive change V (∞ if impossible)
2] K(v)= ms온K(u -*, ) +I3 + naturally set tod if no solution exists .
Base Case. K (o) = O ( nocoins needed to match change of O)
3) IterateI toU .

→ Implementation can seta if no subsetexists
.

Runtime : stillOcun)t.

LTnear Programming
Liy ) [xxy ≤200 ,… 」 maxk+3y)

Realnumber variables
,
Linearconstraints( degreefpolynomial ),Linearobjective

①

ex) max ( ×+2y) . ×≤3 , xty
≤

5 .
y
-
②

3×≤ 1
,
X
,y20

③ y-3×1
yn

In 2-D
, every constraintis a lkne.②

-
×ty=5

①*
=s In 3-D

, every constraint is a plane ,
and so on .

_ ④

^

ApointX isfeasible if satisfies all constraints
*-→×와 *

y≤5 @

The set of all feasible points 「s a convexse.
-

Feasible Aset selRn is conveHP ㆍ P'ES
.

θ Region X스3

☆2ㅇ ←
⑦

(

X20

2 4
'
*thelineconnectingpandpSEmmmmmmm*

⑩ \ \

Cuertex)

The optimum of alinear program canbe ackieved at a orner_
GIntuition: move the objective function untilif touches only a tip



Simplex Algorithm : A Straighfforwand way to solve LP
. Start at some vertex

- keep moving to neighboring vertices toincrease the objective
⇒ Why is this even an effective strategy?

In 2-D
,
acorner is an intersection of twolines .⇌

In 3-D
,
a corneris an intersection of three planes . 황근바

In n- D
,
acorneris an intersection of n hyperplanes !

GFinding a corner from n constraints is justsolving system of linear eqs .

⇒ Mconstraints in n dimensions, ( 샘 )totalcorners( =exp(m )
snot agood Tdea to perform knearsearch of all corners
⇒ Iterative improvementwith simplexis expected to be better
(Simplex could take exponentialtime ,butisefficientinpractice.]

"

E 티lipsoid Algorithm
"

I
"

Interior Point Methods
"

are provably linear .

Now
,
how do we find the

"

neighboring corners
"

?

→ Swapone of the constraints [equation) to anotherone !

⇒ Also
,
we can prove the optimality of a corner by Iinearly

manipalating constraints



Edge Cases
.Nofeasibleregion( infeasible) , Unbounded Optimum

Writing LPwith matrices : X . … XnElRn
Anx ,

+ … + dinxn ≤ b .

AC
×"

☆
TA

[
b… bm?

{ : ∴ : ⇒ AXEb
am.Xit

… tamnxn ≤ bm

maximize C , Xt … - 4Cnxn ⇒CT
* [C… cn?

LP . Duality
PrimalLP (max ) Dual (min)

AIJ[× ] ≤[] [ AT][y]z [i]
MAXKE (*]IMIN( 5 : [*] )
[×] 20 [*]2①

→ Trivially ,
a dual of the dual is the primal .

PrimalLp Dualup

TILk,KIKILLL1

Weak Puality : Anysolutlontimdp)≤ ( AnysolutionbualLp t0) ( bydefinition)
Strongbuality : If Primal LP is bounded , OPT( pPrimal)=OPT(Dnallmmmmmm
sIf Primal Lpis anbounded ,Duallpis infeasible ,

I uice versa
.



Zero-Sum Games .Oneplayerwins,thentheotherloses.

→ The row player gets Acra[cz &

column player loses AcrJ[c3더
②

명$% ,eoanroongrand-
Value of the game = Payoffofrowplayerassamingopfimal strategy.

mma

There are actually two versions of thegame . who goes first로
G row player goes firsto mar (mAcrcT)considerthe

opponent
'
s behaviour

a columnplayergoesfirst .m 전(ma×(AcrcJJ
s The second player Ts alwaysatanadvantagemaxminAcipcSainmAj ceondo

nove

Pure Strategy : Player deterministically picks a row or column

Mixed Strategy :player picks aprobabilitydistributionoverthmumn choices

ex)말#- .4
.

m
.

PC지4,
P
== 이p

.여] = 23
.
Pre계3→

( 부

(9.
'

)
cexpected)

Payoff =E[P ,q]÷도.P: q:ACr][c]whereP
:: =Pr[r=riJ
다: . = PrEC = Ci]

Value of game. Ma( M
([P,q 0))or M 템(M암( EEP,63])

LPA
∠
Crow goes first) (column goes first)DLPB



bWe can write LP for each game , LPA & LP.
s LPa and LPwillbedualsofeachother⇒ Same optimum
⇒ Order of the game doesn

't matter anymore !

(PA ) 3[M다s[20piq 1-30p.q2* 1① p=q , +40 p=q=]]
where PitPa= I and q , +g2 =1 .

Observation : The second player actually doesn' tnee
touse a mixed strate( 9, and gr are binary complements )
e×l P(

=0
.
5
, P2= 0 .5 →E[P ,q]= αq , +βq2 where [= - 5⑤

GEIq] becomes a knear combination of q→just maximize oned

bInother words
,
there will always be one best strategy given p

→ Map
,P23CMinE80

,1 , q2=
0 ):2030

임.

" +

1
o0p

+ 400~33
⇒ Formulate into an LPa : =max( where

{Z ≤
-3Op + 4Op2, P

+P2= 4

Z . 20p . + 1Op2
,
P,P =20 .

s optimal ( P ' , P2) will give the optimal strategy .
(P⑬) [Mvs은 3[20p. g -30p.q2+① p= q,+40prq.]]

where pitPa= I and q , +g2 =S .



커 M,
83[MaxE(지

'P=이→10 q 1 +4020q-30q~
3]

⇒ ∠PB : = min (z) where

{Z 2 10g 1+40q2 qitq2=±

Z 220 q 1
- 30q2 @,8220 .

Goptimal (q. ,swill give the optimal strategy .

Observation :LPAandLP are duals of each other!
⇒ By strongduality ,

OPT ( LPA) = OPT(LP⑬)
.

⇒ For zero-sam games , the order of play is interchangable .

MaximumFlow

Setup. s) Directed Graph G (U ,E)

2)CapacitiesCe HeEE
3) Source S & SinkT 여
Whatisthemaximum rate
_

offlowf StoT 로

s- t-flow =assignmentf= E →IRsuch that :

I) Foreachedgee , flow on fe ≤ Ce .

(capacity constraint)



2) For allverficesV,.도
"
n
(conservation constraint )

⇒ lMax s- t - flow . = Max ×
*
fm1 "Ctl 3

⑧ 2JS→B→T(+1) ④
AlgorithmFormulation . Repeat the following :→⑬→"

I ) Find an s-t path P that has leffover capacity
2) Add the flow along Pto the current flow
sThis algorithm fails . Consider the following graph .

DS→A→B→T (t )

④ 2] S→B→T doesn' tworkbecauseB-Tis
|

⑨범~" already saturated by the first step .
→Terminate

,
flow=s .

s We could have chosen () S→A→T (+1) and 2JS→B→~ 」

⇒ We need a way to
"

backtrack " our mistakes
bflow=2

Residual Graph G 5 : measures what capacities areleftin graph
Go G5
⑧ ④→

.

감진~!! ∞복
1

The new edge B→Ais
"

reversing
"

the flow of A→B

(Wehave anlocked the ability
"

tosend one anit back from B to A )

⇒ HCEE
,, Gfwillhaveete .

[CortCo . = Ce )



ExecutTon: Find Pon G
, compute Gfp . Ge Gfp. Repeat .

Optimality Argument: Fcut( C ,
R ) s .t . sEh ,TER where~

the flow L→R is at most the optimal flowans- eut
wuw

The capacity ofcut : Capacity ( LiR) =삶.CuvE JaL ,VER3
s
'
" weak adualkty "

Claim : In any graph , every s-t flows capacity of every s- tcut
s
"

strong duality
"

Theorem : Inany graph ,
maximum s- tflow = capacity of s- tmin-cut

Proof . 1) Execute the algorithm.Attermination ,
there is

no more st path in the residual graph Gf .
2) Consider L= Iset of vertices reachable by a path fromsinGf3

.

Then
,
R =VIh

.
This (LiR) is acut .

3) # no edge from L to R in Gf (if reachable , itwould bein t .)
EveryedgefromLtoR inG issaturat( Cu=Ce)

.

Hedgee fromLtoR , fe=Ce. ⇒

TotalFlow 온e
-

ConclusTons: I) Af terminatTon,Fcutwithvalue flowassigned
since all flows ≤ all cut capacity .

s they are only equal
when min-maaxxed

!

⇒ Af terminatlon
,
current flow =maxflommmum



2) (Corollary ) In a network G (V ,
E)

,
if all capacities are integers ,

Fa max flow assignment which is also integral !

* In general , LPsolutions need not be integral !

Perfect Matching : G ( UUV , E ) where | U= IV= n
.

Is there a perfect matching between ( hand V( to-Imatching)?

Matching= Aset of disjoint pairs , perfect matching =
all verticesarematched

.

a Perfect Matching reduces to finding maxflow !
sadd source & sink to only flow to ll andV , respectirely .

Now
, compute the max s- t flow where

품 : :vepvistas.0 란r=
n버아이NNeya .

:

2) m children withset of schools they can be assignedto
→ G (UUV

,
E)= (:; ) εEif child : can go to school ; [iε U , JEV )

⇒Turnitinto a max-flows . t.sskids③ , Eschools3→θ and

each school has capacity C, for the edge to t .



( Out of Scope) Solving LPuia Gradient Descent
Optimization Us Feasibility
G MaXimize CTX G Find × satisfying
subject to AX ≤b PX ≤( noobjectivefunctTon)

Theorem : An algorithm for Feasibilityof LPs
⇒ An algorithm for Optimization of LPs

Proof . GTven an opfimizatTon problem (A ,
b

,
c)

,

convert the

objective function to an additional constraint cTx 2 n .

The value of n canbe bounded tightly uia binary search ,
given an algorithm to solve for its feasibility !
⇒ We can focus on solvingfeasibilty5~

ε - separating lines any Tne l s .t . p
*
is on one side and

Pis on the other side and is at least E- away froml .

Point Pursuit Game . Alice is atpointp* , Bob Ts atpoint pe
'

.

Alice is giving directions to Bob to reach her .
At round t . Bob is at point pe

). ATce tells Bob her

seperating line between p* and pee ) .



Bobupdates his locatTon p'→P "
).

Bob 's strategy : Move E-distance directly towards the

seperating ITne . Repeat with the new ine .

sFormally ,ifine given is axtby = C , Bob moves E along
the direction I to the kne⇒ P

'
= p
'tEot where

t = C-bia) .

Claim . Ineach iteration
,
the square distance between

AlTce and Bob decreases by at least εβ:
→ dist ( Pe

")

, P
× ) ≤ dist (p

(←

) ,
P * ) -

ε

.

마끌어가까까다나었다이까만어어까다쁘기까거사다나려만다대어어지에다아dist (p
(←
, P
*) =×+y

.

dist(p"
,p*
)=XPey-

2yEtE:

difference = 2yε- ε
2

.

Observe thaty>E .
w



Outcome : If distance dist (p* , p
(0'
) ≤ D

,
then the game

terminates in O (De2) steps . This is irrespective of

Alice 's strategy in choosing ITnes .

LP Feasibility: Setof knear constraints AX≤b⇒Find x satisfying
all conditions OR report farlure .
Aweaker goal. Find X thatTs E- dossatisfyingall constraints

Main Point : VTolatedconstraint seperating ITne !

G pointp uiolates some constraintls lis a seperating Iine

between pand some feasible point p
*
.

Algorithm for LPfeasibility :
- set p

(← ( O
,O) .

- for t =①
…
「 :

sthe
weaker ε- close constraints

- check if pt satisfies allconstrantsIfyes, returnp ←
).

- hetl be a vTolated constraint . Move p
'

directly fowardsl

to produce p
(t)

.

- after Tiferations
,
return

"

no feasible solution withindstEmpked
frowreseltt
Alie- Bubgane,

,



ε- seperation oracde
:

a subroutineforLPthat returns one uiolated

E- constraint for any point , if Ttexists . If not , returns satisfied
"

.

"The first step of the feasibility algorrthm can be replaced with this .

Fair Work Allocation : nworkers , Hworker
; ,E. 협mnimumwmaximumorfork ,

total work ω
,
then assign work to workers satisfiying constraints .

LP . X: . = work assigned to ith worker,2×:2W ,
l: ≤ X:≤ Ur

.

Fairness
.

Nosetofn 14workersdomorethanwkwork.

HSE ( n]/ / S = n14
,×X * ≤W 2

. (없] aexp(n) constraints !
Seperation orade:sortX .- tn - pick Sa Elargest n/4 values ofcn]로 .
checkif ,X,>wh. ⇒ ε -LP solver is implementable !

ε- seperationis power ful enough to solveinfinitelymanyconstra
given an efficient ε- seperation oracde .

!

exl find a point on an overlapping region of cirdesC .… cn .

GT5 P/C: , a tangent to CrgTves aseperatingine .

Sets defined by (in)finitelymanyITnearconstraints Convex sets !



Search Problems
,
P&NP

Can we always find efficientalgorithm for any optimization task ?
"

SAT : formula φ (X. …
An)⇒ satisfyingassignmentorreportNone .

oBrute force (trying all assignments] takes O (2n ) time

ostill has an efficient VERIFICATION algorithm for a solution !
⇒ Verify (① ,

( X
. … ,

Xn)) - →outputφ (X, … ,
Xn)

.

Search Problem . A problem that has an algorithm VERIFY
mnn

such that a proposed solution Scanbe checked in poly .
time w . r.t . the instance I . ' VERIFY(I , S ) . = Truel False

Class P .searchproblemswecanfa solution in poly . time .

Class NP : all search problems [we can verifysolution inpoly. time .)
s PENP !

Lemma) Graph 3-ColoringENP .
Proof. VERIFY ( G(VIE)

,
C : V→ ER ,G,B 3 ) =output ITf CU ,vJEE

,

cCu) tccu) and CCVJEER ,
G

,
B3

.
Else

, output ① .



Vertex Cover . G (U ,E)
.
boundb⇒ AEUs.t

.

( Al≤bs
.

t
.
θ (UN) EE

,

UEA OR VEA
,
or report None .

Lemma] UCENP.

Proof . VERIFYLGCV
,
E ), b)

,
A ) = oatput ① Tf IA 1>b or JCUvJEE

s
.
it .UGAANDvA

.
Else

, output L .

Factoring : N =pq (piqare largeprimes)⇒ P , q
Lemma) FactoringENP .
Proof) VERIFYCN ,

<p , g))= outputI if N = pq , ①
otherwise.

Lemmal TSPwrth bound baNP.

Proof : VERIFY ( (n , dis , b)
,
π .! … n 3→ 오 1… n3 ) : = output I if

dunTa)t… + dremTcn≤b ANDF ,JEE! …. n3 , TCi )FT(s] ITFJ .

Rudrata /Hamilfonian Cyle: G (V, E
)⇒ F. E! , …,

z→V s .t. ( T(1),
「
(2))…
.

(Tcn )
,
TCD ] EE

.

Lemma)RCIHCENP .

Proof:VERIFY ( G(UIE)
,
T . E ! … n3→ V 3 =outputt if : I;,TGFTG)

AND (TC 1)
,
T(2)?
… ,
(Tcn)

,
Tcx) EE

. output ① otherwise .



Reductions

→

A "

reduces to" B
,
「if AcanbeimplementedinB in poly . time .

s an algorithm for Byields an algorithm for A !
⇒Bis atleast as hard as= CA≤B )

.

Algorithm for A

→

InstanceI Algoritom forB
has)| →

s

Dhes) shes
)

asolutionforAD다
for A

NosolutonforB* No solution

Reduction needs to specify functions (f, h) where f , h EP , and if

Boutputs Sas a solution to f(I) ,
then hes) isasolution toI

.

Also
,
if Boutputs None , then nosolution exists forI as well .

5 :f I has a solufion
,
then f(I) also has a solution . Ceasier to prove ! )

ex) Rudrata Cyle→ Rudrata Half Cycle ( need to visitluy vertices )
RC

□장이티빼→ 높이따 ,vonca
→ no ayceinG ' s nocyclein G

f : G→ G'=E'
=

E, V = VU("…, 2n1(VI )
*임∴

에

s adds n extra vertices not connected to any other vertices .



Lemmay) fIhEP
.
Proof . Triiial

.

"

Lemma2] If Cis a RHCin G, then hec) = C isalso RCinG
.

Proof . Cdoes not contain vertices메 )
… ,
2n

. Also , IC= n

since $ ( = 2 n
.

⇒ Ccontains all vertices |
. … ,
n andis aRC

,

Lemma3] If G has aRC ,
then G ' has a RHC .

Proof . LetC be the RCinG
.
Then , CisalsotheRHCinG ' 1 "

⇒ RC→RHC에

exJSAT→ 3 - SATCeach dause has at most 3 variables )
.

Reduction argument . Ifa clause in SAT has more than 3 variables .
( a.vaV… . Vak)

,
introduce Variables y, … , yk-3 . Then , splTt
m

ap the clausetoCaivazvy )yiVasv ?… (sVa서vak)
.

Call this procedure for any ① ,
5
.

We also need h (s) to recover a

solution to fromS . hes)jastdropsall y variables .

Lemmal) 5 ,
hEP

.
Proof . Trivial .

Lemma2] If wo=f( ) has asatisfying assignment , then h(s) satisfiesd .
Proof . fT s

.
t
.
d: =T . then, ( a .v…-Van) =true .

Lemma3) If 0 has a satisfyingassignment , w alsohas one .



Proof. Let some ar =T
.
construct y . . , Yr2 tobe True and

the rest ofy variables to False . "

Compostion of Reduction: If A→B &B→C , then A→ C .
Proof . fac (I ) = fc(f*β(I)), hca( s ] = hBa( has(s))

.

a

Xex) (s,t)-RudrataPath sRudrataCyle .

δ은
×

f(G
.
s
.
←)→ G ' (V', E

)

.
V

=UUEX 3 ,
E

=EUE ( X, s ),
(
×x

,
t)3

.

PRCinG"
n(c ) = C IE (X .

s)
,
(x ,
t )3

.

I) Runtime of f and h are polynomial .Trivial
2] If S is a RCinG, then h(s ) is an (sit)-RPinG .

Jpyconstruction
31 IfGhas an (s,t)-RPinG ,

then G ' has a RC .

Circuit SAT : ABooleanCTrcuitC( DAGwith 5 kinds of gates )

IJ ANDI OR gates ol indegree2 2) NOTgate w / indegree s

3) known inputgates 4) un known input gates
→ assignment to unknown inputgates s.t . output gate evaluates toTRUE

Core Argument . Circut SAT→ SAT



fcc) → Agateincircurf C ,wewillintroduceavarlable
"

=gVgv vnv)
truegate → ). falsegate→ ( g) .orgate→은 법. g. →hiv3
and gate→ Eg⇒밤 hh⇒g3= ( hiVovg gu biV2) . Outputgate → (g) .
I] polytime Ctrivial )

2) D (S ) = Slumknown
input gates

3) given a solution forC , we can satisfy the SAT clauses .

Sofar :

P←
.
따며s*

TIAlsewamprobkms
NP- Completeness . All other search problem reduces toit .

Lemma : HAENP ,A →CTrCutSAT

Proof : VERIFY* ( IA
,
SA) → E0 , 13

.

(poly time in IIAl )
.

G CUERI,FA( ω )= VERIFYA [IA ,
ω )

.

⇒ 8(IA) = CVERIEYA
, IA .

I ) f& hEPCunrollTng VERIFY* & IA is polytime , h is identity)
2) Sisa solution to Circu?tSAT

,
then Sisasolutionto A

3J If Shas a solution
,
then so does CVERIFYA

,IA .



ex) 3-SAT →IndependentSet (G( U,E ),g ⇒SEVst. tg
,uNS티ㆍ]

WLOG
,
each clausein ①hasmorethanonerarlable .(XTrme [y

, False

: = ( XVYV2 ]A ( XVY ) …Foreachvariable,introducea node.
X
¤

connect all variables

G=
,
ooAX . → with its negation .

Let g = # of clauses in φ ,
G(U ,
E) = the graph induced by d .

I) Transformationis bounded by
#
ofclausesI uarlables

. "

2] ISin Gof sTzeg ,thenwecanconstract asatisfyingassignmentfor.
s Picks exactly one iteral ineachclause to be TRUE .
3]If ①hasa satisfyingassignmentsanIS inGG of sizeg
FIndependent Set is also NP-Complete !

exlIndependent Set→ Verfex Cover (G(U ,E) ,b*SEV, ISFbst
.HCUNSEESVI( Es)I

f(G
,g) = G ,

Nl-
g

( the complementary vertices of IS is a Vertexcover! )

sSis anIS
,
then HUN ES , (Uv)εE. Then, θ

e εE,uEUlSorVEVIS
.

h (s) = VIS
.

⇒ Vertex Coreris also NP - Complete !

exlIndependenfSet→ Cique (G(VEFnding
0, g

⇒SEV,IS =gompktagpopr ofsize ☆
s.

f

. GUNES,V )EE
.

µ
. )



f(G(V ,
E)

, g) = ( G
'

(V ,1 ) , g ) s.t . E
'
= IXV I(the"noffriends"edgesJomplementsetofedges

3DMatching : nboys , girls , and pets , preference triplets (E b .gip)로
→n -dTsjoinffrTplets (NP - Complete )

ex) 3SAT→ 3D Matching [ need to introduce a gadget )
(False ) Eirue

s Po & P2 free , or P ,
&Psfree

( bo
,gospi) ,[bigu , Pz] [bo

.gupo) , [bi ,go,p2)
aadg함

"

있합이다이나
×

…

에새다
…

*1 …
ㅿ

→ wewant to restrict each X and * to appear at most 2 times.

bchangeally to× xT ,
and add clause( *xX2) (F=VX3) - (X*VX 1)

toensure all Xr are of the same assignment . If C= (XVyVz).
(gameral)

bog

Ply
bo
.

Pr

.↑.callowed :f bly bz

y=False)

"p

,↑.P3x 는
callowed if 2=True]

P2

_ ~Callowed ifx =True) ⇐be ge
# of rariables
? s

#ofclanases

→ currently 4n pets and 2ntm) girlsI boys → introduce (2n - m)
general
"

boys &girls that can be paired with any pet in a gadget .



Zero-One Equations (ZOE] . .AEEo ,13
m

" ,*EE 0 ,B
"
s
.
t
. AX = 1

.

ex) 3DMatchingpreferencessteiplet, →ZOE
T.

,

T2
, ,

Tn assigned tox, X2 ,
…

, Xn where Xe=① if Tπ

is not a part of the solution ,
and X=s ifitTs.

s inthe firstrow
,
set Tt to L only

DD봤다는
. . 다

"-fI?

tothecdumntor Enduding .→ continue for all boys , then girts & pets .

⇒This enforces thatallboys ,girls
,and pets must be selected once!

ex) ZOE→ RC (( ) 2OE→RC ω 1 pairededges (2)RCw , pairededges→RC)

RCw , paired edges . G (V ,
E)

,
CE (EXE )→RCs

.
t
.
tU ,vJEC , XOR( Y탑s

')
SEE

( i ) 2OE → RCw 1 pairededges

긴혹
.

.….… .다
*
다.
d

다없… :
:

Xn
:

m 9
~inn

1 . x , + loxatt.× n = 1 le , fi ) , (ex , fa ) , (es , fr ) εC , and so fortn .

→ RCalsoconstrains to choose between (ti
,
f.) and (ase, 3)…

seach row multiplled byx will have to add up to L :5f JRC !



(2) RCw , paired edges → RC Cidea: reduce size of Cbyy)
℃용내마업. 없ngkd" ⇒ δ..

임「
로
…** 표…* 표.":℃

ch

⇒ this gadget implles the entanglement without an explicit constraint !

( trying to exit to the wrong side Caxcl , (b→ d) will not work )

→ do this for all constraints in C⇒RC without paired edges constraints !

exJ RC→ TSPCs&B→ T1 …n 3 →[1… n3 s .t . dn."… ≤B )
G → d=1 if (,] ]GE, 2 if( i,; ) ¢E . B

= IV 1
.

theTsPwillfTndexactly a RCofG !

exJIOE→ Subset Sum [ Ca … dn]
,
ω →SE [n] s

.t.,)

미….]했다] 합.. 다
, e.n. Iitwryoern



Coping with NP
I] Intelligent

"

Exponential Search s usually effrcient

2) Approximation Algorithm → poly time, suboptimal but bounded
w . r. t . optimal

3) Heuristics → no guarantees on runtime nor optimality

Intelligent Exponential Search

Backtracking:considerSATwth instance ① = (WVXVYVZJ(WVZ)…

Bysetting w =① orI , we can reduce the formula to a smaller one
or realze that it is unsatisfTable

. Whenever some subtreeis

unsatisfrable
,
Ttwill keep being unsatisfiable ,

so stop searching there.

Branch&Bound .Generalizationof backtracking to optimization
Consider 「SPwith instance dis

,
minEdn⑫,+… - + drenmTa

,
3
.

Anaive tree expansion has O(n. ) nodes . Now , whenever we

try to expand a partialsolution ( node) , compare to the best

solution so far
.
If every results from the partial solution is

worse than the best solution sofar
, prune that subtree .

Claim? WTSP2 WMST
.



Proof . If Wespis an optimal solution , removing one edge Tresults

in a spanning tree WT . AIso , WTsp2Wr and WTIWMsr , so

ZWTsp ω MsT
. ,

⇒ generalize toall possible states .

Cajendcan represent any state of the search tree.
→ The startingstate[ s[ a,Ea 3,a

] "…통립다
' Wosad We

,
t WestWms
.

If thisboundisworsethanWoese, discard .

Approximation Algorithms
Foran instance I of a minimization problem ,

an algorithm ATs

an a-factorapproximate algorithmifα=maIOP(±) . For
maximization problems , α= ma는 AOPTCI) .

SetCover : set of elementsB
,
subsetsS

,
S2
.
…

,
SnEB

→ smallest subset of S: s.t. their union is B .

Agreedy algorithm that picksthesetS ,withthemostuncovered
elements at any iteration .

Claim. LetBEn
,
OPT(Ik. Then

,
the greedy algorithm ases

at most kenin) sets .



Proof.Letnebethe# ofuncoveredelementsleftaftert iferations
.

En>

no
→

ni '- '
t
. Theoptimal solution will have

exactly k Tteration . We daimthatatleastoneofthesets
not selected by the optimal solution has uncoveredelements .
If that is not the case

,
< *× K=nt,

a
contradiction.Then ,

the greedy algorithm will have to pick a set of at least 및
uncovered elements

.

⇒ M대≤ n← - 붓 = ((나급)

⇒ nt ≤ n ( 1 - *t < netk
.

If ne<1
,
t < kencn )

.

Vertex Cover . G(U ,
E)→ SEV s.t. Is / is minimized & Stouchesaldges

.

→ B = Ee …, em3 , Su
= Eelone of vertices ineis u&eEE 3

.

Proposed SolutTon
:Finda maximal matchingMEE ,

then

return all endpoints of edges in M .

c )sizeofanyVC2 IMI Catleast one vertex per edge)
(" : ) ISI = 2IM 1 ( two vertices peredge)
C:)Sisa Vc( ifnot, Jedgeeurs .t . U4s] o (v4s) , which

means that M is not fully constructed yet . )
⇒IS= 2 IM≤ 2(VCJ⇒2OPTVcl 21 s 1

,

and sTs a VC .



Clustering : Points EX,… ,
×n3

,

dist ( . , .) , integerk

Assumptions about distfunction: ①dx.y)20 , ②dcxy) =① iff ×=y
③ d(x.y ) =dcy,λ )

, ④ d[
X
, : ) +dci,y) 2dCXameter".

(Triangle inequalify)
i)

→ k clustersC . ,Cas. t .Md ,Emya,Edist (× y3 3 is minimized
.

The Algorithm:pickuzEXasthefirstcluster center.
for : = 그

…

k . Letu : EX be the point farthest from µ…µu
.sminimumis largest

create k clusters .C= Eal ×εX closest to M:로

G Let Uc* be the next point aboat tobe piaked if we were to continue ,
and let r be the distance from Eµ…µk3 to µ세

,

1
.
e
.

mEdistlµ:,.!
L) H×ECI

,

dCX
, .] Ir , sinceM,isthefarthestpointfromall lU.

2) θ : ,; ε ( k+1
]
,d(U ",µ ;)2 r

.sinceU
:isalways greedily selected .

sin fact
,
each iteration will pick a point cdoser to the cluster thanprev .

Lemma: ↓ :
,
HX.YECG ,da ≤dcxiy )≤ - (: ,

ProotncedcxiydcaUyEdctIrand tdcui
, y)

(bydcur,
y|

Triangcxiy
,Inequalrtr

= 2r.
"

OPT . 방 θ Q …X =× ,… , ×ns

SEU, , Mati3 where?
C' icz CK



Claim. Ft ε [ K]
,
i
,jEck+ 1 ]

,
U:ECtandusECt (by Pigeonhole Principle)

.

→ the diameter of G'2 d(U,µ;] 그

~ .
⇒d*
- :" ,

⇒Putting (: sandC : : )fogether ,da ≤2d에

Recall the reduction RC→TSP , where ds = L if (r,;)εE, else I+C .

→ IfG nasa RC→GG' has aTSPsolution of cost n= IVl .

If G doesn't have a R(⇒ G ' has no TSPsolution of cost ≤ntC
.

There is also a reduction RC→ a-TSP
,
where aaTsPgives

the solution T
s. t .dranu , t …+dTcnn≤ adrsp

.

⇒ TSP has no efficient approximation algorithm !
Proof . set C =an

.
Then

,
ifG hasa RC

,
Gi has aTSP solution

of cost n
,
and otherwise

,
G' has no TsPsolution of cost ntna

= (nt )α
.

s Are we doomed 6 ⇒ make some assumptions !

2-TSPwithTrrangleInequality :disst.ijik ,dz tdsk2 dik .

Lemma: duse ≤ drspr
.

(proved last timel에
@ MST can be agood starting point . 화µ
⑤d ,

a
naivetraversal ofMST,willbe lessthan 2 . dMsT

.



sThis is already a resulf , d≤ 2dusr ≤2dtsp
"

!

⑥ whatif we just
"

skip
"

the already visited vertices?

GdId( byTriangle Inegudty ) ⇒ds≤2d연…인한*
이"

knapsack worepetition: ( ω…w ∞ )
,
[V..,Un )smaxVwhere ≤W .

s for ①LE<I
,
we will give an approximation algorithm s

.
t
.
K2 ( 1-E]K서

s runtime will be polynomial wor.f . nand호(precision
)

kvworesnar
'ea tnank*

Main Ided. The reason why we had Ocnws or OcnV ) of exp . time

is due to large numbers → what if we sacrificed precision?

Algorithm. Discand any Ttems wi)W . Let Umax= Ma* V ? . Then ,

rescale Vi = umaas .

Run DPknapsack with EU:3 . Output solution .

Runtime: NXEXN = O ( n3(E )
.

Precision. (V
' ,
,Vn )= S →(

U
,… , n)
*

Let K belossy sum ofS .
1) 높V =끝×L..」그×,(m×-1]

그끝아uma×- S" !2 (Eummk
*
- l ] n

.

K 2(om×-! ] n .

2)×sV.그×sV
.
EV 그[× K

)EV
음 =.

[
IJnxE= K*- EVma×

2 K*CI-E) Fcanapproximate to arbitrary precision !



Heuristics

Local Search Heuristieso het s be any candidate solution . While

there is some solution s
'

in the neighborhoomn of s for which

cost(s' ) < cost(s)
, replace ses . Retarn S .

ex) For TsP, perturb two edges to find best neighbor in Ocn) time .
a If we find three edges to permute , O (nβ ) time .

Aproblem - the algorTthm might encounter a
"

local optima
"

,
but

this can be overcome by emperical hyperparameter tuning .

Graph Partition: G(U ,E) of(Rtedgeweights → A
,BEU s. t . IA =I

and the capacity of the cut (A ,B ) [s minimTzed .

exx %00 % vs. 6 optima .
{
this state is now '

s

tuck
" Tf our nerghborhood is swapping pairs .

1) Randomization I Restarts : hope multiple Frials give better solutions

2) simulatedAnnealing :Sometimesactsuboptimally ,withtemperatueI
-

[cost(s') -costs

Annealing Formula: ifcost(s' )> cost(s) , accept with Pr = e π



(OutofScope)InteractiveProofs
"

Thinking of NPas a proof
"

∅

P~
sfying assignment

V⇒ is ①(ω)
= J?

prover ENerifier

Two properties are needed:

I) Completeness . Ifistrue," in P(O,w) U(φ ) , Votputst .
2] Soundness . If isfalse " ,inP(pw)→Uco) outputs I with a

very small probability (e.g. 2
'n where n is a parameter)

Some changes. Pand V can interact , i .e . can give messages back&forth.
Also

,
we allow I to give a false negative answerwithan

arbitrarTly small probability .

I M암MW
: AXB = C isv - sancecHowever

'

cnom !
how?

( A
,
(B
,
AXB=C) (AiB)

sclr , … ,riyT

① r ← E , largeprime ② C×T = [ A×BJ ×F = AXLB×F)
If PgiveD FC, F : S. t .GFd : &G . = dior ( -diJr = o)

with a small enough probability so that V is sound .



Of course
,
there are nontrivial vectors (CG -d:) s.t. [G-d:) . F =①

,

(ETnite field
,
mod%)

specifically Potpirt … -+ Pγm = ①
,butthatprobabilityis O( .

( degree of the polynomial is (n1) , so there are (ny) roets , and we
can choose over the space of q , which is much larger than it )

Graph Isomorphism : (G (. E.), G (V, E.]] → π .V→V s
.
t
.

θ e=CUvJEEo 「ff
(π(u)

,
πCVJ] EE1 .

∞ basically ,
is there a permutation s.t. edges are conserved .

Go2 G
,
if Jπ as avalid isomorphism , G.4 G ,

if not ( non -isomorphism!

s interestingly, thereTsnoefficTentproof for non- isomorphism .

( Go4 G , )
~

Fo(Gs)
K V
→b

① picks random o . V sU .
② picks random bit b← EO ,

13
.

③sendsH = o (Go) toP. ④ Pruns,andsendsb ' , the match , tol .

⑤ Voutputs I : f b= b' , ① otherwise .

Completeness : If G.4G ,
P

(H)willdeferministicallyrefurn b '
=
b .

Soundness .IfG .= G,
P
(H)will refurn b=① or b= s withachance !

s generate OCo] ntimes , run the protocol , then accepts false negative
with Pr = n

.

s arbitrarily small error bound



what if Pwants to share V that G.≈, but not the solution π?

s Thisis zero- knowledge prope. IfG . ≈ G, then V learns

nothing more than the fact that GGoh .

P V
(ho

,
G
,
π] (Go

,
fai)

① Ppicks a random permutation δ . V →v . ②Psends H =o(G .) .

③ U sends beE0 , 13 . ④ if b= l , φ=0.
else

, ①=O.π .

⑤ Psends /(Go )
.
⑥ If ① (G)=#, VoutputsI ,else ①

.

Completeness
.

G .
≈
G , H

Soundness : G
. 4G ,then Phasnowaytoconsistentlygive⑥(G)다 .

zero Knowledge. b←Eo , (3
,
0 . 0→ U

,
H = o(G = o (G.) (wLoa )



(More ) Approximation Algorrthms
I) LP based Approx . Algo . : vertex cover <b, 3- way cut

21 sPP based Approx . Algo

Minimum Vertex Cover . . GCV,E ) →SEVS
.
t

.HCUNEE
,
UESVVES

.

s find vertex cover Sof minimum size
.

( NP - Hand
,
factor 2 approx. )

optimal (Approximate)
Graph G s

LP relaxation
→

fractTonal → Boundingscheme→ Integral
for Vertex Cover solution solution

Variables . H : EU
,
×r

.

X* oy i8 :oS
,
① :f notCidealintetion]

Objective : minimze( 있×,), which is the totalsze of S .

Constraints : :EV
,
05X:≤ 1

.

[Vertex constraint)

( ,J]EE,
X
:+ X;21 . Cedge covering constraint )

min (XitX2 + X3] ⇒ LP-OPT= 1
. 5(X =X2=X= 2]

.× 1

Frmtnvevc
=

z「이다

{
Xi+X221 however

,
OPT is actually 2 ,X2tX32 1

X3 tX 11 which is strictly larger than
O≤X

,
X2

,
X3≤ 1

the fractional solution
.



Observation. θ GG
,
LP- OPTCG) ≤ OPTCG )

.

.
:

OPTCG)isthebestsolutTonamongall integer solutions , while

LP-OPTisthebestamongALLintegerandfractionalsoluto~~

Rounding Scheme . LetX
* be the LP-OPT

.
Xi
*
ε [① .

2] T
.

Sa E : 1 ×* 2 0 .53
.

( set all : atleast 호 tos
,
others t. ⑩

.
)

Lemma 5
.Sisa vdidVC.

Proof . ( T,J ] EE , X ;
*
* X
;

*

21
.

⇒ ×주고호 VX*
2
호⇒ TESVJES,

Claim . (s ( ≤ 2 . LP-OPT
.
( IS | ≤ 2 .×X* )

Proof . Consider any vertex IES . For LHS ,
it contributes I sTze

.

For RHS
,

2×*21 because X*2회 for all :E 8 . More formally ,

ISF고vㆍS3. For each 7 , IETESS 스2.× *becauseTESX*로축 ,

Minimum 3-Way Cat : G(U,E) , a ,bicEl → Partition a,b , c by

cutting the fewest number of edges .
Remarko Minimum2-Way Cutis Max- Cut problem ,

which is inP
.

However
,
Minimum 3-Way Cut is NP- Hard .



VariablesFvEU, decide whether u resiales in component A , 2 ,
0×3

.

GarEV
, U→ (U ,Va , V 3) is a one

- hotencoding of inclusion .
U →I⇒ (V, U 2 , v 3) = ( 1 , 0 ,

0)
,
and so on

. )

⇒ UVEU
,
U
. ,
Va

,
U 3 where V: = I if vE Component : , ① otherwise.

Constraints : θ VEV
,
①≤,V 2 ,V3 ≤ Y , V , +V2tV3= 1 . (Vector constraints]

a= ( 1
,① ,b =
( 0 ,1 , , c= (④ ,① , ! ) ( partitionconstrain←)

Objective : # of edges cut =vvEEIE(uiv ) is a cut3 . Basically ,

we want tocheck if u and vare not in the same component .

∞ IEcuiv ) is acut3 = ( u- v . | + 1U2 -V1 +←1Us -Vl)일
⇒ min (보 NEE( U -Vil + tU2-Vltt⑬-」 3/ 3

)

. ←canbemadeintanhpwith slack variables

Observation : with the constraint 배
,
Uituztus= A Λ ①≤ U,U2 ,

U3 ≤S
,

ilives on the equilateral trrangle of (( 1 , 0 , 0) ,(0, 1 , 0) , (0 ,0 , 1)) .
^

개 Ψ
㉙

(0.0,13
. (o.l ,o

일

≈ .
.L

1 ,0 , 0)
X bf

Rounding Scheme: I)pick Loutof 3 sides . 2) make two cuts
parallel to the picked sides , with random heights .



Claim. Pr[edgecuv) iscut]u- (1 =⑤일 ( (u-v .l+(-V21+ lustv31)
.

SE [# ofedges cut] =..EPr[Cu, v ] iscux]= 6LP- OPT
.

Subclaim: For random cut | / (bic), Pr [cuir )iscut= fU-Vil .
^

」 cut :
bPr [cuiv) is cut] = Pr [cut lands between u&VJ

I
ε
…

…! !다 ! ⇒PrCuvbis cut in the rounding scheme] ≤
"

( u . -v . 9 +u -V1+tUz -」3l) ( wetrytwocuts out of three )
= 속[
.

(M이디나- 」1+ tus-V1)]⇒ 6 approx-factor ,
= 한 (V+|U 2 - U2l )+(( U2 -Vz1 +(Us - 」31)+ 한(1 u 3 -Vz1- ( 4 -v.i 1 )

→
#of edges arossing 5 &5

Maximum Cut : G(U ,
E )→ SEV s

.
t
.

cut(S
,
5) is maximized ( NP- Hard)

Naive Randomized Algo : randomly assign all vertices into s or 5 .

Gevery edge is cut with probability Y2 . ⇒EEcut(s,5]3=호이티
.

Strategy : Use semidefinite program~insteadofLP.

Variables . : EV, X; = 온드 ! 탑5. bquadratic program , in this case

Constraints : xβ= β (X := ± 1).

Objective :v다
edgeEI (7ij ] is cut3 =x다

(×:-*) 성남합셨다는떨때
⇒QPexactly captures Max Cuf , but soluingQPis NP-Hard .
Insted

,
look at a relaxation of the program .



: j

LD : s
-| t1

면
*QK

:(롯 … I-X : IBP%H ↓×ert .QPrcaptr
shednplberne!seuidetirkprpomi「

Ls also NP- Hard ,
unfortunately .

QPn :
'
E( n], 11.lβ=I whereVKIR"

→
V :=CV;"
,

네…,Vi
"

)
.

비N:ll =×"). maxㆍv( IV: -,( (23.⇒SDP for Max Cut

What is an SDP?

Varrables . n vectors in n-dimensions (IR에

Constraints . linear consfraints on dotproducts [V: ; =동 V. a). U;
"

)

Objective : min /max a knear function of dot products

⇒ QPn is an SDPsince llVilp= I = VKovi
,
and all equations can

be expressed as a linear combination of dot products

Why isSpPefficient? Ccan be black boxed)
cnxn)

K= Esetof matrices M where all eigenvalues (M) 203
∞ positive semidefinite matrices ⇒ this is a convex set



MTs a postTve semidefinite matrcesMj=VT s( allentriesaredotproducts )

⇒ The optimal solution of SDP is nvectorsinIR .
Cunit sphere

많 .7 in iRn4π: → maximizing
total squared distances

cut 5
3

Randomized Rounding : I] pick a random hyperplane passing origin .
2) Put vertices on one side tos ,

others to 5
.

Andysis:SDP-OPT=:, lIViVslP 2IntegesPPrsMax Cut .
es constroined

Claim . Pr[Ci; ) is cut] ≥ ( 0 .878)이K-β .
≥0 .

878 OPT
.

→This implies that F [ size ofcnt]≥ 0 .
878 . SDP- OPT

.

nnocut

→ the plane (2P] containing V: IV; is sufficient
for amalysis

① ②K"다.wl.d7= 뷰시 K

:'=- 2-70

⇒
Pr (C; ,; ) is -P=2 -

2π20. 878forallθCempircal)
⇒ Pr[(i,; ] (s <ut] ≥ 0

.8781( K-V;((2. , (In fact , thisis the best known ratio .)


